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PREFACE 


This voluine is an attempt to introduce the student to 
the main principles of alternating currents and alternating- 
current machinery from an experimental, rather than from 
an abstract theoretical, standpoint. 

it is hoped that it may i)rove of use to students in 
technical schools and colleges in connection with their 
laboratory work, and to young engineers engaged in handling 
or testing alternating-current machinery. 

The writer hopes that the book may also ai)i)eal to a wider 
range of readers who wish to gain some practical insight into 
alternating-current working. He believes that the experi- 
mental method of treatment is for this purpose the one best 
fitted to convey exact and concrete ideas, even to the student 
wh(j is unable himself to carry out the measurements 
described. Me has thus aimed at producing a text-book on 
the principles of alternating-current working, as well as a 
companion to the laboratory or test house. The experiments 
are described in great detail, so as to enable the conclusions 
dcrive<l from them to be followed by the reader who has not 
the means for obtaining experimental results of his own. 

It will be seen that the use of the higher mathematics has 
l)een avoided, except in the linal chapter on curve analysis, 
and, as far as possible, a treatment based an actual results 
and examples has been employed. 

With regard to the .selection of the experiments, some of 
the earlier ones have been given mainly for the sake of the 
principles involved, or as exercises in calculation. In the later 
part of the book, while the mo.st general practical measure- 
ments are given in full, many other experiments are only 
alluded to, and left to the student to carry out with such 
modifications as his experience may suggest. 

The experiments may be taken as a general outline for a 
course of practical work in the laboratory; but, as the student 
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makes progress, he should learn to depart more and more 
from the exact form given in the book, and endeavour by 
different ways to familiarise himself with the behaviour of 
the machines he is handling. He must not forget ‘that a 
large part of the “ experiment ” is actually to be done on 
paper after the readings have been taken. 

The experimental results given in the various tables and 
curves were, with few exceptions, obtained expres.sly for the 
purpose of this book. The greater part of this arduous work 
was actually carried out by the writer’s friend, Mr. U. A. 
Oschwald, B.A., without whose assistance the book could 
hardly have appeared in its present form. 

Additions and minor alterations have been made as each 
new issue of the book has been called for; in the pre.sent 
issue a more modern form of circle diagram for the induction 
motor has been introduced occupying its logical position as 
a simplified form of the original Heyland diagram. 
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Alternating KLECTRcaroTiVE Forct, and Current. 


General Laws. Two experimental laws may be said to form 
the foundation of the actions which take place hi electrical genera- 
tors and motors, whether for-alternating or continuous currents. 

Law of the Generator. — When a conductor moves in such a 
wa)’ as to cut magnetic lines of force, there will be an electro- 
motive force generated in the conductor. 

Law of the Motor. When a current Hows ahnig a conductor 
situated in the field. A magnetic field is usually .spoken of as con- 
way as to, cut the lines of force of the field. 

In order to make clear the application of these laws to the case 
of .'dtcruating-current machinery it will he advi.sable to consider 
them more fully. 

Production of Electromotive Force. — The strength of a 
magnetic field' is expres.sed numerically by the pull, measured in 
dynes*, which would be exjierienced by a unit magnetic polef if 
situated in a field. A magnetic, field is usually .spoken of as con- 
si.sting of a number of lines of force. The density of these 
mathematical lines is, for convenience, so chosen that the number 
of lines which pass through a .square centimetre of a surface 
which is at right angles to their direction is also the number 
representing the strength of the field. Thus the number of lines 
of force per square centimetre gives the force which would act on 
a unit magnetic pole at the point considered. 

Whenever an electric concluctor moves in such a magnetic field 
so as to cut the lines of force, an electromotive force, or E.M.F., 
is produced^ in the conductor. The numerical value (in C.G.S., 
or '‘absolute” unit.s) of this electromotive force is the number of 
lines cut through by the conductor in I sec. 

Thus 

bi.M.F. " Rate of cutting magnetic lines. 

Expressed in volts (the “ practical ” unit of electromotive force), 
(he electromotive force will be the above number of units divided 
by lev (since one volt is equal to 10" ab.solute units of electro- 
motive force), so that 

E.M.F. (in volts) = Magnetic lines cut per second X 10“". 


* A dyne is the unit of force in the absolute or C.G..S. sy.steiii of units. It is the 
force necessary to ^ive the unit acceleration (1 cm. per second per second) to unit mass 
(1 gramme). A force of 1 dyne is roughly equal to the weight of 1 milligramme. 

t Unit magnetic pole is defined to he a pole which, if placed 1 cm. from an equal 
and similar pol^ would he repelled with a force of 1 dyne, the medium being air. 

tThi,s electromotive force must be considered to be an experimental fact. The 
numerical relation existing between the value of the electromotive force and the rate at 
which the conductor cuts the lines is a result of the definition given to the unit of 
electromotive force. 
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If the conductor moves in a direction parallel to the lines of 
force, it cannot be said to cut them. In such a case no 
('lectromotive force results. 

I f there are a number of conductors, instead of one only, in each 
of which is induced an electromotive force, these electromotive 
forces will produce a resultant electromotive force if the conductors 
are connected tof,mtlier. This will be equal to their sum, if the 
conductors arc connected together in such a manner that t)ie 
electromotive forces are all directed towards the same end of the 
composite conductor, which they then form. 

The direction in which this electromotive force acts depends 
upon the relative direction of the lines of force and the movement 
of the conductor. If the conductor moves at right angles to the 
lines of force there will be three directions mutually perpendicular 
to each other, viz. : (1) The direction of the lines of force (from the 
north to the south pole), (2) the direction of motion of the con- 
ductor, and (3) the direction in which the electromotive force is 
induced, i.e., tlic direction along the conductor in which it tends 
to produce a current (from I- to — ). Tlic relation between these 
three cpiantities is most conveniently remembered by Fleming’s 
rule, as illustrated in the annexed F'ig. 1. 

Using the right hand, and holding the thumb and first two 
fingers so that each is pierpendicular to the plane containing the 
other two, the three directions arc given as follows : • 

'rhumb Direction of motion of conductor. 

First finger. - Direction of lines of force. 

Second finger. --Direction of electromotive force* induced. 



Right lland. 

Fig I. — Fleming’s Rule for a Generator. 


• The following mnemoiiics mav help the student in remembering Meming’s rule : 


Thu M b Af otion. 

F irst finger F orce. 

Sc C ond finger C urreiit. 
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The Magnetic Effects of a Current.- A current flowing in a 
straight conductor gives rise to a field composed of circular lines 
of force, the plane of the circles being perpendicular to the con- 
ductor, and their common centre being tbe centre of the conductor. 
The directipn of these lines of force is related to the direction of 
the current in the manner indicated in the following rule - 

Place the thumb of the right hand along the conductor so as to 
point in the direction of flow of the current : if the fingers then 
grasp the conductor, they will point in the direction in which a 
north pole would be urged by the magnetic field round the 
conductor. 

in machines, conductors are generally grouped together in 
windings, forming coils or solenoids. Tn such cases the same 
relative direction of current and magnetic field must exist, but 
usually in these cases it is the field formed within the coil which is 
the most important. The rule for determining the direction of 
this field may be stated as follows : — 

T’lace the fingers of the right hand so as to follow the direction 
of the current round the coil, and the extended thumb will indicate 
the end of tlie .solenoid which will be a north pole. 

Action of a Current on a Magnetic Field.— As already stated, 
when a conductor is moved across lines of force, it has an 
electromotive force induced in it, tending to produce a current. 
Conversely, if a conductor situated in a magnetic field carries a 
current, it will tend to move aenjss the lines of force. In other 
wTjrds, the field will exert a force upon a conductor carrying a 
current. 'I'he direction of the force is such that if the conductor is 
free to move, it will do .so in a direction perpendicular to the lines 
of force, so as to cut them in the sense neccs.sary to produce an 
electromotive force opposing the current. Thus a “back electro- 
motive force” is set up in any conductor moving under the mutual 
action of its current and a magnetic field, opposing the current 
which causes the motion. In this case, which is that of the con- 
ductors in the armature of n motor, the relation between the 
direction of motion, lines of force, and current is given by* 
Fleming’s rule as previously stated (sec Fig. 1), except that the 
left hand must be used, iiLStead of the right, the fingers indicating 
the directions of the same quantities as before. 

The magnitude* of the force between a conductor carrying 
current and the field in which it is situated is given by the follow- 
ing formula, absolute C.G.S. units being employed : — 

Force acting on conductor = 

fin dynes) 

Current X Length of conductor X Strength of field. 

(in absolute units) (in cm.) (in lines per cm. ») 

In this form the statement is only true when the conductor is at 
right angles to the lines of force, and the direction of the force is 
then jiierpendicular to the plane, parallel to the lines forming the 
field, which contains the conductor. 

If the conductor is inclined at an angle d to the lines of force, • 
the pull — current X length X field strength X sin 6. 
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When converted into more convenient units, the force is given 
by the following equations 

/(lbs.) 


/ (lbs.; 


9,810,000 

'1,755,000 


/" in inches. 

H in lines per sq. cm. 

/" in inches. 

H" in lines per sq. inch. 


I I" II ^ ^current in amps. 

/ (kilogrammes) = ' ' / = length of conductor in cm. 

11,30^,000 jj ^ 

Production of an Alternating Electromotive Force.— An 

electrical generator is a machine in which conductors are made to 
cut lines of force, in order that an electromotive force may be 
generated in them. The most convenient way of causing conductors 
to cut lines of force is to make either the conductors or the mag- 
netic field rotate. 'Hie conductors usually pass alternately across 
poles of north and .south polarity, and in doing so, the direction of 
the electromotive force induced in them is reversed as the con- 
ductor passes from pole to pole. In both direct and alternating- 
current generators the electromotive force (and also the current) 
produced in the armature conductors is an altcrnathig one. The 
difference between a direct and alternating-current generator lies 
in the method of collecting the current from the armature conduc- 
tors rather than in the nature of the currents induced. In the 
direct-current machine the current is rectified at the commutator, 
while in the alternator the current in the external circuit has the 
same direction and variations as it has in the armature conductors. 


Nature of Alternating Electromotive Force.- In order to 
study the manner in which the alternating electromotive force of 
a generator varies, we may take the case of a single conductor 
travelling in a circular path at a uniform .s})eed in a uniform field 
between a pair of opposite poles. (See Fig. 2.) 




Fig. 2. 


Fio. 3. 


Variatioa in E.M.F. Induced in Rotating Conductor 


The electromotive force generated in the conductor is numeri- 
cally equal to the rate at which it cuts the lines of force divided 
# by 10". Evidently this rate varies with the position of the con- 
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ductor. Referring to Fig. 2, the electromotive force generated in 
the conductor P will be zero at the moment when the conductor 
moves horizontally at the top and bottom of its path, since in this 
position it moves along and not across the lines. The maximum 
rate of cutting lines occurs when the conductor moves vertically, 
i.c., perpendicularly to the lines. Any movement horizontally, or 
parallel with the lines, has no effect in producing electromotive 
force, whereas the vertical velocity determines the amount of 
electromotive force generated. It therefore becomes important to 
consider separately the vertical velocity of the conductor, since 
this is the factor affecting the voltage generated. 

Now a velocity, when represented graphically in magnitude 
and direction by a straight line, may be resolved into two compo- 
nents in any direction. These components may then be represented 
by the sides of a parallelogram of which the line representing the 
velocity forms the diagonal. Thus if 0 P (Fig. 3) represents to 
scale the consttmt velocity of the conductor. N P and 0 N will 
represent to the same scale the horizontal and vertical velocities 
of the conductor when travelling in the direction of 0 P. 

Thus the sides of the triangle O P N represent to the same 
scale the actual velocity of the crinductor P and the vertical and 
horizontal components of this velocity respectively, 

0 P representing the actual velocity. 

0 N representing the vertical velocity. 

N P representing the horizontal velocity. 

Now the trbmgle 0 P N, obtained by dropping a perpendicular 
P N on the horizontal centre-line drawn through 0, in Fig. 2 is 
similar to the triangle similarly lettered in Fig. 3, but is turned 
through a right angle. Thus, if in Fig. 2 the line 0 P is taken to 
represent in magnitude the velocity of the conductor in a direction 
at right angles to O P, 0 N will represent the vertical velocity, 
and N P will represent its horizontal velocity in magnitude. This 
will he true whatever position the conductor P may have. 

r.ct the electromotive force induced in the conductor when 
moving vertically have the value / ' volts, 'bhe electromotive force 
induced when the conductor is moving at the same speed in any 
other direction, such as the direction P L (Fig. 2) is less than V, 
since the vertical velocity of the conductor is then less, and its 
actual value will be given by 

Y ^ vertical velocity at t ime considered 

vertical velocity when conductor moves vertically 

= rx||-Fsin(), 

if d is the angle P O Q through which the conductor has moved 
from the vertical axis. 

Thus the variations of the electromotive force induced in the 
conductor as it moves uniformly in a circular path are propor- 
tional to the changes undergone by the sine of an angle which 
pas.ses through all values from 0° to 360^^. * 

The values of the electromotive force may be readily plotted 
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graphically from Fig. 2, by drawing 0 P in a number of different 
positions. For each position of 0 1* the length oi 0 N may be 
taken to represent the electromotive force on the same scale of 
volts upon which the radius 0 P represents the maximum voltage. 
This has been done in Fig. 4, where the path of the conductor P 
is indicated by a circle, and for each value of the angle Q 0 P, 
measured horizontally in degrees, the length 0 N set up vertically 
to represent the value of tlie electromotive force for that position 
of the conductor, a curve being drawn through the points thus 
obtained. 

It will be seen that the curve obtained in this way is a sine 
curve. The change of direction of the electromotive force, which 
occurs when the conductor begins to cut the lines in the reverse 
direction, is shown by the curve crossing the zero line. Ordinates 
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Fig. 4. — Graphic Representation of Variation of Voltage. 


above the line indicate electromotive forces in one direction along the 
conductor. Ordinates below the line represent those in an opposite 
direction. For the sake of uniformity it is usual to call electro- 
motive forces measured below the line Negalive. 

The curve shown in Fig. 4 may be taken to represent the varia- 
tions of voltage given by an alternator. For example, the maximum 
voltage on the vertical scale of the diagram is 25. It would be 
possible to obtain from the curve the exact voltage given out by 
the machine for any position of the armature if the position of 
maximum or minimum voltage is known. 

The complete curve shown for a variation from 0° to 360“ 
corresponds to a rotation of the armature or field of the alternator 
equal to the angular displacement between the centre of one N pole 
and the centre of the next N pole. In a 2-pole machine this is 
one complete revolution. 

Definitions— The complete series of changes represented in 
Fig. 4 is called a Cycle ; the time taken for the electromotive force 
to pass through these values is termed a Period. The Periodicity of 
an alternating circuit is the number of periods in one second. Thus 
an alternator giving a periodicity of 50 would impress on the 
circuit the series of changes shown in the figure, 60 times per second. 
Freq^iency is another terra for periodicity. 
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The Amplitude is the ■ maximum value of the variable quantity 
which passes through the changes shown above. Thus the length 
0 F is the amplitude in Fig. 4, corresponding to 25 volts. 

The angle measured from the starting point () to any particular 
point P on the curve is called the phase of this point; thus in 
Fig. 4 the phase of P is measured by the angle Q 0 P. 

Example .- — An alternator gives a maximum of 100 volts. Tf 
its frequency is 50, what will be the phase and value of its voltage 
after 35 secs., starting from the point of zero electromotive force? 
In three seconds it will have pa s.scd. through 360'^’ 150 times, and 
in § secs, it will further pass through iiX50 of 360'^\ i.e., 33;^ times 
360°. Hence at the end of .secs, it will have passed through 

the complete cycle of changes 1S3 times, and its phase will be — ^ 
or 120 ’. The value of the electromotive force will then be V sin 

100 sin 1'20'-’ 100 X -86)6. 86-6 volts. 

EKfect of Increase in Number of Poles. If the alternator has 
more than two poles, its armature will probably be provided with 
at least as many conductors as there are poles. Assuming this 
ininimum number of conductors to be joined together in .series, 
they will all contribute to the total voltage of the armature wind- 
ing. Tf, further, the conductors have exactly the same pitch as 
the poles of the alternator, they will enter and leave the polar flux 
simultaneously, .so that the voltages induced in all of them are 
identical in phase. The voltage of the complete winding is then 
numerically equal to the sum of the individual voltages, and has 
the same jdiase as they have. 

In the case of a multipolar machine, a period will be the time 
during which a conductor moves from one pole to a similar posi- 
tion under the next pole of the same polarity. Thus in a 12-pole 
alternator there will be six periods during each revolution of the 
armature. In general, if 

n ='- revs, per minute of armature, or field, 

/ — periodicity, 
p ~ number of pairs of poles, 

/ ~ cycles per sec. 

Large machines which run at comparatively low speeds have 
a large number of poles, in order to supply current of the fre- 
quency usually required. 

In an electrical distribution .sy.stem the periodicity is a fixed 
quantity, and the number of poles and speed of the generators 
have to be adjusted to suit this condition. 

A cycle is often said to have 360 “electrical” degrees, in order 
that a'distinction maybe made between the phase angle of induced 
electromotive force and the angle of displacement in space of 
the field. Thus, in a 12-pole machine, of a revolution of the 
field system, ie., an actual rotation in space through 60°, would 
be equivalent to a phase angle of 360 “electrical ” degrees. 



20 ALTBRNATINO KLECTROMOTIVK FORCE AND CURRENT. 

Increase in Number of Conductors.— In order to increase 
the voltage generated in the armature, the number of conductors 
coniieoted in series is usually increased. 

The total voltage generated in an armature composed of a great 
number of conductors will not be equal to the sum of the voltages 
induced in the individual conductors unless the following conditions 
are fulfilled : (1) Conductors under opposite poles must be joined 
together alternately at the front and back of the armature, so that 
the electromotive force which is induced in successive conductors 
in opposite directions is made to act in the same sequpnee in the 
complete winding. (2) The conductors passing under a single pole 
at any time must be grouped together sufficiently clo.sely to enter 
and leave the pole nearly simultaneously.* 

The connections of such a winding are shown diagramniatically 
in Fig. 5. 



Fio. 5. —Connection of Conductors in Multipolar Armature. 

Production of Current by an Alternator.— If the armature 
winding of an alterhator is connected to a closed circuit, the electrO’ 
motive force generated in the armature will send a current through 
the circuit. The strength of this current will depend on the ratio 
between the armature voltage and the resistance of the circuit. 
Since the armature voltage is a constantly varying quantity, the 
current in the circuit will undergo the same variations. 

E ^ 

Thus at any instant t ^ 

Where 1 value of current, 

E „ „ voltage, 

R resistance of circuit. 

Since the current will go through similar variations to the 
voltage, it may be represented by a curve in the same way as the 
voltage in Fig. 4. 

E.MJF. of Self-induction in a Winding.— A current flowing 
through a winding always produces a magnetic field. The mag- 
nitude and direction of the field will depend upon the magnitude 
and direction of the current. Consequently, an alternating current 
is always accompanied by a rapidly changing field. The effect 


* The effect of a distributed winding is discussed later, 
t The effect of self-induction is, of course, not considered in this example. 
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of the varying lidcl upon the circuit in which it is produced must 
next be considered. 

Imagine a coil of wire through which an alternating current 
is llowing. ■ 

The number of lines of force which are produced within the 
coil will be proportional to the amount of current flowing* ; con- 
sequently, every variation in current produces a proportionate 
change in tlie number of lines passing through the coil. The 
formation of lines of force passing through a coil is equivalent 
to the movement of that number of lines from the outside to the 
inside of the coil. That is to say, the formation of 1,000 lines of 
force passing through the coil wilt produce the same effect as if 
the movement of a magnet caused 1,000 lines of force to lie cut 
by the conductors forming the coil. 

As stated on page Id. an electromotive force is produced in a 
conductor when it is maile to cut lines of force. Hence the change 
of field produced in a coil by a change of the current in it will also 
produce an electromotive force. This electromotive force is called 
the clcctromotwe force of self-indmliori. The magnitude of the 
electromotive force is governed by the same rule as already given 
on page 13 for the electromotive force induced by motion in a 
magnetic field. The voltage induced in each conductor of the coil 
is numerically equal to the number of lines cut per second divided 
by 10". The direction of the electromotive force thus produced is 
always such as to oppose the change of the Current to which the 
electromotive foreg is due. 

Thus a current started in a conductor will produce a magnetic 
field, which will in turn produce an electromotive force in the 
conductor opposite to the direction of the current. Similarly, the 
stoppage of a current will cause a disappearance of magnetic 
lines, and con.secj[uently an electromotive force, in the direction 
which tends to maintain the flow of current. Since an alternating 
current is constantly changing both its magnitude and direction, 
there will be electromotive forces constantly induced, and always 
tending to oppose the change of current occurring at the time. 
Because the induced electromotive force opposes the changes 
occurring in the current, it is often called the “back electro- 
motive force ” or “ counter electromotive force ” due to self- 
induction. The electromotive force of self-induction depends upon 
the rate at which the current changes, and not directly on the 
amount of current or the number of lines of force in the circuit. 

In order to make clear this relation between the electromotive 
force of .self-induction and the current in a circuit, it will be best 
to draw two curves representing respectively the successive values 
of the current and the corresponding values of the rate at which 
the current changes. This is shown in Fig. 6, where Curve I. shows 
the values of the current whose maximum is 12-5 amperes, and the 

* Except in circuits containing iron, when this i.s only approximately true. 
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dotted curve No. II. shows the change of current measured in 
amperes per cycle. 

To obtain the second curve frdm the first, draw at a number 
of points tangents to curve No. I., as shown by the line P M, which 
is the tangent at P. From P draw a horizontal line P N correspond- 
ing in length to J cycle, and a vertical line through N to" meet the 
tangent at M. The length N M then shows the change in current 
which would occur in J cycle if the rate of increase or decrease 
remained the same as it actually is at P. 

Four times the length of M N will consequently give the height 
of the “ rate of change” curve at the point corresponding to the 



Fio. 6. — Curves of Current and Rate of Change of Current. 

same angle as P. The scale of amperes per cycle for the dotted 
curve (Fig. 6) is takUn four times as great as the scale of amperes 
for the original curve, so that, when the length N M is plotted verti- 
cally, it corresponds to four times the change of current in I cycle, 
i.c., to the rate of change of current for a whole cycle. 

When N M is drawn downwards, as in the case shown, its slope 
indicates that the current is decreasing, and that the rate of change 
of current is negative. Accordingly, it is plotted below the base- 
line in Curve II. 

It will be noticed that the Curves I, and II. in Fig. 6 are similar 
in shape, but that the second curve is displaced by one-quarter of 
a period to the left of the Curve I. Prom this it is apparent that 
/he change of current, is most rapid at the point where the current 
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curve crosses the axis and changes its direction. In other words 
the rale of change,, is greatest when the current is zero. The rate of 
change is zero, on the other hand, at the moment when the current 
has attained its maximum value in either direction. 

The maximum value of the “ rate of change of current ” curve 
is seen to correspond to a change of 78-5 amperes })er cycle, i.e., the 
maximum rate of change of current measured in amjx;res per cycle is 

78-5 

=zr 6-3 times the maximum value of the current. More 

accurately, the maximum rate of change per cycle is 2 rr times the 
maximum current. If the current passes through / cycles per 
second, the maximum rate of change of current measured in amperes 
per second will be 2 tt / X the maximum value of the current.* 

Consequently, a curve showing rate of change of current per 
second would be a curve similar to Curve II.. but having each 
ordinate / times as great. 

Since the number of magnetic lines in the circuit is propor- 
tional to the current, Curve I., whioli represents the current, will 
also represent these lines to some scale. Again, because the electro- 
motive force of self-induction is proportional to the rate of change 
of the lines. Curve II. will represent this electromotive force to 
some scale. Curves I. and II. will thus represent (on some scale) 
the corresponding values of the current and of the electromotive 
force of self-induction. 

The actual value of this electromotive force must now be 
investigated. 

Coefficient o£ Self-induction— Let i — value of current in 
the (!oil at any moment ; 

7’ = number of turns composing the coil ; 

.Fj — number of lines of force produced in the coil, when 
t = 1 ampere. 

Then, when the current changes at the rate of 1 amiHjre per 
second, the (!hange produced in the number of lines entering the 
coil will be l\ per second. The total voltage induced in the coil 
by this change will be 

lines cut per second by each coil X number of coils 
or in symbols - 

Voltage - F = ^ 

The fraction ’ is called the coefficient of self-induction of 
10 “ 

the coil and is generally denoted by L. 

• The reason for this exact relation between current anil rate of change of current is that 
the rate of change of the sine of an angle is equal to its cosine when the angle is measured in 
units of circular measure or radians. Since there are 2 ^ radians in one cycle, or 3(’)0*, the 
rate of change per cycle is 2 ^ x the cosine, also the maximum value of the cosine is equal to 
the maximum value of the sine. The two curves have a relative displacement of 90*. If 
points on Curve I. are represented by I sin the corresponding points on Curve 11. will be 
given by the expression 2ir / cos. tf. 
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Definition.— The coefficient of self-induction of a coil is 
numerically equal to the electromotive force induced in it by a 
change of current of 1 ampere per second, 
or 

The coefficient of self-induction is numerically equal to the number 
of magnetic lines formed in a coil by a current of 1 ampere multi- 
plied by the number of turns of the coil through which these lines 
are threaded, divided by 10®. 

This coefficient is measured in terms of the henry. The henry 
is thus the unit of the coefficient of self-induction. 

• The coefficient of self-induction of a circuit is frequently called 
th^ inductance of the circuit. 

A milli-henry = --^henry, and is generally used in stating the 
l,uOU 

properties qf a circuit, because the inductance of a circuit is usually 
a small part of one henry. 

The coefficient of self-induction of a coil carrying a current 
of 1 amperes, which produces in it a flux of F lines, may be con- 
veniently expressed as follows : — 

_ linkages of flux with turns _F X T 
current x 10® lx 10® 

Relation between Current and Voltage of Circuit.— It 

follows from our definition of the coefficient of self-induction that 
the electromotive force of the self-induction in the circuit is 
E = L, 

when the current changes at the rate of 1 ampere per second. 

If the current changes at the rate of c amperes per second, then 
the induced voltage will be 

E^cL. 

Since the dotted curve in Fig. 6 shows the rate of change of 
current per cycle, it would give the rate of change per second if its 
ordinates were multiplied by /. It would then be the curve of c. 

Hence we might obtain a curve showing the fluctuations of 
the electromotive force of self-induction by drawing a curve in 
which each ordinate of Curve II. (Fig. 6) is multiplied by / L. 
The curve would have to be plotted to a vertical scale of volts, the 
horizontal scale being the same as for the other curves. 

Since the maximum rate of change of current per second = 
maximum value of c = 2 n f I, where I — maximum value of 
current, we may write as the maximum value of the electromotive 
force of self-induction 

E = 2nfIL. 

From what haA just been stated, it appears that when an alter- 
nating current flows in a circuit, it will give rise to an alternating 
electromotive force opposing the change of current at every moment. 
Also, if the Curve I in Fig. 6 is taken to represent the values of 
such a current, a curve similar to Curve II. (but drawn to scale 
/ L times as great) will show the values of the voltage which must 
be applied to the circuit in order to overcome the back electromotive 
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force oi self-induction caused by the changing field which the 
change of current produces. 

Such a curve of voltage would be J period in advance of the 
current curve in phase, as shown by the fact that the voltage curve 
would reach its maximum and minimum values always 90° earlier 
than the curve of current. 

We are now in a position to apply the results shown in the 
curves in Fig. 6 to explain the conditions governing the production 
of a current. 

From Ohm’s law wc know that, wheft a current flows in a circuit 
having resistance, an electromotive force must be applied to the 
circuit having a value at any instant equal to the product of the 
current multiplied by the resistance of the circuit, This will 
evidently be an electromotive force which varies with the current, 
and is in phase with it, i.c., passes through its maximum and mini- 
mum values at the same time as the current. 

In Fig. 7 is represented a current having a maximum value of 
25 amperes ((airve C). This current is supposed to be flowing in a 
circuit having a resistance of 1*2 ohm. The dotted curve E, 
represents the electromotive force which must be applied to the 
circuit in order to overcome this resistance. This curve is obtained 
by multiplying each ordinate of the current curve by 1-2, The 
maximum value of this electromotive force is 25 x I •2—30 volts. 
In Fig. 7 current and volts are represented to the same scale. 

Tlie circuit in which the current flows has a coefficient of self- 
induction of 5 milli-hcnries=: -005 henries. 

The change of current will produce an electromotive force of 
self-induction in the circuit, which must also be overcome by the 
alternator supplying the circuit, in order that the current C may 
be maintained. This applied voltage is j period in advance of the 
current, The curve representing it might be obtained by drawing 
a curve similar to Curve II. in Fig. 6, and then multiplying each 
ordinate by / L. A more direct way is the following : — 

It has already been pointed out that the maximum value of the 
electromotive force of self-induction — 2 / / L, where / is the 

maximum value of the current, and that the curve representing 
this electromotive force is \ period in advance of the current in 
phase. Consequently, we may directly draw a since curve having 
a maximum value of 2-^ f L I and placed I period in advance of 
the curve of current. 

This has been done in Fig. 7, and is shown as the dotted curve 
El whose maximum value is 

2 -- 2.7r X 50 X *005 X 25 -- 39-3 volts, 

where / — periodicity — 50 cycles per second. 

The curves drawn in Fig. 7 represent completely the conditions 
which usually exist in an alternating circuit. These may be 
briefly recapitulated as follows : — 

A current I< (Curve C) to produce which required the application 
of an electromotive force varying in the same manner as, and 
simultaneously with, the current in order to overcome the resistance 
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of the circuit. This electromotive force (Curve E,) . is always 
numerically equal to the product oi I x R where R is the resistance 
of the circuit. 

Further, an electromotive force overcoming the electromotive 
force produced by, and opposing the variation of the current 
(Curve Ei). This electromotive force is numerically equal to 
f L, where r is the rate at which the current v.aries (measured in 
amperes per second), and L is the coefficient of self-induction of 
the circuit. The curve representing this voltage is similar in 
character to the curve of current, but a quarter of a period earli(T 
in phase. 
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Fio. 7. — Curves of Current and Component and Total EM.F. 


Resultant Electromotive Force. — Tn the previous paragraph 
it was (ixplained that two electromotive forces are required to 
maintain an alternating current, viz., one electromotive force in 
pha.se with the current to produce the passage of the current. 
This may be called the resistance electromotive force, and is the 
electromotive force which would be nsquired in a continuou.s- 
current circuit to maintain the How of the current. 

A second electromotive force produces the variation of the 
current, and may b(? called the inductance electromotive force. 
This is only required in a circuit in which the current changes, 
ami c{)nstituU.‘s the main dilferenci! between alternating and con- 
tinuous current problems. The inductance electromotive force 
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is a quarter of a period earlier in phase than the resistance electro- 
motive force, that is, the curve is displaced to the left in the 
diagrams. 

An alternator must supply sufficient voltage to a circuit to be 
equivalent to both of these electromotive forces if an alternating 
current is to be maintained. The actual voltage supplied by the 
alternator at any instant must be equal to the sum of the values 
of the two individual voltages at the same instant, and may be 
plotted as a curve, the height of which at each point is equal to the 
sum of the ordinates of the voltages E and E . This curve has 
been obtained in Fig, 7, where the resultant voltage of the alter- 
nator (Curve E) has at each point a height equal to the sum of 
the heights of these curves. 

It is to be observed that (1) this curve is again similar in 
character to the previous curves; (2) its maximum value (49 
volts) is greater than that of cither of the component electro- 
motive forces, but is less than the .sum of the two; (3) the result- 
ant electromotive force is intermediate in phase between the two 
component electromotive forces. 

Angle of Lag. — A further most important result is to be noted 
from an in.sixiction of the curves just given, viz., that the curves 
representing the current and the resultant voltage {i.e., the current 
and total voltage applied to the circuit) arc not in phase with 
each other. In the curves given in Fig. 7, it will be seen that the 
curves of current and total voltage pass through zero at points 
situated O' 145 period or 52.f‘^ apart.* The angle between these 
curves, which is most conveniently measured as the angle on the 
horizontal scale of the curve between the points at which they 
pass through their zero value, is the angle of phase difference 
between current and voltage. The angle is called the angle of lag 
of the circuit if the current passes through zero after the voltage, 
or the angle of lead if the current passes through zero before the 
voltage. The current always lags behind the applied voltage, 
except in cases where the circuit possesses electrostatic capacity 
or supplies over-excited synchronous motors — conditions dis- 
cussed later on. 

The angle of lag of the current in a circuit is of great practical 
importance, and depends upon the nature of the resistances and 
other apparatus forming the circuit. 

The student cannot be too careful to familiarise himself with 
the rea.sons for the fact that in all alternating circuits pos-sessing 
self-induction there is a diflference of phase between current and 
voltage. 

He should carefully work the following examples, and, if 
necessary, read again the foregoing pages. 

Example.— -A circuit has a resistance of 5 ohm., and an induc- 
tance of 20 millihenries. It carries an alternating current whose 

* A complete period is always taken as corresponding to 3600, or an angle of 27r 
radians in circular measure. 
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inaximuiii value is 24 aiTii)eres. Plot curves on S(|uare paper to 
represent (he following quantities 

(c) The current, (b) The rate of change of current per cycle. 
On a separate sheet plot the following electromotive forces, making 
use of the curves (a) and (b). (c) Electromotive force necessary to 
overcome resistance. (//)F4eclromotive force necessary to overcome 
self-induction. From (c) and (</) obtain the curve (c) representing 
the total electromotive force neces.sary to maintain the current. 

Cautions.- It may not be out of place to mention one or two 
points which frequently cau.se confusion at first in connection 
with curves similar to tho.se just discussed. 

(1) A curve di.splaced towards the riff/U is later in phase. This 
is the contrary of what one might exjjccL on considering the 
matter carelessly, but is evident from the con.struction given at 
first for obtaining the curve. 

(2) The voltage applied to a circuit is opposite in direction to 
the voltages set up in the circuit due to resistance of self-induc- 
tion. This may appear obvious, but neglect of this distinction will 
cause confusion. In the diagram Fig. 7 the electromotive forces 
shown are tho.se .supplied from the external source to the circuit, 
and not tho.se set up in the circuit. They are on the same side of 
the horizontal axis, and therefore in the same direction, as the 
current, whereas the opposing voltages must obviously be in the 
opjio.site direction, i.e., on the opposite side of the zero line. 

Thus the curve marked E in lAg. 7 is the voltage overcoming 
(and, therefore, oppositely directed to) the voltage due to the 
resistance of the circuit which oppo.ses the flow of current. The 
lattter might be repre.sented by a similar curve to E at equal 
distances on the opposite side of the base line. 

The distinction here alluded .to has been carefully observed in 
the text, but the difference between the electromotive forces due to 
and overcomimj resistance or inductance is .sometimes confusing to 
the student, on account of the Ioo.se use of the terms often applied 
to them. In general, it is only the voltages overcoming resistance, 
reactance, &c., which are .spoken of, or repre.sented in diagrams. 

Vector Diagrams. — The method of representing variable 
quantities such as currents and electromotive forces by curves is 
exceedingly laborious, and conseiiuently a more rapid but equally 
complete method of representation is u.sually employed. 

On page 18 was explained the method of obtaining points on 
the curve of electromotive force. A point on the curve was found 
corresponding to each position of the radius 0 P in Fig. 2 by 
marking off a height equal to the horizontal projection 0 N oi 
0 F. The complete curve was determined by imagining that P 
made a complete revolution of the circle, and thus gave points 
forming one complete period of the curve. 

Fy drawing the line 0 F of such a length that it represents 
some number of volts to a fixed .scale, and imagining it to rotate 
* about the end 0, it may be taken to represent the varying electro- 
motive force, without the curve obtained from its successive 
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positions being actually drawn. Tt must then be remembered that 
the actual value of the variable quantity represented by 0 P may 
always be obtained by measuring the length of the horizontal line 
drawn from 0 to meet a vertical through P. The length of this 
horizontal line is usually called the horizontal projection of 0 P. 
The length of 0 P itself will be the ■maximum value of the variable 
quantity represented by it. Its phase is represented by the angle 
between 0 P and the vertical through 0, while the actual value 
of the quantity when in this phase is represented by the horizontal 
projection 0 P for the position in which 0 P is drawn. 

When drawing such a line to represent a varying quantity, 
an arrow-head is shown at one end to indicate that this end is to 
he taken as rotating about the other. Further, a convention 
must be adopted with regard to the direction in which rotation 
occurs. It is now universally agreed that this rotation shall bo 
anti-clockwise, altliough the opposite direction of rotation was 
adopted by a considerable number of writers in the ])ast. The rate 
of the imaginary revolution of the line will be equal to the frequency 
of the current or electromotive force represented. On a complete 



Fio. 8.— Vector Diagram of Voltage am) Current. 

diagram this should be indicated as in Fig. 8, thus / 50, including 

a frequency of 50 cycles peu* second, so that the vector 0 I must be 
taken to rotate 50 times per second. 

By means of the convention just described, a single line is 
sufficient to indicate the maximum value and manner of variation 
of a periodic quantity, and also to indicate its phase and instan- 
taneous value at any moment. This method further enables us 
to show the relation between two such quantities which have the 
same periodicity, but which may have any relative magnitude and 
phase. The quantities nec<l not necessarily be of the same nature. 
Thus, for instance, the relation between a current and a voltage 
may easily be shown on the same diagram by two different lines. 
We then have a simple example of a vector diagram. 

The scale to which the lines have been drawn should be indicated 
whenever use is made 'of vector diagrams. 

The difference in phase between the various quantities is 
measured directly as degrees of angle between the lines representing 
them in the vector diagram, SGO** being one complete period. 
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A vector diagram thus consists of a number of rotating vectors, 
which, although drawn as fixed lines, are to be imagined as rotating 
at the speed of / revolutions per second. The instantaneous value 
of any one of the quantities is obtained by projecting its vector on 
a fixed axis (according to our assumption, the horizontal axi.s). 

By way of illustration, Fig. 8 has been drawn to represent the 
current and voltage of the circuit given by the curves in Fig. 7. 
Consequently the vector 0 I represents 25 amperes on the scale 
of amperes, this being the maximum value of the current. Simi- 
larly 0 E represents 49 volts, the maximum value of the voltage. 
The angle / 0 E between the vectors is 52.}'’, which was found 
to be the angle of lag of the circuit. 

In order to distinguish between lengths representing electro- 
motive forces and tho.se representing currents, the following dis- 
tinction will be observed in all figures subseiiuently given, where 
the meaning of the vectors is not otherwise evident. Vectors 
indicating electromotive forces are shown with thin arrow-heads. 
Vectors representing currents have thick black arrow-heads. Also 
vectors referring to magnetic flux h.ave arrow-heads wdth double 
barb. 

Idle diagram Fig. 8 represents the in.stanlaneous condition of 
current and voltage at the instant when the voltage has its maxi- 
mum value, since the line 0 /: is shown horizontal; it will thus 
have its maximum horizontal projection at this moment, Tlu; line 
0 7, repre.senting the current, is drawn 52-.]:° later in phase, the 
angle / 0 E being 52}'', and the direction of the rotation being 
anti-clockwise. Thus the current will reach its maximum value 

52.1 

- — of a cycle later than the instant for which Fig. 8 is drawn. 
36(J 

The instantaneous value of the current in Fig. 8 is obtained by 
drawing a vertical line I N and measuring the length of 0 N on 
the scale. It is seen to he 15'3 amperes, which corresponds with 
the value measured on the curve in Fig. 7 for the same pha.se. 

Resultant of Two Vectors.- -Fig. 9 shows by means of 
vectors the component and resultant electromotive forces of Fig.- 
7 ; the instant for which the diagram is drawn is not the same as in 
I'dg. 8. The twm voltages Ei and J/,', are drawn at right angles, 
since they differ in phase by 90° The lettering will make obvious 
the identity of the vectors. The scale is the same as for Fig. 8. 

As before, the instantaneous values could be found by drawing 
verticals through the rotating end of each line. The student 
should identify the phase and instantaneous values of the vectors 
of Fig. 9 in Fig, 7. 

In this diagram it will be found that if the two component 
voltages E„ Ei are taken to be two sides of a parallelogram, the 
completed parallelogram would have the vector E as its diagonal. 
That is, the resultant electromotive force would be represented 
in magnitude and phase by the diagonal of a parallelogram of 
which the two components formed the sides. 
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That this must always be true follows from the following con- 
sideration. Since the instantaneous value of the resultant electro- 
motive force is the sum of the values at each instant of the com- 
ponent electromotive forces, the horizontal projection of the vector 
representing the resultant must always e(pial the sum of the pro- 
jections of the components, because the horizontal projections are 
instantaneous values of the (piantities. 



0 '•> . . 20 .ap 40 _ 

uTTTTnTi f — ^ 

1). Fk;. 10. 

Kesiiltard and (’(HU|)oriorit Elootrornotive Kotoph. 

1 lie easiest way to obtain tlic sum of the proji'ctions of two 
such line.s as i.s to draw one of tlnun (say A/,,) from the end 

of the other (A’J (.see Fig. 10), so that the arrows of the two lines 
point in tlie same direction. The horizontal ]»rojcction of is 
then and the horizontal projection of A’„ i.s c. Since the 
projection of is measured from left to right, in.stcad of from 
right to left, it must be considered negative, and thus tlic sum of , 
tlui two projections is Oc. but Oe is the .same as the projection 
of the line 0 E joining the fret; ends of E^ and A,. 0 E is, however, 
the diagonal of tiie parallelogram who.se side.s are E^ ami E : the 
line 0 E, Fig. 10, i.s, in fact, the .same as 0 E in Fig. 9. Hence 
the instantaneous value of the re.sultant of the two varying quanti- 
ties is obtained from the diagonal of the parallelogram of which 
the quantities form the sides. 

The result just obtained is of the greatest practical importance 
and shows that, when represented by vectors, two electromotive 
forces or two currents may be combined together in exactly the 
same way as may the forces or velocnties illustrated in mechanics 
by straight lines, which are combined to form single resultant 
forces or velocities by the law of the parallelogram of forces. 

A similar rule to this may therefore be given in the following 
terms. The resultant of two currents or electromotive forces in 
a circuit may be obtained by representing the twm quantities in^ 
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magnitude and phase by two vectors drawn from a common point 
and both directed away from this point. The vector of the resultant 
quantity is the diagonal of a })aralleIogram of which the two vectors 
form the sides. It.s direction will also be away from the common 
point. This form of the rule is illustrated by Fig. 9. The method 
shown m Fig. 10 for obtaining the resultant may be put into words 
as follows : - 

Draw the vectors of the two quantities with the fixed end of 
one upon the rotating end of the other, i.e., with the an’ow.s of 
both directed towards the same end of the resulting bent Une, 
The vector of the resultant is the line joining the free ends of the 
'bent lino thus obtained. Its direction will be such that its arrow 
points round the closed ligure formed by the vectors in the o))posite 
<lire<'tion to the arrows of the component quantities. 

This construction may be e-Ktended to any number of component 
quantities. The resultant of them all is always the line joining 
the free ends of the figure obtained by drawing all the ()uantities 
in regular sequence, the fixed end of one vector coinciding with 
the rotating end of the previous one. 'I'he angle which the resultant 
lino makes with the components represents its phase relative to 
them. 

The application of the construction just given may be illustrated 
by the following oxperimenf : — 

Experiment I. -Determination of the Resultant Fleotro- 
MOTIVE Force of tv^o Alternators Coupled Tooktker. 

Diagram of Connkgtion.s. 



0 ,. 0 , 

S. 


d’wo alternators coupled mechanically 
Alternator field windings. 

Voltmeters for reading voltage of each machine 
separately. 

Voltmeter for reading resultant voltage. 

Field regulating resistances. 

Switch in field circuit. 
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iVnlc. — Tn ihc case of this and a number of other experiments 
it is not necessary to use the full numl)er of voltmeters shown in 
tlie diajLtram. A single voltmeter with throw-over switch ina)' be 
used to take the rctidings of the two tdternators. This is f)ftcn 
preferable, not only in order to save instruments. l)ut also in order 
to save errors due to uncertain constants of the instruments, <S:c. 

IxsTKi.'CTioNS. — Two alternat(»rs have their shafts mechanically 
coupled together by a coupling which can be adjusted to alter the 
relative angle of the rotating parts of the machines. ' 

Icxcite the field windings from a supply of continuous current. 
Insert in the field of each machine a field regulator, so that the 
fields can be independently regulated, ( onnecl a voltmeter to the 
terminals of each .dfernator. Connect the two armatures togelher, 
|)utling a third voltmeter in this circuit, in order to read the 
resultant voltage of the two alternators. 

Run the alternators at a constant speed, and take simultaneous 
readings on the three \ oltiiieters.'- entering the readings in the 
projier columns of the table gi\ en below. Make the same observa- 
tions for a scries of relative positions of the machine coupling, 
which should be altered from the point where the machines arc 
in scries to the po.siiion when they are in parallel, or opposition. 

h'rom the readings of the voltmeters the angle of phase dilTer- 
ence l)etween the machines can l)e calculated, without reference 
to any graduation of the coujding. 

RKSI'i;rA.\T Voi.TACi; OF Two Ai.tfr.natoks. 


Voll;; 
lii( liiiic A 

MarliMic B 

KcMlIl.llll Vdlls 

A .iml B 

All«lr 

lirlwcni M.K'hitii 

72 

72 

lats 

3b 

72 

72 

112 

7b 

72 

72 

52 

TO 


In order to determine the angle of pha.se difference between the 
machines, lanislrucf for each set of readings a triangle of wliich 
the sides represent to .sojne cxnivenicnt scale the three voltmeter 
readings. In d(jing this it will be convenient to draw a horizontal 
line (.)R) ( h'ig. 12) to represent the re.sultant voltage.' From one 
end of this line draw a circle whose radius is ecpial on the same 
scale to the voltage of one alternator. From the other end draw a 
circle with a raclius e(|ual to the voltage of the other alternator. 
Join the intersection A of the.se circles to the ends 0, B of the 
horizontal line. The triangle 0.\B .so obtained shows graphically 
the relations between the voltages of the two machines and the 
total voltage which they would supply to an external circuit, The 
B 
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external angle between the sides representing the alternator volt- 
ages is the angle of phase difference between the machines. Fig. 
12 shows the construction carried out for the first set of readings 
of the tabic given above. A curve should be plotted showing the 
resultant voltage at various angles of the coupling. 

The resultant voltage will vary between a maximum when 
the voltage of both machines is added, and a minimum when the 
machines are in opposition, when the resultant voltage will bo 
the difference between the two. 

In carrying out the experiment just described, in order to 
determine tlie angle between the machines, it will be found con 
venient to excite the alternators to give equal voltages. 

As an illustration of this experiment, the curve shown in Fig. 13 
has been drawn. Two similar alternators with an adjustable 
coupling were excited to give 72 volts each From the graduation 



Fig. 1 2.— Conatruction for Detonuination of Angle botwoon Two .Alternators. 

of the coupling the resultant value of the voltage was calculated 
for a series of relative positions of the machines. These values 
are shown on the curve, together with a set of ob.served viilu(‘s read 
on a voltmeter in seric.s witli the machines.* 

The preceding experiment is not generally capable of any direct 
u.seful application, ami is given here chiefly as illustrating the 
w'ay in which two voltages may be applied to a circuit ami the 
])ha8e angle between them obtained by direct rncasurcnient of 
the resultant. 


I'ht) rvsullaiit. \ alue wa.s calnilated a 8 follows 
I-ct E Il.M.S. voltage of each aiternalor. 

Ei.i — maximum voltaKe of each alternator 
(p ■ phase angle between alternators. 

InstaJiUnooiLH values are 

f, ^ Em sin a, t . = Em sin (d-f- 0 ). 

lastantaneous value of resultant voltage is 

r, + e, = sin it + sin {() j - 2 Emm ( {I 4. 0 j cos 
Volunete.' reading is R.M.S. value of thi.s, or 

2 cos 0 X II.M.S. value of Em sin + f) 2 cos 0 E. 

The meaning of '* R.M.S." value U explained later. 
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II should be noted, however, that two alternators which can 
be coupled at any angle form a valuable addition to the equipment 
of a test-house where meters, &c., have to be tested with currents 
of var3ring phase difference. In such cases current may be taken 
from one machine and voltage from the other, with any desired 
angle between them This experiment might in such cases be 
turned to practical account. 



0 20 40 60 80 100 120 140 IW) 180 

DeRrece. 

0 Calculated Values Q Observed Values 

Pio. i;i — Curve of Resultaat’ Voltago of Two Altematora in Si rits. 
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The geometrical construction made use of in the last expcri 
ment is employed in the following measurement, which has many 
important applications. 

Experiment II.— Determination of Angle of Lag in an 
Alternating Circuit by Three Voltmeters. 

Diagram of Connections. 



J/,, M.y Source of alternating current. 

r. Resi-stance j)artly inductive and partly non-inductivc'.* 
R. Non-inductive resi.stance. 

Voltmeter rcadmg voltage* of inductive rc.sislance r 
V 2 Voltmeter reading ^ vol(ag<' of non-inductive 
resi.stance R. . 

Vy Voltmeter reading total voltage of R 4 r. 

A. Ammeter. 

Instructions.— Tlie portion of tlie circuit in which the angle 
of lag i.s to be determined will consi.st partly of inductive and partly 
of non-inductive resistama's ; t his is repre.sented b)’ r in the diagram . 

In.sert in the circuit a non-inductive re.sistance, R, and an 
ammeter. 

Connect three voltmeters f to points in the circuit so as to 
measure respectively (I) the voltage at terminals of non-inductive 
resistance (F.J, (2) voltage of r (F,), (3) total voltage of circuit (F^). 

Take simultaneou.s readings on the amiYcter and three volt- 
met cos, and enter them in columns headed as given below : - 


Current. 

Voltage of 
Non-inductive 
Re.sistance V.,. 

Voltage of 
ReimiiiKlcr of 
Ciieuit r,. 

Total Voltage 
of 

Circuit r,. 

Angle of Lay 
between 

Vj and P 

9-0 

84-0 

44-0 

105-5 

23 “ 

11-2 

75-0 

r >30 

104-9 

29 ° 

12-14 

71-3 

56-0 

103-5 

31 ° . 

14-67 

64-0 

62-0 

100-7 

36 - 6 ° 


• All so-railed “ iDdiictive resistancea" are partly non-inductiVe, shice they necessarily 
have some ohmic resistance. 

t A single voltmeter and muJtlple-way switch may be used inslead of the three voltmeters. 
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The reading should, if possible, be repeated for several values 
of the current, obtained by altering the voltage of supply or by a 
resistance in series with R and r. 

The angle of lag of the circuit must then be determined for 
each set of readings by construction similar to that described in 
the previous experiment. 

L)raw a horizontal line to represent to a convenient scale the 
total voltage. of the circuit. Draw from opposite ends of this line 
circles of radius equal respectively to the two other voltages. By 
joining the intersection of the circles to cach*end of the horizontal 
line, eom})lcte the triangle. This will then be a triangle of electro- 
motive forces for the circuit. (Sec Fig. 15). 

The electromotive forcie measured at the terminals of the 
non-inductive resistance will be in phase with the current in the 



Kio. 15..^ — Triangle of E.M.F. 

resistance, since there is no self-induction. The elecdroniotive 
force Fo is, therefore, ahvays equal to / x R, the product of the 
current and the (constant resistance. 

Consequently, the phase ditTercnee between this electromotive 
force and the electromotive force of the remaining part of the 
circuit will be the same a.s the phase difTerence between the current 
and the voltage of the remainder of the circuit. Thus in the triangle 
(Fig. 15) the angle will be the angle of lag in the portion r of . 
the circuit. 

The angle 0 between Fj and Fj will be the angle of phase 
difference between the current and total voltage of the circuit, 
including the added non-inductive resistance. 

The readings entered on the table are those taken from an 
actual experiment, the corresponding vector diagram for the first 
set of readings being drawn in Fig. 15. 

Example.-— {\) An alternator giving a voltage' of 200 supplies 
an alternating circuit in which is inserted a non-inductive resistance 
of 0-2 ohm. The current is found to be 32 amperes, and the voltage 
of the part of the circuit not including the -2 ohm resistance is 
198 volts. Draw a diagram of the various voltages in the circuit. 
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and ascertain therefrom the angle of lag between the current and 
voltage given by the alternator. 

(Note.- -In solving this problem remember that the value of the 
voltage in the non-inductive resistance is the product of current 
and resistance.) 

(2) An arc lamp is connected to a 100-volt alternating supply 
in series with an inductive resistance. The arc is found to take 
30 volts, and the inductive resistance 90 volts. Find by diagram 
the angle of lag of the circuit. 

(Note. -'Phe arc lamp is to be taken as behaving like a non- 
inductive resistance.) 

Magnitude of Resultant Voitage.-~Wc are now in a position 
to .ascertain the relation between the resultant voltage in a circuit 
and the current, resistance, and self-induction. 

Fig, 9 (page 31) shows the method of obtaining graphically 
the magnitude and phase of the resultant voltage when the com- 
ponent voltages are known. Since the two con\ponent voltages 
spent in overcoming respectively the resistance and inductance 
of the circuit are known to bo always | period, or 90°, apart in 
phase (one being in phase with the current and the other ^ period 
in advance of it), tlu^ angle A’,,0 will always be a' right angle. 
Consequently the length of the diagonal representing the resultant 
= \/ sum of .squares of 2 sides, or 

0E^- = 0 E,:^ + 0 

or (resultant voltage)’^ (resistance voltage)- -f (induct ukt 
voltage)". 

We have seen that 

resistance voltage / R. 

inductance voltage ~ 2 - f L I. (See ])age 24 ) 

Hence if E — resultant voltage of the (dreuit 
n + (2 7: f E Iv- 
or E R^ + (2zf Ly- 

This result is of the greatest importance 

If the circuit has no self-induction, i.c., L = 0, 
we have E =■ T \/ Ji'^ —IR, as in the case of a direct current 
circuit. 

A further important result follows from Fig. 9. 

The voltage 0 E^ is in phase with the current, while the relative 
]ihase of the resultant voltage of the circuit is represented by the 
line 0 E. 

Hence the angle E,. 0 E is the angh? of phase difference between 
current and voltage ip the circuit. This angle is usually denoted 
by the symbol 0, and will be frequently referred to hereafter as the 
angle of lag ” of the circuit. 
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CHAPTER ir. 

Impedance. 

Impedance. -A most important consequence of -the back electro- 
motive force of self-induction in a circuit is that the current produced 
by an applied electromotive force is no longer numerically equal 
to the quotient of voltage divided by the resistance, and that Ohm s 
law apparently ceases to apply. Whenever an alternating voltage is 
applied to a circuit possessing self-induction, the current will be 
less than the value of the fraction 

voltage 

resistance 

The quotient jy iynvahnct of the circuit, and is 

current 

sometimes called the apparv.nl rv.aislancv . 

Thus we have the relation 

voltage* 

current — . r * 

jmp(‘dance 

voltage 

or impedance -- --- 

current 

riie impedance depends on two distinct properties of ^he circuit, 
viz., its resistance and its self-induction, the former o]>Dosing the 
flow' of current the. latter opposing the change of current. The 
resistance of the circuit is inde])endent of frequency of current, 
the shape of the conductor, or its magnetic surroundings. The 
effect of the self-induction varies with the frequency, and also with 
the form and surroundings of the circuit, if these affect the magnetic 
field set up by the current. 

It has been shown on page 38 that the electromotive force to 
be applied to a circuit in order to maintain a current of I amperes 
in it is 

E = I V R^X {2. rrf W 

Consequently the value of the impedance of a circuit is given by 

Impedance = ^ / V ^ +JW £)“, ^ V K* +"(277 i)*' 

^ current / \ j > 

In the triangle of electromotive force, Fig. 10, page 31, each 
side is proportional to the current multiplied by some function 
of the circuit. 

The side / i2 is 25 X 1-2 — 30 Units in length measured on the 
scale of volts, since / = 25 and R = 1-2, as given on page 25. 

Similarly, the side 2 r / // / is 25 X 1-57 units of length and 
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the third side I V « 26 X 1-98 units. The quantity 

2 t: f L i& known as the reactance of the circuit ; the quantity 
V R“ + (2 Tcf LY has already been stated to be the impedance of 
the circuit. If the numerical value of each side of the triangle 
were divided by 25, we should have numbers proportional in magni- 
tude to the length of the sides of the original triangle, but represent- 
ing resistance, reactance, and impedance, instead of voltages. 
Suppose the triangle is redrawn to a scale such that the side 
instead of representing / R volts, represents R ohms. Then, if 

C 


/I 



ARB 


SCALE OF OHMS 

o 1 2 

b : i 111 l u l l 1 =1 


Fia. 16. — Triangle of Uosistance and Impedance 

the (quantities representing the remaining sides are also drawn to 
this scale, after dividing their value by /, wc shall get a triangle 
similar to the previous one, but drawn to a scale of ohms instead 
of volts. This has been done in Fig. 10, where each side of the 
triangle 0 E^, Fig. 10, has been divided by 25 (the current of 

the circuit), and the whole drawn to the scale of ohms shown below' 
the triangle. F(jr convenience the triangle has been drawn with 
the side representing the resistance horizontal.. This direction 
is the one usually adopted where other circum.stances do not afford 
any reason to the contrary. 

It is usual to use the symbol Z to denote the imi)cdance of a 
circuit and the symbol X to represent its reactance. 

If a circuit has a resistance which is exceedingly small, the 
value of the impedance becomes practically 2 tt / L, i.e., equal to 
the reactance. If the self-induction is very small, the impedance 
approximates to the resistance of the circuit. 

It is to be noted that the new triangle, Fig. 16, has no arrow 
heads, as the quantities represented by it are no longer variable, 
and the sides of the triangle do not now represent rotating vectors, 
but fixed quantities, or scalars. 

The three sides represent respectively 
A B = resistance = R. 

B G = reactance = 2 L = X 
C A = impedance = V R^ + J: f E)^ = Z 
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the angle of lag of the circuit still being represented by the angle 
C A B = (/), i.e., the angle between the line of impedance and the 
line of resistance. 

A B R R 

Hence from ^ + (2 ^ Z 

. , _ B C^ 2z fL _.Y 

AC V A- (2 f B)~ 

, CB 2 7;fL _X 

tau^S - -It 

The impedance of a circuit is of very great importance, and the 
following experiments illustrate the various factors upon which 
it depends. 

As a practical and convenient example, an ordinary arc-lamp 
choking cioil may be taken for the purpos<! of the following measure- 
ments. The methods may, however, ettually well be applied to 
any other form of inductive resistance, an armature coil of an 
alternator, magnet winding, &c. 

The three variable quantities in the expression 
V R - ^(2 7^7 L)- for the impedance are ; (1) The resistance, R ; 
(2) the periodicity, / ; (3) the self-induction, L. 

Tn order to detormme the influence of each variable separately, 
two of them must be kept constant, while the third is varied. 

Experiment III.— Determination of Dependencp of 
Impedance upon Resistance. 

If the coil on which the measurement is made contains iroiq 
variation in current will produce variations in the permeability 
of the iron, and consequently variations in the self-induction of 
the circuit. 

Therefore it is necessary in this experiment to maintain the 
current approximately constant, if the inductive portion contains 
iron. 

Diagram of Connections.’ 



Fio. 17. 
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M I, A/.'. Source of alternating current. 

. / . Ammeter for reading current in circuit. 

Fk Voltmeter, reading voltage across impedance, 
f';. Voltmeter, reading voltage across non-inductive por- 
tion (jf impedance, 

A*. Variable resistance. 

AA. Xon-imluctive variable resistance forming part of 
impedance to be measured. 
r Inductive coil. 

A. Switch. 

Instructions. Connect in series two variable non-inductive 
resista!U'es, the inductive coil, and an ammeter. One variable 
n<)n-in(liicti\'c resistance /u and the coil r together make the 
imjicdance to be measured, ( onnect one voltmeter to read the 
potential dillerence in AA, and another voltmeter to measure the 
])otential dillerence of the whole impedance, 7vA + r, In practice 
it will be found belter to employ a single voltmeter which can be 
made to measure- both potentiai differences in turn by means of 
a throw-over switch. 

Supply the circuit thus formed with alternating current of 
constant periodicity. 

liy varying A' and AA together, alter the value of /A, while 
keeping the sum ol A' nnd AA about constant, so as to maintain 
the current at an a])pro.ximalely constant value, and take readings 
oil the instruments for a series of values of AA. 

A single resistance may be msed instead of the two A, AA shown 
in the diagram. This is then kept constant throughout the experi- 
UKsnt, and the point of contact of the voltmeter is moved along it 
between each reading, thus changing the amount of the resistalice 
AA included in the measured impedance, while leaving the total 
resistance in the circuit constant. 

If the resistance ot the coil r is not known, make a measure- 
ment of this by sending a measured direct current through it and 
noting the potential difference across its terminals. 

Its resistance is then given by the relation 

potential difference 

resistance - • 

current 

I' or each series of readings taken with the alternating current, 
the value of the impedance .should be calculated thus: 

/A. 

Impedance ~ 7. — - 

I he value of the non-inductive part AA of the impedance should 

be calculated : Ai - - - , the resistance of the coil r (which, if not 

known, mu.st be measured by direct current, as stated above) 
sliotdd be added to the value of AA. ' 
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Headings should be tabulated as follows : — 

Determination ok Dependence oe Impedance on 
Resistance. 

Description of coil u.scd 

Resistance of coil r == olini. 


Current 1 . 

Voltage 

across 

InU'etiance 

E,. 

Voltage 
acios.s Non- 
inductive 
Resistance 

u Pj- 

Impedance 

- ‘/r 

Non-inductive 

llc-sislanoe 

1 






ToUl 

Non-ii)iluotive 

Resist.iiu'e 

n, f. 


riie last coluina is tlio sum oi tl»o nou-inductive resisUnce It, and the rosistanco of the coil r. 


The results should then be shown graphically by drawing a 
curve with values of ii, ]• r jilotted hoi i/ontally, ami '‘brresponding 
values of impedance plotted vcrti<‘ally, 

A curve obtained in this way is shown in Fig. IS. I'lie readings 
here plotted were taken on a 10 ainjierc arc-lamp choking coil 
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Fio. 18. — Curve Showing Dependence of Impedance upon RcsiKtanc o. 
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having a laminated core and cast-iron base, completing the magnetic 
circuit. The resistance of the coil was 0-15 ohm, and the frequency 
of the current 45 cycles per second. 

It is to be noticed that the curve is Dearly horizontal at first, 
where the resistance is so small compared with the reactance as to 
exert scarcely any influence on the value of the impedance. The 
curve then bends, and ultimately approximates to a straight line 
inclined at 45“ to the horizontal axis, showing that when the resis- 
tance is large, impedance and resistance inesrease at practically 
the same rate, the reactance having thus become unimportant. 

From the curve it is seen that the value of the impedance when 
the resistance is zero is 5-2 ohms. This is consequently the value 
of the reactance of the coil = 2 n f L. From this value L, the 
coefficient of self-induction of the coil, could be calculated from 
the knovm frequency. 

The Upper part of the curve approaches, a«d would ultimately 
become tangential to a straight line drawn through zero (which 
Is not included in the figure) at an angle of 45®, i.e., passing through 
the points having ordinates and abscissa) equal. 

The next experiment shows that the impedance of a given 
circuit or coil does not depend only on the coil or resistance itself, 
but also on the frequency of the current sent through it. 

Experiment IV.— Dependence of Impedance upon Fre* 

QUENCY. 

Diagram of Connections 
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jT/j il/j. Source of alternating current. 

r. Inductive re.sistancc or coil of which impedance is to 
be measured. 

R. Adjustable resistance. 

A . Ammeter reading current in circuit. 

V. Voltmeter reading voltage across inductive resistance. 

Instructions. — Connect to the terminals of the alternator an 
inductive resistance or coil in series with an adjustable resistance 
and ammeter. 

Connect a voltmeter to the terminals of the coil 

Take readings on ammeter and voltmeter for a number of 
<lifferent speeds of the alternator. At each speed, before taking 
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readings, adjust the current approximately to a fixed value, which 
should be maintamed throughout the experiment. Note the speed 
of the alternator in each case, and calculate the frequency thus : — 
Frequency = revs, per minute X No of pairs of poles of 
alternator H- 60. 

The readings should be. tabulated thus 
Determination of Dependence of Impedance on Frequency 


Description of coil Cast-iron base, movable core. 

Resistance 0-15 ohms. 

Current 3 amps. 


Description of coil Cast-iron base, movable core. 

Resistance 0-15 ohms. 

Current 3 amps. 


Revolutions per 
Minute of 
Alternator. 

Current in 
Circuit = I. 

Voltage acros.s 
lmpc<]an(e= F. j 

Frequency 
= /. 

Value of 
Irnjicdaiire 

350 

30 

4-3 

11*7 

1-43 

490 

30 

60 ! 

lG-3 

200 

820 

3-0 

100 

27-3 

3-33 

1500 

30 

18*3 

50-0 

C-l 



0 10 20 30 40 50 

Frequency, 

Fio. 20. — Curves showing Dependence of Impedance on Frequency. 
Lower Curve. Coil alone. Upper curve, Coil and Resistance 

A curve should be plotted with frequency measured horizontally 
and impedance vertically. 
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Fig. 20 shows two curves obtained in the manner just desoribed. 
The lower curve gives the values obtained for the impedance ot 
an arc lamp choking coil. The resistance of the coil was only 
0'15 ohm, so that nearly all the imp edance was due to its self- 
induction. That is, the impedance V R- -f- {2 z f L)^ was very 
nearly equal to the reactance 2 n f L, because the value of R was 
so small. Evidently the reactance increases in direct proportion 
to /, the frequen(!y. This is shown to be the case by the straightness 
of the curve, which only bends very slightly at the bottom . where 
the frequency is so small that the reactance is comparable with the 
resistance. 

The upper curve shows readings of the impedance of the coil, 
and a resistance of 1 -So ohms in series. The resistance in this case 
is much larger compared with the reactance, and the curve is 
affected much more by the resistance near its lower end. At very 
high frequencies, the reactance would become so great that the 
resistance would again benegUgible, and the two curves would then 
coincide, since the reactance factor of the impedance is the same 
for both curves. 

The important point to be learnt from the results of this experi- 
ment is tliat the impedanci' of any circ\iit consists of two elements, 
resistance and reactance. The resistance is independent of fre- 
quency ; the reactance depends directly on the frequency. The 
frequency of the current supplied determines the relative importance 
of the two elements. 

It would be easy to calculate the value of the self-induction of 
the circuit from the readings shown on the curve. 

If the -resistance is known, this can be done directly from a 
.single observation. 

If the resistance is not known, two points on the curve will 
enable the calculation to be made. 

Thus the upper curve shows 

at frequency 10 impedance — 2*30 

40 „ ==.5-3 

In 1st case + (2 tt f L)^ ~ (2-35)'^ — b-o 
„ 2nd „ R^ + (2 nf, /.)' - (5-3)' - 28 0 

By subtraction (2 rr L)^ {f\ — P),~ 22-5 
22-5 22-5 

/^2 ^ _ -000379 

— 4 TT* “ 1500 X 4 X 9 S7 

. . L — '0195 henries, 
or 19*5 millihenries. 

The determination of the effect of self-induction upon impedance 
IS a problem which arises in many ways. 

Choking coils for arc lamps are frequently nuwie with a movable 
core, so that the self-induction can be varied, and the impedance 
thereby increased or decreased. In an alternator the armature 
coils have a variable amount of self-induction depending upon 
their position relative to the tnagnet poles. 
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The self-induction also depends on the dcjjrec of saturation of 
any iron forniinj^ part of the magnetic circuit, since this affects 
its permeability. 

Tn such cases the self-induction of a circuit varies with the 
current in it. 

The following experiment is consequently of very great prac- 
tical importance, although the full calculations ba.sed upon it will 
not be given until later. 

ExPKKIMKNT V. — DkTF.RM I NATION OF DfFFNDFNCE OF TmPE- 
DA.NCK UPON SkT.F-InDUCTION, 

(1) Due to alternation of magnetic circuit. 

Diaor.vm of Con ni-xt ions. 

As for Ext>criment TV. page 44. 

It is assumed that the coil r in this case has a movable core, or 
is arranged so that its magnetic circuit can be varied by alteration 
of the air gap in it. 

Instructions. — Make connections exactly as described for 
Experiment I V. The current must in this ca.se also be kept approxi- 
mately constant, if the effect of alteration of the magnetic circuit 
is to be considered alone. The current may, as before, be regulated 
by adjusting the resistance l\. 'I'he frequency must remain con- 
stant. 

Imr a series of jtositions of the movable part of the magnetic 
circuit take readings of the current and of the voltage across the 
terminals of the inductive winding. From these readings calcu- 
late in each case the impedance as in the previous experiment, and 
tabulate the results. 

The alteration in the magnetic circuit should be carried out in 
such a way that an equal movement of the moving portion is made 
between each pair of readings; the observations may then be 
plotted as a curve with displacement measured horizontally and 
impedance plotted vertically. 

A set of readings taken from a choking coil with a movable lami- 
nated core are reproduced in the form of a curve shown in Fig. 21. 

Dftkrmina'i ion of Impedance with Varying Air Gat?. 


Description of cnil Resistance 0T5 ohms. 

C urrent employed 3 amps, at 30 periods. 

<,f Air Current Volts across Coil Impedance ol Coil 

Gap V : 

Inches 

9 30 1-2 0-4 

6 3-0 1-9 0-63 

3 34 ) 5-7 1*9 

0 3-0 174 ) 5-7 
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The coil employed was the same as that referred to in the last 
two experiments. The air gap was varied by drawing out the 
core, leaving the measured gap between the end of the core and a 
projection on the base, which completed the magnetic circuit when 
the core was pushed home. 

The value of the coefficient of self-induction for each position of 
the movable core may be calculated from the readings obtained in 
this experiment if the resistance of the coil and frequency of the 
•current are noted. This is sometimes important in the case of 
rotating machinery, as the self-induction affects the wave form of 
the voltage generated. A more obvious use of the results is to 
show the range of application of a choking coil required to work on 
arc lamp circmits of various voltages. 

The strength of the magnetic field produced in an iron core by a 
given current depends upon the permeability of the iron, 



0123456789 
lnchc.s of Air (iap. 

Fig. 2 1 .— Dependence of Impedance on An Gap 


Since the self-induction of a coil liaving a magnetic circuit partly 
composed of iron is proportional to the strength of field produced 
by each ampere of current flowing in the coil, any variation in the 
permeability of the iron will change the coefficient of self-mduction. 
The permeability of iron changes as its magnetic saturation is 
altered. Consequently the permeability of the iron will depend 
I upon the strength of the current producing the field, and the self- 
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induction (jf the coil will have a different value for each value of 
the current. 

Obviously there will actually be a constant and rapid change in 
the pcrineability of ibe iron corresponding to the changing value 
of the alternating current. It is only the mean value for a given 
current with which we are at present concerned. 

I'.XI'KNIMKXT VI. -Df.TK.KMI.VATTON OK DKrKNDKNCK OK ImPK- 
DANCI-. nroN .SKLl-lNOrCTION. 

(2) Due to alteration in .strength of current acting on an iron 
niagnetic circuit. 

DiaCKAM ok CoN,\K(TION.S. 

As for b'.Nixnimenl IV'.. page 44. 

Instructions. — Connect in series with a supply of alternating 
current a variable resistance, the inductive coil to be experimented 
upon, and an ammeter. Connect a voltmeter to the terminals of 
the inductive coil. 

Il)- means of the resisl.ance A’ vary the current in the circuit 
from a low value upwards. The fre(|uency must be maintained 
constant. I'or each value of the current read ammeter and volt- 
meter, .and tabulate the readings as follows 

1 tl'.TK.K.MIXATlON' OK ImPKOANCK AT VaIUOI'S CmKKKNTS, 

( oil Xo b'ref|uencv of t'urrent 37 


t ni nt 

Volts 

V 

Impedance 

, / ^ 

" / 

o:m9 

0-92 

; . 2-75 

0-7()(S 

2-42 

; 3-38 

1 -572 

(S-5 

4-15 

1-183 

4 (Vi 

3-9 


The readings should also be recorded in the form of a curve, as 
in big. 22, the current being plotted horizontally, and the impe- 
dance vertically. 

I'lie results shown in the upper curve Fig. 22 were obtained on 
the choking coil already experimented upon. The frequency was 
37. 

For low currents* the impedance is seen to be small. This is 

• Witli ilicsc low curienls a corruoidn had to bt: niado for Ur- vi)liiiHHr cuirtnt 
wliii'li was not ncKliKihlc conip.ircil with the total current. 'I'lic volt.iKcs were read upon 
an electro iiiaKnetie voltmeter, .as the electrostatic type wonhl iifit read low eTU)n^;li. In 
mak'inR this correction it was found to he itermissihle to consider the voltmeter current 
to he in iihase with the voltaK'e at its terminals. Since this was not the ease for the 
current in the coil, the current through the coil had to he determined hy snhlract inn 
current in the roil, the enrrent tliroiiRh the coil had to he determined hy snhtraetin ... 
the voltmeter etirrent. from the e(»mi)oneiit of the enrrent in the coil which was in 
phase with the voltaf*e, and deterniinins' the re.suUant of this enerRy voltage and the 
idle eomponent of the voltaKe. The resultant enrrent in the coil determined in this 
way is the vahie plotted in the curve. Kor the larper currents this correction was 
lintiecessary. The lowest reading was obtained hy ealeiilation from the eoeflicient of 
self iiuhtctioii (IO..S millihenries) measured on the s.cohmmeter. 

A simple method of avoiding the eorreetioii for the voltmeter current would have 
heen to employ a key in scries with the voltmeter, which would he elo.sed wlieii the 
voltage is read and opened when the enrrent is re.nl. This would only he permissible* 
when the voltmeter re.sistanee is high compared with the re.si.siance in the eireuit. 
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owing to the well-known fact that the permeability of iron is low 
for very low inductions, but rises rapidly as the iron becomes more 
magnetised, until it reaches a point where the iron begins to be 
saturated. The i)ermeability then falls again, but more gradually 
than it increased at first. These variations are very clearly to be 
traced in the curve. With a non magnetic core the impedance 
would be constant at all currents. 

The eurve represents, in fact, the permeability curve for the 
core of the choking coil, and has the same properties’ as the per- 
meability curves of iron, although the shape of the curve shown is 



Amperes. 

Flu. 22. — Variation of Impedance with Current. 

influenced by the fact that the coil had a heavy cast-iron base, 
so that the variations in permeability were not uniform throughout 
the magnetic circuit. 

The reason that the curve approximates so closley to the shape 
of a permeability curve is due to the fact that the resistance of the 
circuit was almost negligibly small. The value of R was 016 ohm, 
and was therefore small compared with the reactance 2 tt/ L, the 
lowest value of which was 2-44, rapidly rising to a much higher value, 
pence the impedance was nearly the same &&2zf L. Now the value 
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of L is directly propoiiional to the mean permeability of the mag- 
netic path, and consequently the impedance varied in nearly direct 
proportion to the permeability. 

ihe curve wliich has just been discussed must not be confused 
with the magnetisation curve, which .shows the dependence of 
the strength of the magnetic held (not permeability) upon the 
magnetising current. 

The lower curve in Idg. 22 is practically the magnetisation 
curve of the coil, and re.sembles the magnetisation curve dis- 
cussed later in connection with transformers, &c. 

The lower curve is ol>tained l)y plotting the voltage at the 
terminals of the coil instead (if the impedance. 

The voltage represented by this curve is almost entirely due to 
the back electromotive force of .self-induction referred to on page 
24, the drop in the resistance of the windings being only very 
slight. For s^inqdicity, we may assume the curve to show the back 
electromotive force corresponding to each value of the current in 
the coil. From the results it would then be ea.sy to calculate the 
number of magnetic lines formed in the core. The formula giving 
the back voltage in terms of the magnetic flux, which will be 
obtained later, is : — 

4-44 f f T X 10" -- // 

where F “ back electromotive force 
F number of lines 
T ~ number of turns 
/ — frequency. 

Tn the coil experimented upon the number of windings was 160. 
TTence, the number of lines corresponding to each volt = 
10 " 

= 3,800 nearly. The vertical scale might, conse- 

37 X 160 X 4-44 

quently, be plotted in terms of lines of force, and similarly the 
horizontal scale might have been given in ampere turns. A curve 
of considerable theoretical interest would thus be obtained, 
although for practical purposes the .scales actually employed are 
generally more u.seful. 

As regards the form of the lower curve, it is practically straight 
after a small initial bend, but bends slightly to the right at the 
upper end. If the current were increased to much higher values, 
the ciwve would bend decidedly to the right, showing the well- 
known “ knee ” of a magnetisation curve. The magnetic densities 
for cores excited by alternating currents arc chosen far below 
the knee, in order to avoid the heavy hysteresis and eddy current 
losses which would occur at higher saturation. 

Graphic Calculation of Impedance.— The triangle of impe- 
dance shown in Fig. 16 forms the basis, of a convenient method of 
obtaining the value of the impedance of a circuit from values of 
the self-induction and the reactance, requiring the use of accur- 
ately ruled squared paper only. . . • 

Thus, set out from the same point, the resistance of the circuit 
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horizontally and the reactance { = 2 nfL) vertically. The value 
of ''the impedance is then given by joining the extremities of the 
lines thus drawn. This is ready the converse of the operation for 
determining the reactance and self-induction from observations of 
resistance and impedance given on page 40. 

Example.—Plot a curve of impedance on a resistance base for a 
coil having a reactance of 10-4 ohms, in series with varying values 
•of a non-induQtive resistance. Points on the curve to be obtained 
graphically. This is equivalent to calculating the curve which 
would have been observed at double the frequency employed in 
the experiment illustrated in Fig. 1 8, page 43. 

Inductive and Non-inductive Resistance.— Strictly speaking, 
no resistance is entirely non-inductive, and no conductor can have 
inductance without some resistance. It is desirable to form a 



Amperes. 

Kig. 23. — Impedance and Resistance of Wire Coils. 

• Direct current. O Alternating current., 

general idea as to what form of resistance may be considered non- 
inductive for practical working purposes. Convenient resistances 
in which the self-induction is entirely negligible at all ordinary 
frequencies may be made by grouping together incandescent lamps 
connected in parallel or series-parallel to suit the voltage required. 
Liquid resistances are also specially suitable for alternating-current 
work, since there is little eating away of the electrodes due to elec- 
t.rolvsis. A solution of common washing soda or of aluminium 
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sulphate works satisfactorily, the strength of the solution being 
chosen acccnaling to the resistance required. The electrodes may 
be movable iron plates or tubes of any convenient ff)rm. Resistance 
elements consisting ol wire woven into a fabric with asbestos are 
a very useful form of practically non-inductive resistance. 

hor general purposes the »)rdinary resistance frame made of 
spirals of resistance wire may he considered to be non-inductive, 
if any of the high-resistance alloys arc u.sed. Iron spirals, on the 
other hand, have considerable self-induction on account of the 
magnetic nature of the "wire, and if em|)loye<l for alternating 
currents must be looked upon as “ partially-inductivc " resist- 
ances. For specially high fre([ucncy currents any form of spiral 
may lead to errors if looked upon as non-inductive; the same 
caution shouKl be apjdied in cases where the wave form of the 
current is specially “ peaky.” 

Some tests made upon ordinary s|)iral wire resistances are 
recorded in the curves shown in I'lg. 23. 

1 he upper curve sIkjws reailings taken with alternating current 
at 42 cycles, and with continuous current upon a resistance con- 
sisting of .spirals lin. diam. of .\'o. 22 S.W.Cl. resistance wire, the 
coils being spaced at an average of 5-5 turns per inch. 'The resis- 
tance consisted of 3 sets ol 4 coils 27in. long, the three sets being 
in parallel, and the 4 coils (if eacli set being in series. It will be 
seen that at this lre(|nencv no appreciable difference between the 
apparent resistance with altern.'iting and direct current can be 
traced. This result can easily be verified by calculation. 

I’y measurement with a .sccohmineter and standard self-induc- 
tion the induction of the coils was found to be 0‘26 millihenries, 
while the resistance was 6*) ohms. 

4'hc reactance of the coils was conse(|uently — 2 tt / I. 

= 27r42 X 00026 
fXiO ohm 

resistance 1000 

lienee ratio - - and the reactance can safely be 

reactance 1 

neglected. 

I he lower curve in lOg. 23 applies to a wire resistance formed 
of No. 14 galvanised-iron wire, coils Min. diam., and 

wound 5 coils to the inch, 50 coils 2f)m. long being in series. 

This curve h.is been drawn for a double [nirpose. Firstly, it 
serves to sliow to what extent a spiral wound with thick wire of 
fairly low resistance may be considered non-inductive. .Secondly, 
it shows the influence of the magnetic properties of iron when 
employed as a resistance. 

As may be .seen from the cruve, the apparent re.sistance of the 
iron spirals for alternating and continuous currents is approxi- 
rn.'itely the same with very small currents. The exact relation 
may lie calculated from the following data. 
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Self-induction measured by secohmraeter = 2-3 millihenries. 

Resistance = 20-66 ohms. 

Reactance = 2 nf L = 0-604 ohm, when / = 42. 

.*. Impedance = V 20-6PToW4^“ = \/"426-84 + 0-365 
= 20-664 ohnis. 

Hence the error introduced in neglecting self-induction would 
only affect the impedance to the extent of about one-quarter per 
1 ,000, when used for such small currents. 

With a non-magnetic material the self-induction would be the 
same for all current densities, and the resistance might safely be 
considered rion-inductive for any current of this frequency. 

The important influence of the magnetic material of which the 
resistance in this case is composed is plainly shown by the wide and 
increasing divergence between direct and alternating current 
readings, as the current density increases, showing that iron resis- 
tances cannot be considered as non-inductive with larger currents, 
although a similar resistance of non-magnetic material may generally 
be considered to be so. 

It may be stated generally that the larger the section of wire 
employed, the greater will l)e the divergence betw'een its true 
resistance and its apparent resistance to an alternating current. 

The figures given above form a useful rough basis for estimating 
the self-induction of any resistance spiral, as the self-induction 
varies approximately as the square of the number turns in the 
spiral, directly as the sectional area of the coil, and inversely as 
the length, so that it may be assumed that 

f2 

the self-induction oc ^ 

Impedance of Armature of an Alternator.— A practical 
example of a cinmit in which the impedance is affected by all the 
factors determined sepivrately in the foregoing ('xperiments is the 
armature winding of an alternator or f^nchronous motor. 

Tlie self-induction of the armature will depend on the exact 
position of the armature relative to t.hc poles, .since the magnetic 
circuit of the armature is com])leted through th(; poles or the polo 
faces. The extent to which the position affects the self-induction 
will depend on the nature of the winding and form of the magnetic 
system of the machine. 

A distributed winding will show a small variation, since some of 
the conductors will always be opposite to part of the magnets 
while the maximum value of its self-induction will not be high. 

A winding concentrated into single slots, on the other hand, 
will have a high self-induction when opposite to a pole, and a lower 
self-induction when situated between the poles, especially if the 
air gap between armature and poles is small. 

iiie self-induction \vill also be affected by the amount of the 
armature current flowing, since the core will be more highly saturated 
. with heavy currents, and its permeability will bo lower. The 
magnetic saturation due to the main field will also affect the self- 
^ induction. 
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Experiment VII.— Determination of the Impedance or 
THE Armature of an Alternator while StI™narv 


Diagram of Connections. 



Ml Source of alternating curn^nt 
mj mo. Source of direct current. 

0. iUternator armature. 

F . Alternator field windings. 

A. Ammeter. 

V, Voltmeter. 

li Variable resistance. 

S, S. Switches. 

Instructions. — Connect the alternator armature to a source 
of alternating current which should give the same periodicity and 
similar wave form to that of the alternator whose armature is 
under test. Insert in the same circuit an ammeter, variable 
resistance, and sv.itch. Connect a voltmeter to the armature 
terminals. 

Close the switch, and give the resistanc.^ R its maximum value. 
Take readings on the ammeter and voltmeter for a series of positions 
of the armature, which should be turned through the same angle 
between each pair of readings, from a position in which the armature 
coils are midway between the poles, to the position bringing the 
coils symmetrically under the jKdes. 

Repeat these readings with several values of the current, which 
should finally be increased to the full-load cun-ent of the machine. 

Again take the same readings with the alternator fields excited 
to their normal extent. A field regulator and ammeter may be 
required in the excitmg circuit for the purj)ose of adjusting the 
excitation. They are not sho\vn on the diagram. 

Finally, measure the resistance of the armature \vith direct 
current. 

The readings should be entered in the manner indicated below, 
a separate table being taken for the experiments with the field 
unexcited and excited. 

Note. — This experiment can only be carried out on alternators 
of small size in the manner described 
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Determination op Armature Impedance. 

Alternator No Type 

Output amps volts frequency 

Normal excitation amps. 


Armature Position. 

Current. 

Voltage. 

Irapeilance. 






For each set of readings corre.sponding to one particular current, 
the mmn impedance for the various positions of the armature 
should be calculated and inserted in the table. Strictly, the 
“square root of mean squares” value should be taken as the 
effective impedance corresponding to any- value of the current, 
but the error introduced by taking the mean value is very small, 
and the calculation is much simplified. 



0 30 60 

Fio. 25. — Curves of Impedance 


90 120 liO 180 

DesretN 

of Armature of Inductor Alternator. 


Some difficulty may possibly be experienced in keeping the 
armature steady in the desired position when the magnets are 
excited, as it will tend to rotate into the position giving the maximum 
value of the impedance. With a little care it can, usually be held 
steady with a wooden wedge under the pulley or a similar device. 

The self-induction of the armature can be easily calculated 
from the results obtained above, since- 
Impedance — \/ 7:f L)^ 

When R = resistance of armature. 

L — self-induction coefficient of armature. 

/ = periodicity of current. 



self-induction should be calculated lor readiiif^s ol)tained 
with the magnets excited, and the arinature current at its inaxi- 
niuni and ininiimini values, respectively. 

I' ij^. 25 i^ives two curves obtained in the manner just described, 
the experiment beine;' carried out on the armature of a small Pyke 
and Harris inductor alternator. The lower curve shows the results 
with the field tullv' excited with dS amps., and the armature 
carrying its normal current of 5 am|)eres. The u])])cr dotted 
curve .shows the results ol)tained with the Held unexcited, and the 
same armature current. 

In this ty])e of machine the armature is wound in two sets of 
windings between which the soft-iron inductors rotate; the varia- 
tion of self-induction is therefore s[)ecially large in this case. The 
armature resistance was high, being .k65 ohms, 'fhe effect of 
the field excitation is to partially saturate the iron cores of the 
armature and of the inductors. This reduces the iicrmealiility of 
the magnetic path, and conseiinently also the self-induction of 
the armature. Hence the imiiedaiice of the armature when the 
fields are unexcited is considerably higher. 'I'he difference between 
the two curves wiudd be still greater if the armature resistance 
had not been so high. The impeilance was so largely composed of 
resistance that \arialion in self-indnclion makes cmnparatively 
little difference to the total value of the impedance. 

in order to make sure that the difference between the two 
cuiwes wais not due to induce<l currents in the held wdnding, the 
voltage at the terminals of the winding was measured when open. 
Xo induced voltage was found. In most tyjies of alternators this 
transformer elfect may be noticed, and in large alternators the 
voltage induced in the liidd coils would be so high as to make this 
method (.)f measuring the armature impedance inadmissible. 

Another effect which has an important inlluence on the self- 
induction and impedance of the armature must be mentioned. 
This is the currents which are induced in the pole-faces, poles, 
and held-windings by the alternating Ilux set np liy the current in 
the armature. This’is referred to at greater length in the chapter 
on alternators. 
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1‘OWKK AND POWER-FACTOR. 

Power in an Alternating Circuit. nature Of power is that 
of a force exerted at a certain speed ; for instance, the resistance 
to turning of a shaft overcome at the rate of some number of 
revolutions per minute. 

In a direct-current electric motor the tonjue exerted by the 
armature is proportional to the current in the armature, since the 
turning elfort is produced hy the action of the armature current 
upon llie held, The sj^eed of the motor is independent of current, 
but is lu'oportional to the voltage applied to ‘the motor. Hence the 
power, which is proportional to the product of turning effort and 
speed, .is proportional to the product of current and volts supplied 
to the motor armature. The actual power supplied to the motor 
is measured in watts, and is numcrk'ally equal to the product of 
current and voltage. 

it would, however, be possible to apply current and voltage to 
the armature alternately, instead of simultaneously. 

Thus, if the armature were held stationary, a large current 
could be sent through it at a'very low’ voltage. I f the motor, on the 
other hand, is allowed to run without load, a high voltage may 
be applied, causing the motor to run very rapidly, while taking 
only a very small current. In either of these cases the power 
exerted by the motor would be zero or very small. 

A somewhat analogous condition may arise in an alternating 
circuit .and with corre.sponding results. The voltage and current 
may be considerable, but unless they have a high value sinml- 
tancously the power which they represent may be small. 

Power of an Alternating Current. — The power due to an 
alternating current in a circuit at any instant is numerically ecpial 
to the product of the current multiplied by the voltage of the 
circiHl. Since both current and voltage change their direction 
twice in every cycle, this product may be cither positive or nega- 
tive, and will usually be positive during part of each period, and 
negative during the remainder. 

If the current and electromotive force act in opposing directions 
in the ^'ircuit, their product must be considered as negative, i.e., 
the iiower given to the circuit by the current is negative. This is 
illustrated in Fig. 26, which shows a curve of current C and a 
curve of voltage V which differ in phase by 30°. A third curve of 
watts W has been obtained by calculating the product of current 
and volts, and represents the fluctuation of the power in the circuit. 
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When a point on the curve of watts is obtained by multiplying 
together a current and a voltage which are represented by ordinates 
on opposite sides of the base line, tliis product is negative and the 
point must be plotted below the base line to represent ntgalive 
watii. 

We must consider that when the power given to the circuit is 
negative, the circuit is not receiving }>ower from the generator to be 
spent in heating conductors, driving motors, &c., but is at such times 
giving back power to the generator (or to some other part of the 
circuit) in virtue of the self-induction (analogous to inertia) pos- 
sessed by the circuit. When the watts are negative, the power is 
therefore actually to bo considered as given back by the circuit to 
the generator to assist in driving it. The energy delivered to 
the circuit is the mean value of the power of the circuit (obtained 
after subtracting the negative power from the positive pow’er) 
multiplied by the time of its duration. 



2t). Curve's ol' Current, V^oltage. and AVatU. 

Anglo of lag - 30' 


The Average Power developed m the circuit is the average 
value of the ])roduct (amperes X volts) in the t^ir^uit. 1 his value 
is shown in Fig. 20 by a horizontal dotted line A B, obtained b> 
adding together the ordinates of the curve of watts coiTespondmg 
TZh vertical line of the squared paper, and dividing by the 
number of these ordinates. Ordinates below the base Ime must 
bHubtracted from the sum of the ordinates f ove the Ime The 
Vfliiif. nf the average power is seen in this case to be 430 watts. 

The a^^ 

directly by a wattmeter. * 
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The wattmeter has two coils, one carrying the current of the 
circuit, and one connected, in the same manner as a voltmeter, to 
carry a small current proportional to the voltage of the circuit ta 
which it is connected. 

The deflection of the instrument is produced by the mutual 
a,ction of the.sc two coils, so that it is proportional to the product 
(amperes x volts). Since the inertia of the moving parts of the 
instrument is far too great to allow them to follow the rapid varia- 
tions occurring during every ])erio(i, the deflection is steady, and 
is proportional to the mean value of the power in the circuit. 

It is to be noted that the average power measured in this way 
is what we .shall call later the true 'power of the circuit. 

Power Factor.- It was pointed out that in Fig. 20 thy curves 
of current and voltage arc not in i)hase, since they do not pass 
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I'iC. 27. —Curve's of Current, Voltage, .and Watts 
Current and voltjigo in pliase. . 


through their zero values simultaiK'Ously. In consetpience of this 
a ])ortion of the power ro])re.sente<l by tint jiroduct (current X volts) 
is negative' duritig each jieriod. 

If the same current and vttltage e.xistt'd in a circuit without 
self-induction, then; would he no difhirence in phase between them, 
and tin; two curw's would always pass througli zero at the same 
time, and at every instiint would both be on the same side of the 
horizontal axis. lienee in this ca.st; their product would always be 
positive, and tlie average u.seful power of the circuit would be 
correspondingly greati'r .than is the case htr tin* eoudition illustrated 
ii^ Fig. 20y;where the power is partly positive and jiartly negative. 
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In order to illustrate this, the same curves are redrawn in Fig. 
27 with the volts and amperes coincident in phase. W is the 
curve showing the power in the circuit in this case. The dotted 
line C D gives the average height of this curve, and shows the 
average power given to tlie non-inductive circuit. The value of 
this average power is 500 watts. 

From a comparison of the curves in Figs. 26 and 27. it is evi- 
dent that with given values of current and voltage, the power 
developed will not be the simple product of these cpiantitics, but 
will depend upon the diiference in ph.a.se between tl^em. When 
the current and voltage arc in phase, there is no negative power, 
and the power developed in the circuit has its greatest value, 
which is equal to the product of the current and voltage as read 
upon an ammeter and voltmeter.* 

The product of current and voltage is often called the apparent 
icatts of the circuit, (u* sometimes the volt-amperes. 

'Idle reading of an ammeter or voltmeter is independent of the 
phase difference between current and voltage. Thus, the product 
of ammeter and voltmeter readings will only give the true value 
ol the pow er in the circuit when current and voltage arc in phase 
with one another. Under these conditions the appareiit ])owcr, 
i.c., the product of amj)eres and volts, is also the real power. 

Under any other circumstances the product of ammeter and 
v(.)ltmeter readings will give a value of the “ apparent watts,” 
which is greater than the true power. 

'1 he greater the difference of phase betwcT-n current and volt- 
age, the greater is the negative i)o\\er, and the less the resultant 
out[)ut. If the pha.se difference is e.xactly IX)”, or a ((uarter of a 
l)eriod, the positive and negative powers are e(jual, and the average 
power developed is zero. 1'his should be veriiied by the student, 
who should draw' the curves shown in h'igs. 2f) and 27 with 90'* 
difference of phase between them, and calculate' the average 
power uikUt the.se conditions. 

The Power-factor is the rati(j of the true watts to the apparent 
^vatts or volt-amperes. 


. _ actual power in watts 

rower-tactor ■ 

volts X amperes. 

Power of circuit - volts X amperes X [x)wer-factor. 

As e.xplained in the next cha])ter, an ammeter in a circuit 
carrying a current of the form shown in Figs. 26 and 27, with a 
value of 25 amps, would read 17'68 amps., and similarly the volt- 
meter wajuld give .a reading of 28-5 volts with the maximum' 
voltage of 40. 

The product of these readings, 17-68 X 28-3 5fX), is, there- 

fore, the apparent power in both cases shown in Figs. 26 and 27. 

In both cases the power-factor of the circuit is the ratio of the 
average power to this (juautity. 


" 'I’Ik- icl.'ilioii bftwi-cn ilu- re.idiiiv. an amiiiftcr nr vtillineirr aiul the rnaxiniiirn 
value of (he variable current and votlaKc is given in the next chapter. 
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Hence in Fig. 26 

430 

Power-factor = 0‘86. 

While in Fig. 27 

500 

Power-factor = — = 1-0. 

500 

The comparison of the tnie power in a circuit with the “ apparent 
watts ” or volt-amperes forms one of the most direct methods of 
determining the power-factor of a circuit. 

The foUdWing experiment illustrates the measurement of the 
power-factor in both inductive and non-inductive portions of a 
circuit. 

Experiment VIII.— Determination of the Power-factor 
OF A Circuit. 

Diagram of Connections. 


Fio. 28. 

M ^ M,, Source of alternating current. 

r Inductive portion of circuit in which power-factor is 
to be determined. 

R Non-inductive portion. 

R^ Resistance for varying current. 

W Wattmeter for measuring power of circuit. 

V Voltmeter for measuring voltage of circuit. 

A Ammeter for measuring current of circuit. 

V 8 2-way voltmeter switch. 

Instructions. — Connect in series an inductivt* resistance, a 
non-inductive resistance, and variable resistance. 

Put an ammeter in the circuit, and connect a voltmeter across 
the portion in which the power-factor is to Imj determined. 

Connect a wattmeter to read the same voltage and current as 
the voltmeter and ammeter. In order to be able to measure the 
power-factor in the non-inductive portion of the (;ircuit alone, 
connect the common lead from the voltmeter and wattmeter shunt 
^to a 2-way switch, in such a way as to be able to put the instruments 
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across the non-inductive part of the circuit or across both resistances 
as desired. 

Take simultaneous readings of voltmeter, ammeter', and watt- 
meter for eacli position of the voltmeter switch. Repeat the 
readings with several different values of the current obtained by 
altering the resistance 72, outside the portion of the circuit on 
which the measurement is being made. In cases where the power- 
factor of a motor, coil, or other piece of apparatus is required, the 
current should. always be varied to give the range of readings likely 
to occur subsequently, since the power-factor will probably vary 
with the current on account of iron saturation. 

For the purpose of forming a suitable experiment, it is convenient 
to keep r constant and to dettTinine the power-factor of the circuit 
for various values of R. 

Enter the readings under headings as follows 


Determination of Power-factor in an Inductive Circuit. 




Inductive Circuit. 



NoiHiidiiclive Circuit ^ 

Current 







Volt. 1 

Power- 

== /. 

VoJU 

Walts 

V„)t- 

factor = 

Volts 

Watts 

factor — 


“ F,. 

= w, 

amps. 

/ X V, 

/x r; 

“ F, 

- W, 

=7"x’VJ 

j a" \ 

21 

108-5 

226 

228 

•991 

105 

220 

220-7 

1-0 

5-4 

109-0 

570 

589 

•967 

97 

524 

524 

1-0 

14-67 

100-7 

1185 

1478 

•802 

64 

939 

939 

1-0 


The power-factor in the non-inductive portion of the circuit 
should, of course, be constant and equal to unity. The readings 
taken on the non-inductive circuit form a valuable check on the 
correctness of the readings of the instruments, and the extra con- 
nections and time involved are \\(‘ll r(i])aid by the added certainty 
of the rc'sults whenever a non-inductiv<^ resistance forms a part' 
of the circuit. It is therefore; strongly recommended that the 
watts and volt-amperes in a non-inductive portion of the cir(;uit 
should be taken with the sanie iiuln rmnls employed for ascertaining 
the power-factor of an inductive circuit whenever possible. 

The rc.'^ults of the test should l)(; plotted in a curve, with cuirent 
measured horizontally and pimer-factor vertically. I'his is illus- 
trated by the curve in Fig. 29, which was taken on a circuit compo.sed 
of a choking coil and non-inductive resistance in scries. In this 
case the non-inductive ])ortion of the circuit was varied for each 
reading. 

A resistance of about 100 ohms was put in .series witli the coil, 
giving a power-factor for the whole circuit of nearly unity. This 
resistance was then gradually cut out, enabling an increased current 
to pass, and at the same tim(‘ reducing the power-factor of the 
circuit. 
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The curve shows the power-factor for the whole circuit, includmg 
both inductive and non-inductive portions. Three of the readings 
actually taken are shown in the tabic above as an example. 

Energy and Idle Voltage.— It has been shown already that 
the electromotive force of the circuit consists of two components 
which differ by a quarter of a period in phase (see page 25). One of 
these compontmts (equal to / when there are no iron losses in the 
circuit) is in phase' with the current, the other (equal to / A') is a 
quarter of a period out of phase with it. 



0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 

Amperes. Current. 

Fio. 29.-— Curve Showing Variation of Power Factor with Current. 


It has also been stated that the average product of the instan- 
taneous values of the current and volts is zero when the variations 
of current and voltage have a quarter-period phase difference, 
whereas the value of this product is numerically equal to the product 
(current x voltage) when the current and voltage are in phase. 

Hence the two components of the voltage correspond respec- 
tively to the pdrtion of the voltage which does not affect the power 
of the circuit, and the portion which when multiplied by the value 
of the current represents the total power of the circuit. 

These two components may be suitably called the “ Idle ” and 
the “ Useful,” or “ Energy ” components of the electromotive force. 

Hence, power due to current in circuit = useful component of 
electromotive force X current — energy voltage X / 
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Referring to Fig. 30, representing 


forces of the circuit, cos F E 0 - 


F E 
OE 


the three electromotive 


or F E ^ 0 E cos F E 0 ] 

but the angle F E 0 is the angle of phase difference b(‘twecn the 
current and voltage of the circuit ^ 

Hence, F E — 0 E cos ^ 

•. Useful component or energ\'^ voltage — total voltage 
X cos (/) 

Consequently if I' - total voltage of circuit, the power given 
out = / X energy voltiige •-= I x V cos (/> 

But the power of the circuit ^ / x F x power-factor, and 
consecjuently wc have power-factor — <ios (/> 


Tlie power-factor of a circuit i.s the cosine of the angle of 
phase difference between current and voltage.* 

Returning now to the ex])erimcnt just described, each set of 
readings would enable us to construct a voltage diagram for the 
circuit. 

The energy voltage A’,, is obtained by dividing the watts by 
the current, since 

watts --- energy voltage x current. 

The following construction gives the idle voltage overcoming 
the self-induction of the circuit. 



0 1 0 20 “AO 40 3 0 60 70 8 0 0 0 100 110 

— H — f I 

f^CALE or VOLTS 

Fig. 30. — Diagram of Electromotivo Force. 

Draw a horizontal line 0 E (see Fig. 30) to represent the total 
voltage E. On 0 E describe a semi-circle, and from E, with radius 
equal to the energy voltage, describe a circle cutting the semi-circle 
in F. Then 0 F represents the magnitude and phase of the self- 
induction electromotive force, and the sides F E, 0 E represent in 


• We nre throughout this chapter assuming a sinusoidal wave-torm. 
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phase and magnitude the energy 'voltage and total voltage respec. 
tively. 

The angle of lag is the angle F E 0 between F E and 0 E, since 
0 Em the voltage of the circuit and F E min phase with the current. 

Fig. 30 represents such a diagram for the point on the curve in 
Fig. 29, for which total voltage of circuit wa.s 105-5, the current 9 
amperes, and the true watts 875. The energy voltage was con- 
875 

sequently = 97-2. The curve in Fig. 29 shows the value of 

the power-factor or cos 0 to be -921, whence 0 = 22'^ 45'. This 
value for (f> is seen to correspond with that of the angle in Fig. 30. 

The construction adopted is based on the fact that the angle 
contained by a semi-circle is always a right angle. The useful and 
idle voltage vectors are always mutually perpendicular, and have 
as a resultant the constant voltage represented by the diameter 
of the semi-circle. 

Choking Coil.“A coil of copper wire wound on an iron core 
will .have a high self-induction and consequently a high apparent 
resistance, although its true, or ohmic, resistance is small. It may 
consequently bo used in series with an arc lamp in order to reduce 
the current to the value re(iuired, and answers then the purpose of 
the “ ballast ” resistance which is necessary to make the lamp 
bum steadily. 

Since the voltage absorbed by the self-induction does not 
represent loss of power {i.e., is not energy voltage), a coil possessing 
low ohmic resistance and high self-induction may be used more 
economically than an ordinary resistance to reduce the current in 
an alternating circuit. 

The following experiment illustrates the use of a choking coil 
an(i also the saving which may be effected by it. 


Experiment IX. — Determination of Power Lost in a 
Choking Coil, and Power Saved by its Use. 

Diagram of Connections. 



Fig. 31 
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J/, if 2 Source of alternating current. 

X Arc. 

r Choking coil. 

Vi Voltmeter reading voltage of circuit. 

Fg Voltmeter reading voltage of arc. 

A Ammeter reading current in circuit. 

W Wattnnder n'ading power of cinaiit. 

S Switch. 

Instructions. Connect an alternating arc laiuj) and choking 
coil in scries. Join them to a sour<-.e of altcMiiating «'urrent in 
with an ammeter and the .series coil of a wattmeter. Comu'ct tl\o 
shunt coil of the wattmeter and a voltmeter acro.s.s the terminals of 
the circuit. Connect also a voltmeter acro.s.s the arc. 

Adju.st the choking coil* so that the lam]) bum.s with its correct 
current and voltage. Take .scveicJ readings at short intervals of 
the current and watts, and of tin* voltages of the whole cii'ciiit 
and of the arc. 

The readings should he tahulatcd as in tiie following table. 
The watts taken by the arc may be taken as numerically (iqual to 
the product of the current and th(> voltage across the are. f 

The watts lost in the choking e.oil and h'ads arc* the dilfereiuic 
between the total watts of the circuit and the watts tak(‘n by tlie 
arc. 

The power saved by using the choking coil, instx'ad of an ojui- 
valent resi.stanee, is the difference between the total volt-ampere;; 
of the circuit, i.c., the “ ap])arent w’atts," and the watt.s r('gister('d 
by the wattmeter, since with a non-inductive r(‘.sistance in ]>lace 
of the coil, the total power taken would be the ])roduct of current 
and voltage of tin; cinmit. 

Determination of Power Ab.sorbed in CtRCurr ('ontai.mnc; 

Arc Lamp and Cfiokino Coil. 


Voltage of 
Circuit ■ 

I',. 

Ciim'td 

VultaRC 
across .Vrc 

Walts iti 
Circuit = 

ir 

Watts of 
Arc - 
/!,. 

Walls Lost 
in Circuit - 
ir-/r.,. 

Watts 

/ i’ 

100 

10 

40 

.m 

400 1 

108 

432 


IF 

The pow'er factor of the circuit is the value of the fraction 

W W 

and the angle of lag is the angle whose cosine is j y cos 'y y 


* Or if this cannot be done, adjust a resistance in the main circuit, so as to alter the 
voltaR® of the circuit shown in the diagram. 

I The shunt coil and the series coil iorininR part of the raeclianism of the lamp will be 
inductive, and may modify this relation slightly. 
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The watts spent in heating the coil are chiefly spent in heating 
the windings (— 1'^ R watts). Power will also be spent in hysteresis 
of the core, and in producing eddy currents in the metal of the core, 
screws, &c. The copper and iron losses can b(! separated by making 
a careful measurement of the resistance of the winding of the coil 
at the working temperature and calculating the power lost in this 
resistance. 

The total voltage of the circuit is less than the sum of the volt- 
ages of the coil and arc. This is due to tlie fact that the voltage 
in tlie coil is not in phase with the voltage of the arc, because it is 
the resultant of an energy voltage and voltage of self-induction. 
The energy voltage is in phase with the voltage of the arc, since the 
arc lain]) may usually be assumed to have a negligibly small self- 
induction. 



Kifi. ;{2, - Diagram of E.M.F for Arc Lamp mid ClioUiag Coil. 


The three voltages may be drawn as the three sides of a triangle, 
of which the total voltage forms the hy])otcnuse (sci' Fig. 32). The 
construction for this has been given in F.xperiment 11., page 37, 
The values chosen represent tho.se of the circuit in u hieh the readings 
in the table (page 07) were taken. 

Let B A represent the total voltage. 

B C r(*i)re.sent voltagi* of arc. 

A C rejiresent voltage of <'oil. 

Produce B C and from A draw A 1) pery)endicular to B C, 
cutting it in D. Then the A A I) C will be the A voltages for 
tlu' coil. C T) being the (‘iiergy voltage in ])hasc with the current, 
and A D being the .self-induction voltage. The power lost in the 
coil will be the product of the voltage represented hy C D X current 
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in the circuit. The voltage represented by A D is the product of 
the reactance of the coil x current = X X /. Consequently the 
coil wouhMiave to be designed so as, to have the self-induction 
calculat(’d in this way. Tins may be put in other words by saying 
that the back voltage of the coil must be the voltage represented 
by .1 D. 

The relation l)etween the volt-agcs in a circuit composed of an 
arc lamp and choking coil is .so instructive that we shall illustrate it 
by a numerical example. 

Calculation. — As an examjile to illustrate the preceding 
statements, the iollowing (‘xample of a choking coil and arc 
lain]) are given. The figures are tho.si^ for which Fig. 32 is 
drawn. 

An arc lamp recpiires 40 volts and 10 amps., and a choking 
coil is to be put in .series with it to reduce the current to the re(]uired 
value. TIk; voltagi; of supply is 100 volts. It is found by lialcula- 
tion, th(' details of which art; explained later, that the ])ower s))ent 
in heating the windings and ov(‘rcoming hysteresis and eddy current 
losses is 108 watts. 

The energy voltage represented t)v this lost power -= 

current 

~ 16-S. The watts taken by the are, which acts like a non- 

inductive resistance. — (current < voltage) 10 x 40 400 

watts ; lumcc', total power givi'n to circuit -- 400 |- 1()8 508 

watts. 

The total energy voltage lO-S | 40 - OtPH. 

Ttic total voltage applied to the circuit 100, hetiee Mh* idle 
voltage, or voltage .spent in oven-oining the s(‘lf-induetion of the 
coil, will be th(‘ third sid(‘ ol a right-angled triangle, having 
its hypoti^nuso 100 and one side* oO’S. d'his is shown in 
Fig. 32. 

This reactance voltage may be got by measuremcMt or calcula- 
tion. Its value K„ - v/ lW-~no0vS)“ r S2-2 volts. 'rim 
total voltag(‘ across the (-((il is the resultant <)f this voltage and of 
the energy voltage of the coil l(i•S. 

Total volts a(;ross coil - F, (82-2)- ’nUKS)- 84 volts. 

This could also have been obtained by direct measurement 
from the figure as shown. The angle of lag i'or the whole circuit is 
the angle between the energy voltage fi L) and tlu; total voltage 

B A. Referring to the figure, co.s </, : -nOS, which is the 

IbU 

power-factor of the circuit. Tin* angle of lag for the coil alone is 
the angle D C A. For the coil. co.s </j - 

The coil has consequently to be designed so that the back 
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electromotive force produced in it by self-induction is .S22 volts. 
From the formula given previouslv, and explained on page 116, 
= 444/* 771 a-*. 

Where 76 - back voltage due to self-induction. 

F “ number of magnetic lines in core. 

T = number of windings, 

/ -- frequency of current'. 

Hence the product of F F can be calculated.' Usually the value of 
F will be determined by the size of core it is desired to use, and 
the magnetic den.sity found desind)le to avoid excessive iron losses. 

Suppose in the oresent instance periodicity — 50. 

82-2 X Iff 

'rhen/<'r= -27,000.000. 

4-44X50 

If it is decided to use a type of coil having a core with an iron 
section of 2 sq. in., and the maximum induction to be employed is 
20,000 lines per s(|uare inch, the value of F— 3 X 20,(X)0 = 90,(0). 

27,000,000 

Hence the number of turns of wire must be ~"410. 

90,000 

Resultant of Two Currents Not in Phase. — An alternating 
current may be looked upon as the sum of two component cur- 
rents, in the .same way as we have already regarded an F.M.F. as 
capable of resolution into .separate voltages. In this case the in- 
stantaneous value of the total current is .-it any moment the sum of 
the instantaneous values of the two component currents. 

Also, if represented on a vector diagram, the line representing 
the total current is the diagonal of the parallelogram having the 
component currents as sides drawn to scale and in correct ])hasc 
relation. 

.A case in which currents differing in phase and magnitude are 
combined together occurs when a circuit is formed by the junction 
of two branches of une(|ual resistance and inductiveness. Thus in 
h'ig. 23 two circuits of this kind lie between the points X and Y. 
I'etween X and Y is an alternating voltage. One branch circuit is 
non-inductive, and conse(|Ucnlly the current in this branch is in 
phase with the voltage maintained between X and Y. The other 
l)ranch is, however, partly inductive, and the current lags behind 
the voltage in phase. ^ 

Thus in the two branch circuits there are two currents differing 
in pha.se and in magnitude, but the resultant current flowing from 
.X to Y must be the same as flows in the single conductor forming 
the remainder of the circuit. (4ii account of the difference in ph:ise 
between the two currents, the sum of the currents measured in 
each circuit separately will not be equal to the total current, d'hey 
must l)e combined in exactly the same manner as two electro- 
motive forces which are not in phase. 

The com|)osition of currents in this way is illustrated by the 
following experiment, in which the currents first How in two 
branch circuits, where they are measured separately, and arc then 
‘made to flow together through a single conductor where the 
resultant current is measured. 
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Experiment X - Determination of Relation between 
Currents in Branch and Main Circuits. 

Diac.ram of Connections. 



i/, M Source of alternating (nirnMit. 

R Non-inductive, resistance. 
r Inductive resistance. 

/i*j \'ai ial)le resistance. 

/I , Ammeter reading current in r. 
do Ammeter reading current in R 
yl j Ammeter reading total current. 

V Voltmeter reading voltage of brantdi (dn iiiis 
S Switch for breaking circuit 

Instructions." - Connect in parallel , to one lerminal of the 
source of supply an inductive and a nori-inductivc resistance with' 
an ammeter in series with each. 

Join them both to the other terminal of the sup])ly in series 
with a variahh' rc.sistance, ammeter, and .switch. 

Connect a volUneti'r to tin* points of junction of the two branch 
cinmits. 

Take simultaneous r(*adings on the three ammeter.s and the 
voltmeter for .several values of the current, which may ho \aried 
cither l.)y alt^wation of the voltage of the alteniator siqiplying the 
circuit, or by varying the non-inductive resistance in tlu' common 
branch of the circuit 

For each set of r<*adings ( onsiruct a triangle to represent the 
magnitude and phase relations of the eurrents. From this triangle 
obtain by measurement the value of the angle of lag between current 
and voltage of the com])lete circuit (— 0) : tbi.s will be the anglc 
botween the lines re])resenting /o (in the non-inductive resistance) 
and ij the total current. 

This is bccau.se /„ is in phase with the voltage of the circuit 
and would therefore be parallel to it in the diagram of current and 
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voltage. ISimilarly the angle of lag in the inductive branch circuit 
r is the angle between /j and /, produced. Calculate also the 
impedance of each branch circuit, and the joint impedance of the 
two circuits by dividing tho voltmeter reading by the current in 
each circuit, I’hese values may be drawn as a triangle of impedance 
for the part of the circuit bet ween X and Y 
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Kio. .H4. — Diagram of Currents. 


As an examph; of the readings taken and of the method of cnter- 
mg Ilf), one out of a series of actual values, together with the corre- 
sponding (iiagram, is given below and on Fig. 34. 
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Idle Current,- In the, discu.ssion previously given of the 
conditions in a circuit in whi< h a dilference of phase exists between 
current and voltage, it was shown that the total voltage of the circuit 
might be considered as being composed of two components, viz : 
the energy component ( ^ K cos (/>) in phase w ith the current, and 
the idle component ( -- E sin r/>) J-|»eriod out of phase with the 
current 

For some [)urposes it is ]}referable to treat the total current as 
if formed of two components rc.spectively in phase and | -period 
out of ]>hase with the voHage. It is. immaterial from a mathematical 
standpoint whether the current or voltage is looked upon as con- 
sisting of two components, since there are actually one current and 
one voltage in the, circuit, and it is oidy for convenience that we 
consider (‘ither of them to be of a composite character 

Follow ing out this idea. Fig. 3,'> has been drawn to represent the 
same current, voltagt*, and angle of lag as shown in Fig. 7, page 26. 
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In this case, liowever, the current is resolved into two components 
whose values are / cos (j) in phase with the voltage, and I sin ^ 
J-period behind the voltage in pliase. These componei\ts are usually 
termed the nicrgif cm rent and the ivallU s.s or idle, current respectively, 
and §re shown by the dotted lines marked and Gy It is evident 
from the curves that at any instant the sum of the values of energy 
and wattless cuirents is equal to the total current. 

The currents are shown in Fig. :ir> both n the form of curves 
and in the form of vectors. Thus 0 N, N G are the two components 
of 0 C whi(di represents the total current 



Kio. S^.'—Curvea ot Voltage ami Component and Resultant Currents 


As in the previous discussion, it is only tlie current and voltage 
which are coincident in phase which represent pow'Ci given to the 
circuit, lienee in this case 

power of circuit — energy current ;< total voltage 
— / cos (/) X V - / V cos f/i as befdre. 

Actually the two points of view illustrated by Figs. 7 and 35 
lead to the same result, the <lifTerence lying in this, that in om^ case 
we speak of an idle component of the voltage overcoming the effects 
of self-induction, whereas in the other case we speak of an idh 
current, which may also be termed the magnetising current, anu 
which is the portion of the total current spent in ])roducing the 
magnetic field which is the manifestation of the self induction. 

The following experiment is given as an example of this method 
of regarding the quantities in the circuit, and should be carefully 
compared with Experiment VI If. The measurements are a re- 
petition of those made in Experiment VII I , but the conclusion 
drawn from them arc obtained by a iliffcrent cour.se of reasoning. 
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Experiment XL— Determination of Idle and Energy 
Current in a Circuit. 

Diagram of Connections. 



il/, ilfj, Source of alternating current. 

W. Wattmeter. 

R. Non-inductive resistance. 

r. Inductive resistance. 

A. Ammeter measuring current of circuit. 

V. Voltmeter measuring voltage of circuit. 

S. Switch for breaking circuit. 

Instructions.- Connect in series an inductive and a non- 
inductive resistance, ammeter, the series coil of a wattinet(!r and 
switch. Coimect a voltmeter and the shunt coil of the wattmeter 
across the two resistances, so as to read tlie total voltage of the 
circuit. 

Take readings on the ammeter, voltmeter, and wattmeter for 
s(‘v<-ral values of the ri'sistances. 

For each set of readings determine grajihieally tlie idle and 
energy current and angle of lag a.s described below, and tabulate 
the results as .shown in the followmg tabic 


Determination of Idle and Energy Currents. 


! 

Walts 

U' 

'I'otnl 

Current 

I 

IVUOIK>- ! 

Current I 

ir ' 

1 

l(ile 

Cnrreiit . 

Arifflo nt 
Lafi. 

100-7 

1 185 

14-67 


8-S9 

w 


To .separate the idle and energy currents, proceed as follows ; — 
Draw a horizontal line U C (see Fig. 37) to represent the total 
current of the circuit to a scab' of amperes. Describe a semi-circle 
on 0 C as diameter. Determine the value of the energy current by 
dividing tlu' measured walt.s' by the voltage, and des(;ribe a circle 
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with centre C and radius equal to the energy current on the scale 
of amperes, cutting the semi-circle in D ; then the line O-D repre- 
.sents the idle current in phase and magnitudo. 

The figures inserted in the table above give a sample reading, 
and Fig. 37 is the diagram corresponrling to these figures. 

The value of the angle of lag may bo obtained by measurement 
from the triangle, since the voltage of the circuit is in phase with 
the energy current,, and consequently the angle D C 0 is the angle 
of lag. 0 may also bo got from the value of the power-factor ; thus 

watts , , 

,, — power factor ^ cos 0. 

. amperes x volts ‘ ^ 

As a check on the accuracy of the figures inserted in the table 
it should bo remembered that 

(energy , current)^ (idle current)^ = (total current)* ; 

indeed, it is by the use of this equation that the idle current would 
generally be calculated from the total and energy currents. 



Fic. 37. — Diagram of Curroats. 

3-Voltmeter Measurement of Power.— A direct useful appli 
cation may be made of the measurements made by 3 voltmeters in 
lOxpcriment TL, j)age 36. ft was shown how the 3 voltmeter 
measurements could be reprcsmited grajdiically as the sides of a 
triangle of voltages, f^ince the voltage in the non-inductive portion 
of the circuit is in phase with the current, the angle of lag in the 
whole circuit is tlie angle between the linos repres(inting the voltage 
in the non-inductive ])art and the total voltage respectively. 

Similarly, the angle of lag for the inductive portion is the angles 
between tlie lines representing non-inductive voltage and voltage 
of the inductive portion. 

Thus, referring to Fig. 37, page 25, the voltage reprc.sented by 
B C is in phase with the current in the circuit, and con.sequently the 
angle C B A is the angle of ])hase-di(I(Tence between the current 



76 


POWER and power- factor. 


and total voltage, i.e., the angle of lag for the whole circuit. Similarly 
the angle D C B is the angle of lag for the inductive portion of the 
circuit. 

Since the power in any circuit or portion of a circuit is given 
by / X J5 X cos (j), where 1 and E are the current and voltage of 
the part' considered, we have in the diagram of the three electro- 
motive forces all the information necessary to determine the power 
in the whole circuit and each portion of it, when we know also the 
value of the current. 

Consequently in the diagram Fig. 15 w'e have 

Energy in whole circuit ~ I x A B X cos C B A. 

Energy in inductive part 
of circuit — I X C A x cos D C B. 

Energy in non-inductive 
part ^ I X B C. 

where in each case the lines arc taken as the voltages w’hich they 
reprc'sent. 

If, therefore, a non'indindive resistance forms part of a circuit, 
or if a non-iiiductive rc.sistance can be instTted in the circuit for the 
purpos('S ol tile rm'asureinent, three readings of a voltmeter and a 
reading of tlu' current enable us to measure the pow or of the circuit. 
This is frequently of great advantage where an accurate w'attmeter 
is not available. 

'I'lie diagram of connections neci'ssarv for such a measun'incnt 
is Fig. 14. In the following ('xjx'riment a wattmeter is introduced 
into the circuit so that a conqiarison may Ix' made Ixg.vf'en the 
readings obt aim'd with the wattmeter and by the' 3 voltmeter 
method. 

The ammctc'r is unnecc'ssary if the value of the non-inductive 
resistance is known, as will Ix' seiui from the calculation given 
below, 

Exi’kiiiment XII. Measurement of Power by the 5-volt- 
meter Metiioo. 


Dixokam of Connections. 



Pig. 38 . 



POWER AND POWER-FACTOR. 


77 


.W, Source of alternating current, 
r Inductive resistance 
R Non-inductive resistance. 

/^i Resistance for varying current in circuit. 

Kj Voltmeter measuring voltjtge in inductive portion of 
circuit. 

1^2 Voltmeter measuring voltage in non-inductive portion 
of circuit. 

V.^ Voltrm'ter measuring voltage of total circuit. 

.4 Ammeter reading current in circuit. 

If' Wattmeter reading either total power or power in 
inductive portion. 

V S \V)Itm(!t«*r switch for changing connections of watt- 
meter shunt coil. 

Instructions. — Conm.'ct in series with an ammcder and the 
.series coil of a wattmeter an inductive and a non-inductive resistance, 
(.bnnect the.se to a source of altcTiiatirig current through a switch 
and a variable resistance, in onh'r to enable the current in the cii’cuit 
to be varied. 

Connect either three voltmeters, or a single voltmct t with 
3-way switch, to read the voltages of the whole circuit, of the induc- 
tive and the non-indmdive portions. Connect the shnnt coil of 
the wattmeter to a 2-way swit(4i so as to read alternately the power 
in the total circuit and iu the inductive portion 

Take readings on all the instruments for several values of the 
current, noting both total watts and watts in inductive resistance. 
Tabulate the results as shown below, where a few readings actually 
determined in tht! manner described arc given as c-xamples : — 

Measurp:ment of Power by Three Voltmeter.s. 



I V(.lt.<. 

j Watts observed. 

1 Watts calculated 

Current. 

ToUI. 

Inductive. 

Non- 

inductive. 

Total. 

Inductive. 

ToUl. 

Inductive. 

2-1 

108-5 

11 

105 

220 

0 

220-2 

7-5 

4-09 

no 

222 

103 

440 

20 

• 440 

19-0 

10-25 

105 

49 

! 79 

965 

155 

904-5 

154-5 

1312 

103 

58 

09 

1140- 

230 

1141 

236-1 


If the value of cos 0 used in calculating the power from the 
readings of the ammeter and voltAeter is obtained by actual 
measurement, a high degree of accuracy is not possible. The power 
can be obtained entirely by calculation from the ammeter and 
■voltmeter readings, as is shown by the following investigation ; — 
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By the ordinary trigonometrical relations in a triangle we have 
(sec Fig. 15, page 37) F,’ F,' + “ - ^ 2 ^3 cos 

but F 2 -- 1 Ji where Jt is the resistance of the non-inductiv(' portion 
of the circuit. 

F/^- F.;--4- F 3 -- 2R[ F,eos</>. 

Since the total power of the circuit — / I'-i cos r/>, we liavt- 

J*ow(‘r m circuit - - 

The power in the inductive portion r is obtained by .subtracting 
the watts .spent in the non-indu(;tiv(' portion from this e.xjires.sion. 

Tlie watts in the non-inductive resistance are I~ R - 
Heiuie watts in inductive' part of circuit 

^ (V - 

2 R 

In making a measurement of the jiower of the circuit it is not 
necessary to measure the current if the value of the non-inductive 
resistance is known. It will often be the easiest method of deter- 
mining this resistance to put an ammeter in the circuit, as shown 
in the diagrams given. 

For greatest sensitivene.ss of measurement the readings of the 
'voltmeters connected to the inductive and non-inductivc parts of 
the circuit should be as nearly erpial as possible. 

3-Ainmeler Measurement of Power.- This method is analo- 
gous to the jireceding, but employs three ammeters instead of three 
voltmeters for making the measurement. From the readings, 
a triangle of currents, instead of a triangle of voltages^ gives the 
construction for dctcrminkig the angle of lag. 

In this ease a non-indindive resistance must form a parallel 
circuit to the inductive part of the lureuit, and must he added if not 
already part of the connections. The eonhections for making the 
measurement are practically thosi^ given in Diagram 33, page 71. 

As in the previous case, the following (‘xperiment is arranged 
for a comparison between the measurement made by this method, 
and th(' measurement with a wattmeter : — 

Experiment Xlll.- Measurement of Power by the 
3* Ammeter Method. 

Diagram of Connections. 



Fig 39. 
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3/2 Source of alternating current. 
r Inductive resistance. 

R Non-inductive resistance 
jRj Resistance for varying current. 

Ammeter measuring current in' inductive circuit. 

A 2 Ammeter measuring current in non-inductive circuit 
A 3 Ammeter measuring total current. 

V Voltmeter measuring voltage of circuit. 

W Wattmeter measuring total power of circuit. 

Vo^e. — The wattmeter may be connected so as to read tlu' 
power in the inductive circuit only, by placing the current < ()il 
in the branch circuit instead of the main circuit. 

Instructions. — Connect in parallel an inductive and a non- 
inductive, resistance, each in series with an ammeter. Connect 
the joint resistance thus formed to a source of alternating current 
in series with an amtmder and a variable resistance for changing 
the curront. Connect a voltmeter to measure the voltage applied 
to the branch circuits, and insert a wattmeter to read the power 
in them. 

For several values of the current read all the instruments, and 
tabulate the results as below. The figures in the table arc taken 
from actual readings, and given as an example. 

The watts may be calculated afb'r drawing a triangle of currents 
for each set of readings from the formula : Power — IV cos 
The value of (f) is the angle between the lines representing the current 
in the non-mductivc branch and in the circuit for which the power 
is to be calculated. 


Measurement of Power by 'rnuEE Ammeters. 


VoltaKC. 


Current. 


Walts 

Observed. 

Watts Calculated. 

ToUl. 

Inductive. 

Non- 

Total. 

Total. 

Indue- 





Inductive. 



live. 

20-6 

3-41 

2-12 

1-48 

63'5 

64-2 

33-7 

27-7 

4-70 

2-92 

2*12 

117-4 

117-7 

59-3 

320 

613 

3-80 

2-56 

185-0 

I 185-9 

103-9 

45-8 

7.98 

4-80 

i ; 

3-76 

333-3 

i 334-3 

i 

162-0 


As in the last experiment, the results should be checked by a 
calculation. In this case the calculation depends upon the formula 
obtained as follows ; — 

In the triangle of currents (see Fig. 34, page 72) we havQ by 
trigonometry 

^ 1 - = ^ 2 “ - 1 - ^ 3 “ - 2 /g/g cos<}S. 

E 

Also /a = where E is the voltage at the terminals of the branch 
circuits, and R is the value of the non-inductive resistance. 

/i2 = /2“ + V- cos <f>. 
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But I COB 0 is the total power given to the branch circuits 
Hence, 

r 1 

Total power in branch circuits — 7, I/.,- !- Z,* — ^ 1 “ I 

The power in the non-inductive branch — I.,~ R. 

. Power in inductive branch - ^ — / ,-j 

For rnaxiinum .si^nsitivepess, the current in the two branches should 
b(; ap]U()ximaU'ly equal. 

If the value of the resistance in the non-inductive branch is 
known, it is not necessary to employ the voltmeter. Usually the 
addition of a voltmeter forms the sim])lest method of determining 
the resistance. 

In the case of both 3-voltnn-t(*r and 3-ammetpr measurements, 
the power is usually calculated directly by the use of the formulae 
given, and not by construction of a triangle, or by the caleulatipn 
of cos (j>. 

It w ill be s('<‘n that in order to measure the power in an inductive 
circuit by the 3- volt meter method it is necessary to insert a scries 
non-inductive resistance in the circuit, and thus to absorb a con- 
siderable proportion of the power during the measurement. 



Fig. 40.- -Graphic Determination of <ii from Given Power Factor. 

In making a measurement with three ammeters it is necessary 
to have a parallel branch eireuit which takes a large part of the 
total power. 

For these reasons it is not usual to employ these methods, exeejit 
in such cases as the measurement of the load of a machine under 
tost, w here the manner in which the power of the circuit is absorbed 
is not of importance. For continuous reading of the power in 
a cirouit employed in doing useful work, the metliod is not 
admissible. 

In carrying out the exiieriments ju.st given, if fairly small 
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currents are used, the losses in the vollinelors, ainnieters. and 
wallnieter sluinl eoils may l)e found to affeet seriously (he aceur 
aey of the nieasnreinent. A kno\vlcd,e;e of the resistanee of each 
instrument is necessary to determine the best arran.Ltemen! for 
minimising these'errors, ainl the experiments, if cai’efully carried 
.)Ul, form a xaluable exercise in judi^'iuent as to their use. 

Graphic Construction of Angle between Current and Volts. 

-AVe uia\ here introduce the sim])le construction, wliiili is of 
constant use in constructing' vector diai^rarns, for drawin.i; the 
current and voltaite of a circuit in their correct phase I'clation 
when the ])o\ver-faclor of the circuit is known, and where it is not 
desired to ascertain the va[iie of () from a table <d' cosiness, 

Im'oiu 0 as centre, draw the arc of a circle haviii.t; a radius of 
10 units of lenj^th (say, 10 cm.). (See h'ij^'^-U).) 

.Monjj; the line of voltage mark off a number of units ecpial to 
10 times the power-factor. 

bh'om the ixiint thus found draw a line perpendicular to the 
voltajLi'e vector, to. cut the circle in J’. .\ line drawn from 0 

throujuh P will show the pha.se of the current. 

In 1 m, i>;. 40 the construction is shown fora jxiwer-factor of O/, 
while the divided .scale shows how any other |)ower-factor may be 
similarly treated. 

4'he same construction may, of course, be carried out b)' start- 
ing' with the current vector and obtaininj.; the plno'e of the Voltaire 
fjy construction. 
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CHAPTER IV. 

Virtual Value of an Alternating Current. 

Curve-tracing by Contact Maker— The easiest method of 
determining experimentally the wave form of an alternating current 
or electromotive force is to fix a rotating contact maker to the shaft 
of the generator. This contact maker acts as a switch, which i^ 
only closed for an instant once during each revolution of the shaft. 
If the terminals of the alternator are connected to an electrostatic 
voltmeter through this contact switch, the voltmeter wiU indicate 
the voltage of the machine at the instant when the circuit is closed. 



By varying the position of the contact maker, the voltage of the 
alternator can be observed for a .series of positions of its rotating 
part, and the variation of voltage during a complete cycle may 
be traced 

One of the simplest forms of such a contact maker is a disc of 
ebon te, with a metal strip let into the edge at one point. Two 
insulated brushes, each formed of a strip of .spring steel, arc mounted 
side by side so as to press on the edge of the disc. Once in each 
revolution they are connected together by the rotating strip. By 
mounting the brushes on a movable arm which can be clamped to 
a divided sector, the point of contact can be varied by any desired 
angle. A convenient form of this arrangement is shown in Fig. 41. 

Another device which is very easy to apply is to provide a 
rotating pin on the shaft or coupling of the alternator. The pin 
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comes into contact with a light s])ring once during ea<'h revolution, 
and so completes the circuit. The spring in this case also must l)o 
insulated, and provided with means for moving it round a graduated 
dial. 

Contact is usually made to the rotating pin through the franii' 
and shaft of the machine, fn .some (uises this would lx; ohjet^tioiiable, 
and the pin must tlum be insulated, and coniuM pHl to a slip ring 

The readings are gein'rally taken upon an eh'ctro.statie volt- 
meter, since tlu* readings of such an in.strument are indi'pendent of 
the duration of the time of a])plication of the voltage. It is usually 
necessary to put a c(uidenst‘r in parallel with the voltmeter, in order 
to insure stc'ady readings, since the leakage uhieii takes jdace is 
often sulHcicnt to ])artially discharge (he voltmeter between suit- 
cessive in-stants of contact, (“specially if tin? sjxx'd be low. By 
adding a condenser, a practically uniform voltagci is maintained at 
the terminals of tlu' voltm<'t(!r, in s])ito of a small h'akagc'. In 
Fig. 41 it will be noticed that tlu^ spring brushes are put oiu' in 
iulvanee of the other, so that tln^ contact is made only momentarily, 
and not during the whole time nec('ssa,ry for tlu^ cojitac t to pass 
under th<^ brushes. 

Another methcxl of- taking th<; r(‘.ading.s is to replace the ('l('ct,ro- 
static voltmeter by a conden.ser, which is then di.schargcd by a 
switch through a ballistic galvanorru'ter, when a readijig is to be 
made. By this methcxl a mometdary throw, instead of a steady 
reading, is obtained. 

Kxperi.mf.nt XIV Detekmination of Wave K()rm of as 
Alternator. 

Diagram of Connections, 



Fig. 42. 

G Alternator armature. 

K Rotating contact maker. 

V Electrostatic voltmeter for reading instantaneous value 
of voltage. 

C Condenser. 

F, Voltmeter for reading virtual value of voltage of 
alternator. 

Instructions.— Oomiect the alternator terminals to an electro- 
static voltmeter in series with the rotating contact maker, so that 
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Ihe vollniclcr is only nionicnlarily connected to the alternator by 
the contact maker once durini( each revolution.’ It will usually be 
found necessary to connect a condenser in parallel with the 
electrostatic voltmeter in order to j^et reliable readings. Connect a 
second voltmeter, which need not be electrostatic, to the terminals 
of the alternator. Insert a regulating resistance in the alternator 
field circuit. 

Throughout the c.xpcrinient keep the alternator voltage, tts read 
on voltmeter /h, constant, by regulati(m of the field when neces- 
sary. 

h'or a series of positions of the contact maker take readings of 
ihe voltmeter. / '. 

Hot the results as a curve, measuring displacement of contact 
horizontally and voltage vertically. 

It is jirobable that difficulty will be e.xperienced in reading the 
lower volltigeson account of the uneven scale of the electrostatic' 
voltmeter. Thus a voltmeter reading up to (SO volts cannot be used 
for voltages much below 20, and a voltmeter reading to ICO will 
jirobably have a scale not extending below (SO. I'or taking the 
lower readings, a small battery may be inserted in the position 
indicated by it in the lower part of h'ig. 42. The voltage of this 
battery is then in series with the voltage to be measured, and 
shouhl be chosen of a suittible value to bring even the lowest read- 
iitg on to the scale, 'fhc true value of the voltage to be measured 
is oljiained by subtracting the l)attery voltage from the voltage 
recorded on the voltineter. This .auxiliary battery has not to 
su[)[)ly .any .ai)])reciable current, and may consequently be formed 
of very small cells. These should giye a fairly constant voltage, 
and must be well insukated. A battery of small secotid.ary cells 
answers the purpose well, or a .set of small dry cells, which are 
ine.\j)ensive. The continuous current supply m.ains may be also 
emi)lo 3 'ed for this [Hirpose. if ])recautions are taken to ensure that 
leakage c.annot til'fect the readings, 

■.\n additional advantage gained by the addition of a continuous 
volt(age is that it eu.ables a distinction to.be made between positive 
and negative values of the voltage. Thus the battery will be in 
series with the volt.age when acting in one direction and in opposi- 
tion to it when it ch.anges sign and the volt curve crosses the zero 
line. Without such .a device it is often difficult to judge the exact 
jujint of reversal, since the voltmeter readings .are .ahva\s in the 
s.ame direction, irrespective of rever.s.al of the applied voltage. 
ke\- should be .arranged for throwing the battery directly on to I ', 
so that its volt.age m.ay be read at short intervals, and subtracted 
from the tot.al re.adings. 

Idle same method of tr.acing curves may be applical to read the 
instant.aneous values of the current in an alternating circuit, and 
•SO to obtain the current wave form. In this case the termin.als of a 
non-inductive resistance in the circuit are connected periodically 
to the voltmeter by means of the contact maker. In a non-induc- 
tive resist.ance the voltage is alw.ays proportional to the current, 
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and consequently tlu' voltmeter rea<lin^s when divided by the 
constant resistam o give the values of the current. 

By means of a throw-over switch the simultaneous values of 
current and voltage in a circuit may be Obtained by connecting the 
conta(;t maker and eleedrostatie voltmeter alti'rnately to the ter- 
minals of the alternator, so as to read the voltage of the circuit, 
and to the terminals of a non-indu<‘tive resistance, so as to 'read the 
voltages proportional to tln^ eurn'iit. 

This is the principle of the follow ing experiment : — 

Experiment XV. — Determination <tF Simultaneous Curves 
OF Current and V'oltagk in a Circuit. 

Diagra.m ok Connections. 



<1 Alternator armature. 

it Nou-iiiductive r(‘.sistanc(*. 

r Ri'sistance partly inductive. 

K Rotating contact maker. 

I' Electrostatic! voltimder for reading instantiuieous 
voltage. 

V’, Voltm(!ter for reading virtual voltage of alternator 
Throw-ov(‘r switch. 

C ('omh‘n.s(T in parallel w-ith electrostatic voltmeter. 

S Switch. 

Instructions.- Connect in seiics to the terminals of the geiKU’a- 
lor a non-inductive resistance and the inductive resistances which 
are to form the circuit, (,’onnect to the centre terminal of a throw- 
over switch an electrostatic voltmeter in series with the rotating 
i'ontact maker. 

Connei t tin; other pole of the voltmeter to the terminal of the 
non-inductive rc.sistan( e vvliich i.ssu])plie<l direct from the alternator. 

To one .side of the 2-way switch connect one terminal of the 
generator ; to the other side < onneet the terminal of the non-induc- 
tive resistance nearest to the same generator terminal. Connect a 
voltmeter to the terminals of the generator. If found necessary, 
connect a condenser in parallel witli the electrostatic voltmeter. A 
battery may be used in series with the electrostatic voltmeter as 
described in the previous experiment, if necessary to read the low 
voltages 
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For each position of the contact maker read the instantaneous 
voltage of the alternator, and the instantaneous voltage of the non- 
inductive resistance, by putting the switch first to one side and then 
to the other. Throughout the experiment maintain the voltage of 
the alternator constant by regulating tin; field if necessary. Results 
should be entered in tabuhir form, and curves of current and voltage 
.sliould be plotted on tbe same sluiet of squared paper. An example 
of a curve taken in this way is shown in Chapter XIII. 

A little care will have to be used in deciding which points near 
th(! zero line arc positive and which are negative, since the volt- 
meter will always give rcading.s in the same direction If the con- 
tact maker is moved rapidly at this point, the sign of the voltage 
may change before the voltmeter needle has time to go to zero and 
lise again as the zero point is passed. By moving the contact 
maker slowly, and carefully watching the voltmeter, the appro.ximate 
point of reversal can he obtained with certainty , the exact point 
can only he seen after plotting the curve. As already mentioned, 
the use of a battery is a great assistance at this part of the curve.* 

Zero Method.— An alternative method, which can be math' 
very sensitive and which does not involve the use of an electrostatic 
voltmeter, may he .shortly indicated. 



The coimcctions will be followed from Fig. 44, together with 
the following list : — 

I) machine whose wave-form is required. 

J/j A/o .source of continuous voltage, either supply main.s or 

' \ shitht inixlilifatioii oi tlic iirraiiKemeiit shown in Fip. 43 enables the low v, lines ot 
eiirreiii. ami volt.iKc to be rneasnreii with increascJ accuracy By connecting the voli meter to 
ro.iil altcrii ilely the voltage across r. R and R + r (insiead of R and r + R only), the separate 
readings 'nil check e.ich other. Thus, since the quantities read are insUtntaiHVUs values, 
the Slim of the voltages across r and R must be ei|ual to the voltage of R + r. and thus the two 
readings across the separate resisianees should always bo together equal to the third rnadliig. 
Sirice ttic circiut Is inductive. It will seldom happen that more than one of the (iiiaiititiis i.s 
sm ill at the same time. Thus the value of a low reading can generally be c.alciilatcd as the 
liitciriice of two readings of more conveniont magnitude 
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battery, havirij;f voltage at least equal to maximum value of voltage 
wave to be measured. 

G sensitive dead-beat galvanometer to be used for indicating 
zero current. 

P D R potential dividing resistance, which should be finely 
divided. 

F, moving-coil voltmeter, upon which are read the successive 
values of the voltage wave. 

Fg moving-coil voltmeter put in series with the galvanometer 
to act as series resistance, and also to indicate approximate poini 
of balance before the galvanometer is allowed to read (by opening *S,) 

F3 altcmating-current voltriuder indicating virtual voltage of 
the source which is being tested. 

<S\ short-circuiting switch, which is kept closed after each fresh 
adjustment of the contact maker until approximate balance is 
indicated by V 

G condenser which enables much steadier readings to be obtained 

K revolving (contact maker. 

D P S double-pole reversing switch. 

The method of procedure is to adjust the movable contact of 
the potential dividing resistance until F, indicate.s zero. Switch 
Sj is then openf'd and furtluT adjustment, made, if n<‘cessary, for 
obtaining as nearly zero Heading as ))o.ssible on G. For zero deflec- 
tion of G, the reading of voltmeter F, is that for the point on the 
wave being measured. Usually exact balance is not to bo obtained, 
and the ])08ition of balance must be estimated from deflections pro- 
duced on G in op])ositc directions with two positions of the poten- 
tial divider. 

The current through G will be a jmisating uni-directional one, 
but sulficiently constant to give a definite dellection. 

For a de.'icription of the Oscillograph and Ondograph, see 
Chapter XIII. 

Comparison of Values of Alternating and Direct Current.— 

The simplest standard of comparison between alternating and 
direct currents is that of their heating effects when passed through 
a resi.stance, since this is independent of direction and dependent 
only on the strength of the current. 

The rate at which h(*at is developed in a conductor whose resist- 
ance is R ohm.s is P^R jouhvs per s«H-ond, where / — current in 
amperes. Thus a dii-eot current of I amperes would develop 
P-R joules in one second. An alternating current of equivalent value 
will also develop P-R joulc.s in one second. Hence the alternating 
cunent of I amperes, Avhich is equivalent to a <lirect current of / 
ami)cres, must be such that the average value of /- (alternating) = 
average valm^ of/- (direct), i.e., a/ average value of /- alternating 
~ average value o f /- direct. 

Now V the average value of P^ direct is I direct, but 
V the average value of /* alternating is not the same as the average 
value of I alternating. 
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If n repres(*nts a series of dilTerent terms, theV average v^ue of n - 
is not equal to the average value of n, as can be shown at once 
by taking a numerical example. 

For instance, the average value of tlie numbers 1, 2, 3, 4 is 
14 2 + 3 +4 _ 10 . 

4 "" 4 “ 

'I'he average value of their sipiares is 
1 u 4 4 - 0 + 10 30 

4 4 


The square root of this — 


\/30 

2 


547 

2 


2-73. 


The student should convince himself by actual trial of the 
difference between the average value and the root of the mean of 
values squared. For this purpo.se he should draw a curve such as 
that shown in Fig. 4, ami measure the length of a number of equi- 
distant ordinates By adding these lengtlis together and dividing 
Ity the number of ordinates takiui, he will obtain the average value 
of the current repi’osented by the curve. By sipiaring each ordinate, 
adding the ordinates together, dividing by the number of ordinates, 
and then extracting the square root, he will obtain tlu' value of the 
alternating current which is the equivalent, as regards heating, of a 
direct current of that numlier of amperes.* 

It can I'C proveil mathematically that the average ordimite 

of a sine curve is “ — -035 of the maximum ordinate, ^vhereas 

y/ tire average value of the squares of the ordinates — or •707 
of the maximum ordinate. 

It is important always to remember that the average value of an 
alternating current is never employed, since it would not be equi- 
valent to a direct current of tlie same number of amperes. 

The value of the alternating current which is equivalent to a 
direct current as regards heating effect i.s called the virtual, effective, 

• If the value of a sinusoidal voltaKC be written in the form K sin <1, when' E is the 
maximum value of the voltage, we obUin the anerage value <is follows 


f ^ _ n j* /"®sin^</ 0 “ ^ ■ oos^^ *1 2 /; 

f viriH.il oi K..M.S value of the same fuiu'l ion IS 

T J ’T 

evir. \ ^ t 1 " 1 ' 0 - 

I 0 ; - V 



^ E 


1 

\ ■ 4 ' 


1 


2 
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or R.M.S. (root of mean squares) value, and it is this whieh is 
recorded on an ammeter ami is generally understood wiu'u an alter- 
uatine current of a given nuniher of amperes is sj)olu'n of. 

The virtual value of an altiTnaling current of regular wave form 

1 


IS therefore 


or -707 of its ma.ximuiu value. 


E.xactly th(' same statenu'nt applies to an alternating electro- 


motive force, th(; virtual voltage being of the maximum value 

The ratio of the virtual value of a wave to its average value is 
•sometimes called the form factor of the wave Kor siniusoidal 

Avaves it is evident that the form fac tor has a value ^ ~ Ml. 


Scales of Instruments.- Both amtneters and voltmeters give 
readings ])roportional to tine mean values of Uie .scpiare of current 
or voltage', and would conseqiu'ntly give, in most case.s. a nearly 
i'ven scahe for (amperes)- or (ve)lts)-. The reason for this is a.^^ 
follows : The nwling of all alteTiiating current mi'astiruig ijistru- 
iTK'nts is produced ('ither hy the c'xpansion of a heated wire or by 
the' mutual action of a fixed and a movable' part. In hot-wire 
instrume'iits the* ave'.rage he'ating e-lTcct ecn thee wire' mu.'^t obviotisly 
be' due' to the avecrage value of /- 11 as explaint'd above, anel the 
e'xjiansion of tlm wire is a])proximal('ly proportional to the rate' 
at which he'at is given to it. In all othe'r instruments the* di'lle'ctioii 
(iepe'iids upon the fore-e with wide h the' lixe'd and movable' j)arts act 
upon one another. But both tixe'el and moving portions exe'rt forces 
pro])e)rtie)nal to the curre'iit or voltage^ being measuri'd. The re- 
sultant force dcpe'iids, eonse-epiently. on thee product of the two forces 
('xerte'el by the Hxe'd and moving parts, i.c., on the', product of two 
(juarititie's, each separately pro])ortion;d to thee epiantity to be 
me'asureei. It thus re'sults that the average force jirodue'ing the 
dcHe'e tion is the' ave'ragee of a fore'o due to (current x current) e)r 
(voltage* X ve)ltiige'), i.c., to the average of the sepiare' of the quantity 
to !»(' measure'd. 

.As stati'el al)ove', the se'ale of an alternating-e'urre'nt instrument 
AAoutel u.sually be eve'tdy divided if graduate'd in (am]tcre's)-. 

An excellent example' of this is the Sicmf'iis dynamometer, in 
whieh the' scale is uniformly divielt'd, and the rcjidings give the 
ave'iage value of (current)-. Tlu' virtual current is obtained by 
c'xtracting tlie sejuare root of the reading. 

For convenie'nce in I'eading, the, .scale of most instrum 'nts is 
inarkeel in volts or amperes, instead of (volts)- or (ampere's)-. 

In consequence, elireet-reading alternating-curre'nt amme'te'rs 
and voltmete'i's have an uneven se-ale, and the distance betAve'e-n 
successive sub-diA'isions inerease.s approximttely in the ratio of the 
square' of the value of the quantity k'ing measured. In many 
instruments arrangements are ado])ted by which a more even 
graduation is obtained by making tlie <letk'ction corresponding to a 
given force smaller at higher points of the scale, or by arranging 
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that the action between fixed and moving parts becomes less as the 
deflection increases. 

In cases where we wish to distinguish between the maximum 
value of alternating currents, voltages, &c., and their effective or 
virtual values; it is convenient to adopt the general convention of 
indicating the maximum value by a capital letter and the virtual 
value by the corre.sponding small letter. 



Fig. 45. -Scalos of Volts and (Volts) I 
Thus /, V re])resent maximum values ; 
t, V ar(' virtual, ur /^. .lf..S'. values. 

Consequently for .simiile harmonic wave form we havu' 

V^ 2 i. V= v'2i;., &c. 

In order to show that the reading of an alternating-cuiTcnt 
instrument is almost proportional to the sijuarc of the current takfui 
by it, the scale of a Cardew hot-wire voltmeter is .shown in Fig. 45, 
where the inner scale rejiresents the scale of volts, and the outer 
evenly-divided scale shows the graduations, which are proportional 
to the expansion of the wire producing the (h'flections. It is thus 
seen on the figure that the dcflecdion corresponding to 70 volts is 
four times the defltiction for 35 volts, and that a ])ra(dically uniform 
scale would b(? obtained if the graduations wen' measun'd in (volts)- 
instead of volts. 

A simple way of showing the relationship between the R.M.S. 
value of a current and its maximum value is to employ a current 
with a frequency of about I cycle (3er second and to send this tlrrough 
a hot-wire ammeter and a central-zero moving-coil ammeter con- 
nected in series. The hot wire instrument will give a practically 
steady reading, while the moving-coil instrument will follow the 
variations of the .current.* 

♦ .Sec J. U. Hudiaiiiin, EUcincwii. .Inly ISlIi. 191!l, 
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Average Power in a Circuit. — Let us examine the curve of 
power (marked If) in a uon-inductive circuit given in Fig. 27, 
page 60. From the symujctrical form of the curve it ia evident 
thai; the average distance of the curve above the zero line is half 
the height of its highest point. In fact, the dotted line G D which 
is drawn at this average height forms an axis about which the watt 
curve is symmetrical. This relation is univcr.sally true, and the 
average value of the power developed in non-inductive circuits is 
half the rmximum value of the power. In the case of measurement 
of power, it is the average value which is required for all purposes of 
comparison, since the total work done by the current in the circuit 
is the sum of all products of the form (power at any moment X time ' 
during which it is developed) ; this is equivalent to {average power 
X time considered). The work done in a circuit in five minutes, 
for instance, is (average value of watts x 5 x 60 secs.) joules. 

The maximum value of the watts in a non-inductive circuit - - 
maximum amperes x maximum volts (see Fig. 27), hence average 

watts = 2 (maximum amperes x maximum volts) maximum 


amperes x — ^ - maximum volts 

V2 


= virtual amperes x virtual volts. 

Hence we have the important relation for a non-inductivo 
circuit : — 


Average power in circuit -- product of virtual amperes and 
virtual volts. 

The relation just obtained may bo extended to an inductive 
circuit if we substitute the energy voltage for the total voltage. 
This is ]>errni.ssible, since the energy voltage is in pha.so with the 
current, and is the only part of the voltage which influences tlie 
power of the circuit. 

The energy voltage ^ e cos cj), and con.S(;quently in an inductive 
circuit. 


average watts — virtual amj)ercs x virtual volts x cos (j). 

The above relations may be summarised in symbols as follow.^, 
capital letters representing maximum values, and small letters 
virtual value.s. 

For non-inductivo circuits 

w^.^W - 1 / E 


.-. w ~ i e. 

For inductive circuits 

w ~ ^ ^ I E cos (f) 

w ~ i e cos <f>. 

It is important to remember that it is the average and not the 
R.M.S. value of the watts which gives the true power in a circuit 
A wattmeter deflection is proportional to the average value of the 
watts in a circuit. 
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KFFF.Cr OF CAPACITY. 


Capacity in an Alternating Circuit. .\ condenser usually 
consists of two metal i)lales very near together, but separated by a 
thin layer of insulating material called the dielectric. 

When the two metal plates are connected to points which have a 
difference of potential between them, the condenser becomes 
chargd by positive electricity flowing into one plate and negative 
into the other, d'his ilow of electricity will continue until the 
potential difference of the condenser plates is the same as that of 
the points to which they are connected. The (juantily of electricity 
which flows into tlu' condenser in order to establish this condition 
of ecluilibrium de|)ends on the capacily of the condenser and on 
the (lifference of jH^tential produced between the plates, 

The practical unit of capacity is the I'urad. 

The unit of ([uantity of electricity is the Coulomb, and is the 
(|itantity which is transmitted by a current of 1 ampere in 1 second. 

Thus the cliarfic of a condenser - ■ number of coulomlis which 
h.'ive tlowed into it numlier of amperes X duration of Ilow in 
seconds. 

amount of charge 

.Also capticity 

potential difference due to charge 

amperes X seconds 


volts 

The h'arad being too large to correspond to the dimensions of 
capacities occurring in jiractice, the mkrojonul, i.r., one millionth 
of ;i h'arad, is usuallv emjdoyed as a unit of capacity. 

Almost all conductors may be considered to form one plate of a 
condenser, the other being the earth, a met.al shetiLhing, or another 
conductor. If such a condenser h:is its electrodes connected to the 
terminals of a generatf)r, the generator will set up a difference of 
potential lietween the electrodes. e([uat to that which exists between 
its own terminals. In order to produce this result, the generator 
will sup[)ly a certain qiuiulily of electricity, so as to charge the con- 
denser. If the generator .supplies alternating current, the charges 
given to the condenser plates will be alternately positive and nega- 
tive. and there will thus be an alternating flow of electricity li.c., 
a current ) between the machine and both poles of the condenser. 

The following general explanation is given for ths sake of the 
student who is not already familiar witli the nature of electrical 
cap.acity. 
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Effect of Capacity in the Circuit : General Explanation.— 

If a constant electromotive force be applied to a circuit possessing 
neither self-induction nor capacity, a current is instantly produced, 
having the value 

, electromotive force 
Current — — 

resistance 

If, however, the circuit possesses eh'ctrostatic capacity as well 
as resistance, a charging current will have to How into the circuit 
before the voltage acting upon the resisbince rises to the full value 
of the applied electromotive force. Consequently^ at the first 
moment of application of the voltage, a cmrrent will flow into the 
circuit, and the strength of tliis current will depend mainly upon 
the capacity of the circuit, and only ])artly u])on its r^^sistance. It 
is only after this initial current has charged the circuit, that the 
normal value of the current will bo established, and the current 
strength will be that given by Ohm’s law. Thus in a circuit con- 
taining a condenser, or having ele(droslatic eapacuty, there will be 
an initial rush of current which may be considered as flowing in 
advance of the normal current of the circuit. 



Fio. 46. — Circuit Possossing Capacity and Resistance 

This may be illustrated by the diagram Fig. -lO. 8>i])po,so 
that C represents a eonden.ser with one polo connect<‘d to tlie cin uit, 
and the other polo earthed. A is a point in the circuit which is 
suddenly connected to a source of high i>otential. This will caus(' 
a flow of current from A to H. lieforo the high potcritial a])]fli(‘d 
at A can produce a current through the resistanc(; K, the ]!otential 
at the end of II ruvirest U) A must be raises! by the flow of electrieity 
from A. It i.s only after tin; charging eurrent has raised the ]ioten- 
tial of the condenser platc'S to the |)()tential of A that the; full 
potential of A can act upon II so as to sfuid current through it. 

In the ease of an altcmating-eurrent circuit ])o.ssessing <'a])aeity, 
there will be a charging eurrent in tlu^ circuit at each rcver.sul of tlu^ 
electromotive force, and the total current flowing will Ik; the sum 
of the eap.ieity-charging current and the normal curr(‘nt obeying 
Ohm's law. 

When a condenser is first eonn(‘Cte«l to the positive and negative 
terminals of a source of eleetromotivc force, e(jual and opposite 
charging currents will flow into the condenser from tiu* tvo .sides. 
If we consider a positive charge to flow in at the ])o.sitiv(‘ tc'rminal 
of tlie condenser, a negative charge will simultaneously flow in at 
the negative terminal. But a displacement of a jiositive charge of 
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electricity in one direction is equivalent to a displacement of a 
negative charge in the opposite direction. Consequently current 
may be considered as actually flowing in the same direction in tht' 
circuit on both sides of the condenser, and Is often said to flow “ in ” 
at one terminal and “ out ” at the other, or to flow through the con- 
denser. As soon as the condenser is charged, the flow mu.st neces- 
sarily cease until the difference of potential of the source changes. 

Relation between Volta^fe and Current. 

The following symbols will be employed 
Q Quantity of electricity in coulombs. 

C Capacity of condenser in farads. 

E Difference of potential between terminals of condenser. 

I Current in amperes flowing into condenser. 

When connected to a constant source of electromotive force, no 
current flows through the condenser. In this case 
Charge = Q^CE. 

During the process of charging, . 

Current flowing to condenser = rate of change of charge. 



Fia. 47. — Curves of Electromotive Force, Change of Electromotive Force and 
Charging Current. Capacity = 200 Microfarads. 

Curve I— ^''oltage. Curve II. — Rate of Change of Volta. 

CurA'o III. — Charging Current. 

When connected to a source of alternating electromotive force, 
the difference of potential between the terminals will change at the 
same rate as that of the alternating source. Consequently Q = C E 
will change also. Since current = rate at which quantity flows, 
the rate of change of C E (measured in coulombs per second) will 
be numerically equal to the current flowing to the condenser 
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Hence charginf< current of condenser = capacity \ rate of 
change of, voltage at terminals. 

It is now possible to represent grapliically the relation between 
the voltage applied to a condenser and the charging current. 

This is done in Fig. 47, where Curve 1. is a cnive of voltage 
whose maximum value is 25 volts, ('urve 11. is a curve of rate ol 
change of voltage (measured in volts per radian*), and may be 
obtained by a .similar construction to that given on page 22 for 
linding the " rate of change ” of a current. Since in this case the 
rate of change is measured per radian, inst»>ad of per cycle, the 
maximum height of the curve obtained is (spial ti> the maximum 
height of the ('urve of voltage, because the maximum rate of change 
per radian of a sine function is ecpial to the maximum value of the 
function. The maximum rate of change of volts p('r cycle would b<' 
20 times as great. Curve III. is the ch.irging current plotted to a 
.scale of amperes, each value being obtained from Curve II. by 
multiplying by tiie factor -125, which is equ.d to tlu' product of 
(he capacity of the condenser (— 200 microfarads) and 20 ;:/the 
number of radians per second at a freiiuency of 100. 1 he maximum 
current is thus found to be 3*14 amperes. 

\{ E — maximum value of voltage 
th('n instantaneous value of voltage = h sin 0 
and instantaneous value of rate m change of voltage 
= K sin {0 i 00 ') =- E cos 0. 

Hence value of current at any instant ~ ‘1 ^ f (' E cos 0. 

It will be seen, both from the figure and from the expressions 
just given, that the variations of the charging current will be 
similar to those of the. voltage in character, but will always occur 
one-quarter period earlier in phase. I lence the charging current will 
be similar to the idle current discussed ou page 72, ex('ept that its 
jihase is i-period before that of the voltage of the circuit, insteiid of 
being ^-period later. By the .same reasoning as that given jirevious- 
ly, it is evident that the charging current is a wattless or idle 
current. 

Ill a circuit posses.sing lioth capacity and resistance, two currents 
will arise when an electromotive force acts on the circuit, viz., (1) 
the energy current in phase with the voltage, (2) a charging current 
leading the voltage in ])has(‘ by J-period. I'ln: total current flowing 
at any instant will be the algebraic sum of the instantaneous values 
of these, two. The resultant current may therefore be repre.simted 
by a rotating line obtained in magnitude and relative jihase as the 
diagonal of a rectangle having the maximum values of the two 
component currents as the lengths of its sides. I he reason in this 
case follows exactly as in the case of the n'snltaiit of two electro- 
motive forces given on page 30. 

This resultant current will differ in phase from the voltage, but 
will lead by an angle <p tlepeiiding on the relative magnitude of the 
resistance and capacity. 

* The lacliaii .s the unit .iUKle in eiienhir nuMSii.e, n.nl is e.|ii..l to ..Uont SI T. He r-: n.v 
J ’t radians in .a rmnplete circle, nr 3(i(IT 
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The charging current will be the component which is one-quarter 
period in advance of the voltage, while the energy current will be 
the component in phase with the voltage. As in the case of an 
inductive circuit, the power given to the circuit is the product of 
energy current, and voltage or the product of total current x total 
voltage X ( OS when ^ is the angle of lead of current and cos f/> is 
the power factor of the circuit. 



scale of amperes 4V0U5 
0 2 4 6 8 10 12 14 16 15 1 0 


Fio. 48,— Diagram of Voltage and Currents in Circuit, with Capacity. 


The relation between these quantities is shown in diagram 
form in Fig. 48, where 0 ^ is the total voltage and 0 1 the resultant 
current in the circuit. The charging current is 0 / 1 and the energy 
current 0 . 

The angle of lead i.s / « 0 /, i.e., the angle between total voltage 
and total current. 

The values of the quantities represented are 
Total voltage ~ E — 25 volts. 

Energy current = 0 1^ =20 amps. » 

Idle current' ==Ol\~2zfGE = 5 amps. 

Total current = 0 / = V 20^ -f 5“ = 20-B amps. 

Impedance of Circuit having Capacity.— In the ease of a 
circuit with capatity as with self-induction, the impedance or 
apparent resistance is the value of the fraction 
voltage of (urcuit 
current in cinmit 


and in this case, also, the impedance, or apparent resistance, is 
always greater than the true, or ohmic, resistance. 

Its value may be obtaiiu'd by drawing a triangle of impedance 
similar to that obtained on page 40 for an inductive ciremit. The 
components of the impedance at right angles to each other will be, 

rc.spectivelv, if, the resistance of the circuit, and ^ which is 


the reactan (!0 due to the capacity, 
total voltage 

charging current 2 r.J G E~ 2 7 , j G 
The resultant of these components representing ’ the total 


impedance of the circuit — + f „ — , .i') 

^2 7t f C ' 

Thc.se results are illustrated in the following experiments : — 
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Experiment XVI.— Determination of the Effect of a 
Condenser upon the Phase Relations in a Circuit. 

Diagram of Connections. 



M 1 M» Source of alternating current 

H Non-inductivo resistances. 

C Condenspr. 

A Ammeter. 

F, Voltmeter for reading voltage acro.s.s condenser. 

Fj Voltmeter for reading voltage of non-mductive 

resistance. 

Fg Voltmeter for reading total voltage of circuit. 

Instructions.— Connect in series to the source of supply a con- 
denser or other form of capacity, a non-inductivo resistance, 
ammeter, and switch. 

Connect voltmeters*, or a single voltmeter with .V-way switch, to 
read respectively the voltage across the capacity, resistam^e, and 
total circuit. 

.For several values of the current obtained by variation of the 
resistance take readings on the voltmeters ami ammeter, 

For each set of rca<lings construct a triangle of (dofdromotive 
forces and dedmui the angle of lead of the current by measurement 
of the angle from the diagram Calculate in each case; the power 
factor by dividing tlie energy voltage by tin; total voltage. From 
the value of the power facter (— co.s^) find the value of (l> from a 
table of cosines. 

Readings should be tabulated as follows ; — 

Determination of Phase Relations in Circuit with Capacity. 


Viiltngc oI 
Circuit 
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■68 
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■475 

61-75 

165-5 
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85-7 

69 
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38-5 
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• It 13 best to use clB. irostatic voltmetcra for tlie expciiments on coiidetmer^ in order to 


Avoid errors due to voltineier currents. 

D 
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Periodicity of circuit = 54. 

From results of this experiment the value of the capacity can 
be calculated, as well as the value of the resistance of the circuit. 


Thus the idle voltage Fj = ^ — Tn which the value of C 


can be calculated.* 

Further, the energy voltage — = I B, from which the value 

of R can be determined. 

The figures given in the table above are three sets of readings 
taken from a series by way of illustration. The diagram of voltage 
corresponding to these results is shown in Fig. 50. In the case of 
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Fia 60. — Diagram of Volts for Circuit with Capacity. 


the third set of readings, the value of the capacity is given by the 
formula thus 


k^—L— 

^ 

2 ;r X 54 X 69 
= 20 microfarads. 


•00002 farad. 


Also the resistance of the circuit is given by 



8 ^ 

•47 


= 182 ohms. 


This resistance was actually a single 16 c.p. 100-volt carbon 
filament incandescent lamp. 

The readings also enable us to calculate the power of the circuit, 
since we have determined the total current and voltage, and also 


* This calculation can only be employed when the wave form ut the current is practically 
!»ne curve. * 
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the power factor of the circuit. The total power = amperes X volts 
X power factor. 

The calculation miglit also be carried out as in the Experiment 
XII. by the 3-vbltiiieter mctliod. 

Ihe power was calculated Irom all the readings of tlie series from 
which the examples in the tables above were taken. At the same 
time the power was measured on a wattmeter, and, ex(;ei)t in tlie 
case of the first reading, where the power factor is very low, the 
results of the calculation agreed with th<^ readings of the wattmeter 
within a fraction of 1 per cent. 

The idle and energy currents in the circuit might be calculated 
from the readings taken in the last experiment, since idle current 
= / sin 9^, and energy current = I cos 

Instances of circuits containing .sulhciently large capataties to 
seriously affect the nature of the (surrent (ihiefly arise where long 
feeders have to transmit current to a considerable distance, or in 
the high-tension windings of transformers, &o. Instam^es of a 
current which leads the voltage in phase from other causes ar(‘, 
however, not at all infrequent, and will be referred to latiT in con- 
nection with the running of symdironous motors. 

The following experiments illustrate the effect of various factors 
upon the impedance of a circuit having capacity. 


Experiment XVII. — Determination of Depen dencIe of 
Current in a Circuit upon Capacity. 

Diagram of Connections. 
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Fio. 61 , 


d/j Source of alternating current. 

R . Non-indu(;tive re.sistance of known value. 

Rl Variable non-inductive resistance for maintaining the 
voltage of V constant. 

C Condenser capable of giving several values of capacity. 
A Ammeter for measuring current in circuit. 

V Voltmeter for measuring voltage of portion of circuit 
consisting of C and R. 

S Switch for breaking circuit. 
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Instructions. — Connect in scries a known non-inductive resis- 
tance J\', condenser capable of giving; several values of capacity, 
an ammeter and variabje non-inductive resistance. Connect a 
voltmeter across the condenser and resistance so as to read the 
drop in both together. 

Supply the circuit with alternating current, and maintain con- 
stant the periodicity and the voltage as read on the voltmeter. 

First, short-circuit the resistance R, so as to read the current in 
ihe circuit h.iving capacity and a negligibly small resistance. Take 
a series of readings, each corresponding to a different value of the 
ca])aci(y. 

Then, for one or two values of the resistance R take similar 
sets of readings, keeping the resistance constant during each set. 

Unlike the case of an inductive resistance with an iron core, the 
capacity of the condenser, and consequently the impedance of the 
circuit, will be the same for all values of the current. 

Dki'I'.r.min.xtion op Dpi'pndknck of Current upon 
Capacity. 


Rc^iist.'incc in Si-rii 

■s Cap.nrilv 

(urirtil 

Volt.at'1' 

Irnpedani'i' 

with Coiulinspr 

MicroC 



0 

2 

j -050 

100 

l(i95-0 

0 

10 

•295 

i 100 

339-0 

0 

20 

! -.590 

100 

109-5 


I’eriodicity 

32 cycles 

per second. 



The xdltage should be kept constant by means of an additional 
variable resistance /U in the circuit or by the regulation of the 
generator voltage. For slight variations, the current readings 
may be corrected by increasing them in the .same ratio as any 
dexheas'e in the voltage ob.served, and vice versa. 

In this e.\])eriment, since the total current is small, care must be 
taken not to introduce errors due to the voltmeter current. If the 
voltnielor is not of the electrostatic, type, it should be connected 
so that its current docs not pass through the arnnieter. 

Enter the readings in tabular form as shown, and plot a.curve 
for each set of readings, plotting capacity horizontally and current 
vertically. 

Plot also a curve comparing impedance and capacity with the 
same horizontal scale as before. 

The curves given in Fig. 52 show the results obtained with a 
subdivided condense^' of 20 microfarads capacity, three of the 
readings being shown on the table above. The curves drawn as a 
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continuous line show the readings with the condenser' alone in 
circuit. The dotted curves show the results with a resistance of 
4 ohms in series with the condenser. Throughout the experiments 
tlie voltage was maintained at 100, the frequency being 32. 

With low values of the. capacity, the current is very small, and 
the resistance is practically without j^ffect ; it becomes relatively 
more important as the capacity and current in the circuit increase. 
Evidently when the capacity of tlu; condenser is zero no current will 



0 2 i 0 S 10 12 14 10 IS 20 

Microfannh. 


Kio. ~)2 -Vari.o,; ion of Charging (\irrent with Capacity. 


flow, since the condenser will them be simply a bremk in the continuity 
of the circuit, making all curnnt impossible. 

The flow into and out of a cemden.ser depends not only on the 
capacity of the condenser, whiirh determines the amount of the 
charge at each reversal, but also on the frequency of charge and 
discharge, i.e., on the periodicity of the current. As already ex- 
pressed in the formula} given on page 95, the current varies directly 
with the frequency. This follows immediately from the fact that 
a current is a rate of flow, or displacement of electricity, and conse- 
quently varies directly as the number of charges per second. 

The next experiment illustrates these statements. 
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Experiment XVIIl .—D etermination of Dependence of 
Charging Current upon Frequency. 


Diagram of Connections. 



M2 S R 


Fia. 53. 

JW I iW 2 Source of alternating current. 

0 Condenser. 

V Electrostatic voltmeter. 

A Ammeter. 

R Adjustable resistance for keeping voltage across con- 
denser constant, if this cannot be done by other 
means. 

S Swikh for breaking circuit. 

Instructions. — Connect in series a condenser, ammeter, and 
switch. Connect these to a supply of alternating current of variable 
frequency. Unless this supply can be maintained at a constant 
voltage, a regulating resistance must be put in the circuit, so that 
the voltage across the condenser may be maintained at a constant 
value. Connect a voltmeter across the condenser. This voltmeter 
should be of the electrostatic type, to avoid errors due to voltmeter 
current. 

For a range of different frequencies of current, adjust the con- 
denser voltage to a constant value, and observe the frequency and 
current. The frequency will usually have to be determined by a 
speed counter applied to the alternator supplying the circuit, the 
frequency being given by— 

. n X p n — revs, per min. 

rcquency — / — p = No. of pairs of poles. 

The readings should be entered in tabular form, and a curve 
plotted with frequency, or revolutions per minute, horizontal and 
charging current vertical. 

Fig. 54 shows the results of an experiment carried out in this 
way on a 20-microfarad condenser, the current being read on a 
hot-wire ammeter. The alternator was a 4-pole machine, and the 
voltage was adjusted by variation of its excitation and not by a 
resistance as indicated in the diagram of connections above. The 
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vuitage was maintained at 100. The curve given by the readings is 
seen to bo a straight line, showing that the current increases in 
direction proportion to the frequency. 

The curve goes through zero, since with a frequency of 0 the 
current would become a continuous current, which can only charge 
the condenser once, ami then cease to flow. 

The results tnay be used to check the accuracy of the formula 
given previously, viz. '.— l — 'l-fCE. 

For the last reading at a speed of 1,620, wo should have as the ’ 
value of the current 

•> V l()O0 

/ 2 r: X -0002 v lOO = -678 amp. 

The actual value ob«u-ved was *68 amp.* 
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Fi( 3. .'54. — Variation of Chnrgitig Current with Frequency. 


The preecding e.xjx-riments have .shown how the capacity and 
frequency of charge and dischargt^ of a eontlenser affect the amount 
of current in tlic circuit. 

The quantity of each charge depends not only on the capacity 
of the condenser, but also on the voltage to which the condenser is 
charged each time, i.c., on the effective termimil voltage. This is 
the point to be illustrated in the next cixperiment. ’ 


FxPEHI.MENT XTX. J)jiTEKMlNATION OF EfFE{.3T OF TERMINAL 
Voltage upon Charging Current of a Condenser. 


Diagram of Connei^tions. 


Same as for Experiment XVIII., Fig. 6:1, page 102. 

Instrucrions. — Connect a eondens(*r in series with an ammeter 
to the .source of the alternating current. Arrange matters so that the 


“"'v obtainable with an alternator 
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terminal voltage of the condenser can be varied, either b}’^ meaiiii 
of a variable resistance in the circuit, as shown in the diagram, or by 
means of a field-regulating resistance in the generator field circuit. 
Connect a voltmeter to the condenser terminals if the voltmeter is 
electrostatic, or so as to measure the voltage across both ammeter 
and condenser, if tiu; voltmeter takes current which might affect 
the amm<iter readings. 

Tluvjughoiit the experiment keep the frequency constant, and 
vary the voltage at the cond'^user terminals. For each value of 
the voltage rea(i the value of the current. 

Enter readings in tabular form. A curve should be plotted 
with voltage horizontal and 'barging current measured vertically. 



Volt8. 

FiQ. 55.— -Variation of Charging Current witii Voltage. 

Fig. 55 shows the curve plotted from a set of readings obtained 
with a 20-mu!rofarad cotuhaiser at 54 periods per second. Again 
the results give a straight line, showing that the charging current 
varies in direct proportion to the voltage applied to the condenser. 
As tliese readings were taken with an alternator giving a sine wavt; 
form, a eahailation might he made to confirm the results, as in tlie 
cafK^ of tlie i)rt{viou.s experiment. 

' Measurement of Power in a Circuit possessing Capacity.— 

From, what has already been said, it will he. ap])arent that tlie power 
in a circuit possessing capacity cannot be determined by a simple 
measurement of the current and voltage. The power can, however, 
bo obtained by the use of a wattmeter, or by either of the methods 
given in Ex])erimcnta XII. and XIII. for inductive circuits. The 
diagrams of connections there given apply to the present ease also, 
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with the substitution of the capacity for the inductance A special 
form of experiment is consequently not necessary. 

The following record of an actual experiment will serve as a 
guide as to the observations to be taken. The readings practically 
form a companion experiment to the 3-voltmeter method given as 
Experiment XII. 

As in that case, the total power in the circuit is given by the 
formula 


while the power in the portion exclusive of the non-inductive 
resistance is 



Where \\ — total voltage of circuit. 

V.^ = voltage of non-imluctive iKu tion.. 

= voltage across portion including cn])iu itv. 
Ji ^ value of non-inductive re.si.stance. 



Fro. 50. — of Oonnoctions for Dotormimitioa of Power in Circuit with 
Capacity. 


Example of Determination of Power in Circuit containing 
Capacity. — The actual connections mado are shown in the diagram 
Fig. 50. which is identical in principle with that shown in Fig. 38, 
page 70, but shows the modification, alread}^ frequently alluded to, 
of employing a single voltmeter with a two-May switcli. Since the 
voltmeter is only u.scd to indicate the voltage of tlie whol(‘ 
(iirciiit, it may be of the Ijot-wire type. The voltmeter F', must 
be electrostatic, so as to take no current. 

The non-inductive resistam-o Ji w.as a bank of lamps ; the 
condenser had a capacity of 20 microfarads. The periodicity was 
54 per second. 
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DI'TKKMINATION of I’oWKR in (OkCFIT with CaI'ACI'IV 
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Capacity and Self-induction in Series. It has In'cn sliowti 
that the etiort of solf-iiidiK lion in a cinaiit is to cause the ciin'cnt 
to lag in itliasc behind the \oltage, and that a eapaeily causes the 
current to lead in jihase. Whiai both cajiaeity and self-induction 
arc presi'iit, the elTcct Is to produce a ilillerence of ])hasc between 
cur/i'Ut and voltage, wiiich is less than the angle of lag or lead, 
which would be due to either acting separately 



scale or VOLTS & AMPE 9£S 

os T’O 


Flo 57. -Diagram of Current and Voltage in ('irinit with Capucily nnd 
Self-induotion. 


'rids result i.s best shown in diagram form by drawing a line 
0 I to represent the eurrent horizontally (see Fig. 57). The energy 
voltage spent in overcoming the non-indnetivo resistanee of Ifie 
circuit {---lx R) is then marked off as the length 0 E.^ to the scale 
of volts. At the line E^ E , is drawn vertically upwards to repre- 
sent the volts spent in overcoming the capacity of the circuit 
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( 



From E, liic h'ligth A', A'., i.s iu«‘asurod dosMiwards 


to K'prostiiil iho'voltago ovorrommg .solf-iiidiu tioii ( 2 - / L 1). 

riic triaiiglo 0 A\ A’^ thoti ropivst'uts tli<“ lollouiiig (juaiitit i(‘s, 
VIZ TIk! total voltago O A’.,, the resultaiil ‘idle voltage A'o A'.,, ami 
the energy voltage O The angle </>. whi< h may he either an 

angle of lead or of lag, is then t he angle A’., () E . 


Impedance ot Circuit containing both Inductance and 
Capacity. Since the energy voltagi- is / A‘. and tie* idle voltage yf 

the (ircuit is (2 - / A / - ^ ^ the exiiression for the total 


voltage may be obtained from the relation 


E~ I 


^ /e I- {-Ir.ll. 


■:.jc 


)] 


I lenei', Impedance Z \ It^ 1 ^ 2 ,-r / A - ^ j (') 

If </) the angle of lag of the circuit, from the Fig .07, 

u,/, ■ ,,'ir* 

in 


‘Izj-L 1 

li 

( '2 7 : f L I 

n 2 - / c H 

These are tlie general e.xpressions for the impedance and angle 
of lag in an alti'rnating circuit If the circuit is mtn-indiietive, A. 
becoines zt'ro. 

In a circuit with self induction ami eapacitv 


Heactance 


^ A’ - 2 


-/A - 


I 

2 rr /C 


or with capacity only 



where the negative sign indicates that tlie reactant e voltage is 
opposite in phase to that whieh would be required to overcome an 
inductive reactance. 

The following experiment serves to illu.'^trate what has just been 
said, 
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Exprri.mfnt XX -Dktermination of Power and Phase 
Relations in a Circdit containing Resistance, Self-induction, 
AND Capacity, 

Diagram of Connections 



J/, Sourco of alternatiDg current 
H Non-inductivo resistance 
r fndiictivo r(!sistance 
C Condenser 

A Ainnieter for measuring current in circuit. 

V* Voltmeter for nuuisuring resptRitively voltage of induc- 
tive; and non-inductive resistance, condenser, and 
total circuit. 

S Switeli for breaking (urcuit 

Instructions. Connect in series to tin; .source of su})})!}’ a 

non-inductive nisistanee, inductive resistance, condenser, and 
ammeter Connect a voltmeter to read in turn the total voltage 
of the cireuit, and the voltage across (;nch resi.stance and tlit' con- 
denser and across the inductive and non-inductive resistances 
togetlier. It is an advantage to insert a wattmeter in the circuit 
to serve as a. (;heek on the accuracy of the other readings. 

For several values of the non-inductive, resistance and current, 
take readings of the current and voltage of inductive and non- 
inductivo resistanct's, and also the resultant vedtage across both 
resistances. Read also the voltage at the terminals of the condenser 
and the total voltage of the circuit. For each set of readings con- 
struct a diagram showing the relation between the voltages yf the 
circuit, proceeding as in the example given below. Hence, calculate 
the total ])Ower of the circuit and the power in the inductive and 
non-inductive jxirtions. 

The metliod of drawing the diagram and determining the phase 
relations between the voltages of the various portions o^ the circuit 
are best discussed in connection with an actual example. 

The readings tabulated in the annexed tabic show the readings 
obtained in an exjieriraent in which a 20 microfarad condenser 
formed tlu' capacity, incandc.s(A'nt lamps were used as the non- 
inductive resistance, and two sections of a small transformer were 


■ Only a siiiRle voltmeter is actually necessary, ami should be connected successively 
1(1 the diflerent terminals indicated in the diagram. . 
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cmployi'd iis iiuiuctive rysistaiice. In this case a uattincti'r was 
also used to chock the ai-ciiracy of the results. The figures given 
in hrackets are calculated values, the other Hgurc.s are tliose 
actually observed 

Taking the <uirnuit vector horizontal, wo shall have; idki voltages 
due to self iudueiiou (which precede the current in phase) drawn 
vertically downwards, and idle voltages due to eapa<‘itv (atul which 
lag behind the curnuit) drawn vertically upwards. 


Power and Voltages is (JiRcgrr wirii CArACiTY, Resistance, 

AND Seek- INDUCTION. 
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The voltage \\ in the non-inductive resistance is drawn hori- 
zontally as 0 A (see Fig. 59), since this is an energy voltage, and in 
phase will) the <;urrent. The voltage K, taken across the inductive 
nisistaiice r will consist ])artly of energy and partly of idle volts, 
and is drawn downwards from A, making an obtuse angle with 0 A. 
In order to determine the eorreet position for F, on the diagram, 
describe a circle with radius equal to F, from A as centre, and a 
second circle about 0 of radius \\, the resultant voltage across both 
indiK-tive and non-inductive resistances. The intersection of these 
circles will give the point li, and A B repn^.sents in phase and 
magnitudi! the voltage F,. 

Tlui triangle 0 A B resembles the triangle obtained in Experi- 
ment XII., in a circuit with inductance and re.sistance only. The 
total energy voltage of the circuit is obtained by drawing a vertical 
line B C to meet 0 A produced in C. Then 0 C is the energy com- 
ponent of the total voltage of the circuit The line C B repreaents 
the idle voltage due to .self-induction. 
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The condenser voltage will ho in opposition of phase with respect 
to C B, i.e., it will he 180° out of phase with C B. 

Hence the condenser voltage is represented hy the vertical 
line B /), measured from B upwards. ' Finally, the total voltage of 
the circuit is represented in phase and magnitude hy the line 0 D^, 
which, in Fig. 50, is seen to he later than the current in phase, so that 





Kill 59. — Diagram ot Voltages m Circuit with Cajiacily and Sclf indiu t ion. 

mere i.s a leading current in the circuit The line B C represents 
the portion of the eondtai.ser voltage which is neutralised hy the 
idle voltage ot self induction of r. Thus, if the circuit hail been 
non inductive, the resultant voltage of tin* circuit would have been 
the dotted line 01), where Cl) is equal to the condenser voltage 
1^3 or li I)y 

It is thus seen that the voltage required to produce a given 
current may he reduced hythe presence of both induetanee and 
capaeity. If tlie induetanee had been greater, so that C B — B D^, 
tilt! self-induction and capacity would exactly have Tieutralised each 
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other, and the voltage of tJie cutuit wouKl only li ive been ..f the 
niagnitiule neeessary to send the given eurrent through a iu)n- 
inductive ii'sistanei'. 

Ihc diagram, shown in I'ig of) is draw n for the first sot of readings 
given on the table almve If would form an oxeellent .‘xeivi.se for 
the student to draw diagrams for the remaining readings, if he has 
not the oppoi tunity of earrying out a set of n-mlings for iiimself. 

Determination of Power from the Diagram. Ilai ing drawn 
this diagram, it is an easy mattiT to ealenlate tlie power in I'aeli 
part of the eireuit.from it 

In each ease t he jiower - eurrent ■ energy eoiu]>onent of \’oltage. 
Thus the powaa- in the induetiva* portion / is the ])rodu( t of (he 
(Uirrent and the energy eomponent of /I /T re , .1 C. 

Power - It'^ - / X .f C. 

’ - •: 41-7 -- b watts 

Similarly, in the total eirenil, the energy <()mponenl is represenleil 
by the line 0 C, and the total jiowiu’ 

- W. - / x OC. 

~ '78 \ 8(>’7 -- (i74> watts 

In tlie non inductive resistanee li the power 
- \V„ -- / X 0 A 

— 78 < 45 - 35 1 watts 

in the condenser the power is zero, sineo the voltage is (mlirelv 
idle voltage period behind the current.* 

Evidently the power in tin; eireiiit could be calculated direclly 
froin the voltmetiT nNnlings, in the same way as in Experiment XU 
' Tlu! triangle 0 A I)^ would in this ease Ixi tlui triangle whose 
sides would represent the voltage to be employed in the ealenlation. 
Another and more direct w'ay would be to calculate tlie power from 
the triangle O A li (ditained from the inductive ami non-indiietive 
portions of the (dreuit, and omit the oonsideration of the voltage 
across the condenser. Ohviou.sly this might not be possible if the 
capaeity were not eonfined to one portion of the < ireiiit 

Resonance.—The conditions just alluded to may give rise to 
what is called “ Electric Resonance.'’ It ha.s been shown in tlie 
preceding discussion that when special relations exi^st between 
the capacity C, the .self-induction L, and the fre(|uency in a circuit, 
the voltage at the terminals of the .self-induetion and capacity 
connected in serie.s may be less tlian the voltage at the terminals (if 
one of them. Thus, if an alte.rnator be eoniieetcd to a einmit, 
containing a condenser and choking coil, it is pos.sible that the 
voltage at the terminals of the condenser or choking coil might be 
greater than the voltage supplied by the alternator. An example 
will serve to illustrate this. 


• Tlie .smill due to resistance .md dir leciric liy-.tcr<.*.sis in the coiidciei r ire nui/l.u tr.l 
as being too small to affoct the residt.s 
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EFFECT OF CAi’ACITY. 


The total voltage of the circuit 

== yf (energy voltage)^ + (idle voltage)'^. 

Suppose the energy voltage to be due to 10 amperes flowing through 
•5 ohm, its value will be 

10 X -5 = 5 volts. 


Ix)t the inductance idle voltage = 2 n J L I ~ 200 volts, and 

the capacity idle voltage = — 160 volts, the negative 

Z n j C 

sign indicating that the phase of the capacity idle voltage is opposite 
to that of tlie inductance idle voltage. 

The total idle voltage of the circuit is then = 200 — 160 = 40 
volts. 


The total voltage of the circuit = 5^ + 40* = 25 -|- 1600 — 

\/ l625 — 40-3 volts, whereas the voltage in the inductance is 200 
and across the condenser is 1 60. 

Cases of this kind occur in practice in connection with long con- 
centric mains which have considerable capacity. The self-induction 
of the generator armature, of the cable itself, or of machine.? r!on- 
nected to the cable, may supply the inductance in the circuit. 


n 2 L / - 


I 


iif=- 


I 


/ 1 


27: ^ LC 


the idle 


voltages due to capacity and to inductance will always bo equal 
and oppo.'-iitc, and may each have very high values, although the 
circuit is supplied from a source of relatively low voltage. The 
particular value of the frequency just given is that at which a 
maximum resonance will occur. It thus appears that for any 
circuiu resonance will be possible at .some frequency. Usually this 
critical frequency is far higher than that of the voltage supplied to 
it. The frequency given by the relation for maximum resonance 
is .sometimes called the natural frequency ” of the circuit. 

I 

Similarly, < — j — 2 y' L U is called the “ natural period ” of the 

circuit. These values are of great importance in connection with 
the calculation of pressure rise in cables. 


Capacity and Inductance in Parallel. — In the previous 
paragraph.it was found that the effect of a capacity and self-induc- 
tion connected in series was that the idle electromotive force pro- 
duced by each was partly or entirely neutralised by the other. 

When the capacity and self-incluction are in parallel circuits, 
the electromotive force at their common terminals depends only 
upoh the voltage of the supply, and is clearly independent of the 
nature of the two branch circuits. It is, however, possible for the 
inductance and capacity to have a combined effect on the currfent 
in the external circuit, for there may be a lagging current produced 
in the branch containing self-induction, which may partially or 
entirely neutralise the- leading current flowing in the branch con- 
taining capacity as regards the external circuit. 
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Suppose, for instance, that an inductance r f)f L henries and 
negligible resistance, and a condenser C with capacity 6’ farads' 
are connected in parallel, as shown in Fig. (10. with a voltage V 

between and T,. The current through r will be ^ ^ 

and through G it will be 2 / G F. These currents will dilTe/ in 

phase by ISO , h(‘cause the first will be 90“ behind the phase oi I' 
and the second 90“ m front. 

Consequently, when current flows from T, to 1\ thrhugh r 
the current through C wiU be directeil from 7’, to T\. We iiiay 



60. Condenser and Inductance in Parallel. 

thus have largo currents in both parallel circuits which may neu- 
tralise one another, so that only a very small current flows in th»‘ 
alternator armature and the external circuit joining 7’, to 7'.,. 
This effect is called current resonance. 

Example.— As an example of what has just been said, may be 
quoted an experiment of Mr. W. N. Mordey.* Mr. Mordoy con- 
nected an altomator giving 2,050 volts at 100 cycles to a 5,1 -mih' 
length of 37/15 concentric rubber-covered cable, one polo of the 
alternator being connected to the inner core and the other pole to 
the outer oore, which was earthed, as was also the steel sheathing. 



Fig. 61.— Inductiv# Resistance Neutralising Idle Current Due to Capneits 
of Cable. ‘ 

The capacity of the cable between conductors was 86 micro- 
farad per mile. Thus the charging current taken from the alter- 
nator was calculated to be 

7 = 9 fFC = Xj^O X 5-5 

'1,000,000 

= 6 092 amps. 


• Proc. luDt. tlec. Eim., vol. xxx. j>. 378. 
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The current actually observed was 6 amp. A choking coil was 
then put in circuit connected to the alternator in parallel with the 
cable. The connections were then as shown in- Fig. 61. The coil 
was so designed that with switch .Vi open and 'S': closed, so that the 
alternator .supplied current to the coil only, the current taken by 
tlie coil was 6 amps. 

6)n closing both switches, so that the alternator supplied the 
two circuits in parallel, the current given out by the alternator was 
found to fall to 16 amps. Thus ammeters /U and /I: both indi- 
cated 6 amps., while /Is only registered 1-6 amps. 

I'he e.xplanation was that the current in the inductive circuit 
lagged hchind the voltai^e of the alternator, while the current in 
the capacity circuit was m advance of the voltage, so that the two 
liranch currents were nearly opposite in pha.se, and neutralised 
cacli other to a large extent. 

It is hardly necessary to point out that the principles dealt with 
in this chapter ard of the greatest importance to students of 
wireless telephony. 



the transformer. 
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CHAPTER VI. 

Thb Transformer, 

The Transformer.— One of the greatest aiivantages of alter- 
nating currents is the ease witli which power transmitted by them 
may be converted from a low current at high pressure to a high 
current at low pressure, and vice versa, without the employment 
of rotating machinery. 

The transformer is the means by which thi.s transformation is 
accomplished. The principles underlying its construction and 
behaviour must now bo con.sidered. 

Fig. 62 repre.sents a rectangular frame consisting of a number 
of soft-iron stampings placed side by side, so that the section of the 
frame is approximately square. This forms a magnetic circuit of 
very high permeability without any air gap. Two separate wind- 
ings of insulated wire arc indicated as being wound upon this mag 
netic circuit, one winding being connected to an alternator. A 
current sent through either winding will produce a magnetic flux in 



the core, upon which both windings are mounted. The general 
direction of this flux is indicated in the diagram by a dotted line. 
An alternating current flowing in the coil connected to the alter- 
nator will produce an alternating field in the magnetic circuit as 
indicated in the diagram, where the. upper arrows show the direction 
of current and flux during one-half period, and the lower arrows 
indicate their direction after reversal of the current. 

Voltage Relations of Transformer without Resistance. 

Let F — maximum number of lines of force produced in the 
core by the current, 

/ = periodicity of current, 
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T, = number of turns composing the winding I. connected 
to the alternator, 

Tj = number of turns composing the other winding IJ., 
E^,E^ = maximum value of the voltage at the ends of the 
windings I. and II, 

The number of the magnetic lines will change with the current 
producing them. 

With each complete cycle of current the magnetic lines in the 
transformer core will undergo the following changes : — 

(1) The lines are formed in one direction as tlio current rises to 
its maximum value. F lines are formed. 

(2) The lines disappear as the current falls to zero. F lines are 
withdrawn. 

(3) The lines are formed in the reverse direction as the current 
rises to its opposite maximum. F lines are formed in the 
reverse direction. 

(4) The lines disappear as the current falls to zero. F lines are 
withdrawn. 

It follows that the total change of the lines passing through 
the transformer windings is 4 F per cycle. 

This is equivalent to an average rate of change of 4 F / lines per 
second. 

The electromotive force generated in one turn of winding = rate 
of change of magnetic lines 10®. 

Hence the average voltage induced in a single turn 


and the average voltage induced in winding II. having turns 
4 FfP, 

'' 10 ® 


= E.. 


The virtual voltage will bo equal to the average voltage multiplied 
by the “ form factor ” (see page 89) for the wave form of the voltage. 

With sine waves the form factor has the value 1-11, and in this 
case the virtual voltage of the winding is 

e, = 4-44 FfT^ 10 ® 

which is a fuinlamental formula for the voltage induced in the 
winding of a transformer.* 

But the magnetic'flux passes through the windings of the coil I. 
connected to the alternator, as well as through winding II. Con- 
sequently. there will be induced a back voltage in coil I., which we 
have previously called the electromotive force of self-induction, 
opposuig the voltage of the alternator. The value of this back 
voltage is obviously 

c, = 4-44/ii’7’, 10~® 

since it may bo calculated by the same reasoning as that just given, 
and it is induced in a winding having turns. 


• The (Tenoral expression for U.e- voltaRC, applicable to any wavc-foim of flux variation Is 
t ^ ib F fT 10-* where b is the form factor for the actual wave-form cniploied. 
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On account of the complete magnetic circmit of soft-iron on which 
the coil I. is wound, its self-induction is exceedingly high, and when 
the transformer is not sup})lying current, the primary applied 
electromotive force is nearly all spent in overcoming the self -indue 
tioh and will only bo able to send a very small current through the 
winding. Consequently only a small part of the applied voltage w'ill 
be spent in overcoming the resistance of the winding. 

Thus in the c^ase of a transformer with unloaded secondary 
winding, the back voltage very nearly ctpials the applied voltage, 
and the current in the winding is exceedingly small. The current 
which (lows is, in fact, only the magnetising current necessary to 
produce the flux of F lines in the iron circuit. 

In any transformer the winding whicli has a voltage applied to it 
from an external source and which carries the magnetising current 
is called the Primary winding. 

The Secondary Winding embraces the same magnetic circuit, 
and has a voltage induced in it due to the magnetic cliaiiges set up 
by the change of current in the primary. 

Thus with no load on the secondary, the ratio of voltages will 
be very nearly 

Primary voltage 4-44 / F 7’, 7’, 

Secondary voltage 4-44 / F 7'., 7’, 

Nil m her of primary turns 
~~ Number of .secondary tiinns 

Effect of Current in Secondary Circuit. The prcccdyig 
stak'ments were based on the assumption that the magnetising 
current in the primary winding was the only current acting upon the 
magnetic circuit of the transformer. Tlio magnetising current will 
lag jiractieally 00^ behind the appli<‘<l voltage in phase, since it 
flows in a highly indmdivc eircuit. 

It is important to remcmlx-r that t he ap])lied voltage determines 
the amount of magnetic flux set up in the core, .sinc(', by the lurmula 
on page llO, c, F X con.stant, so lliat with a constant applied 
voltage, the flux in the <;ore of a transformer mu.st always remain 
constant Tlie current taken by the primary winding will he of the 
magnitude necessary for the production of this ilnx and will be 
very small, bccau.se a .small c'lirrent will lx* sullleient to j)rodu(.e a 
largo flux in a magnotie circuit without air-gap. 

Let us n(Av imagine the secondary winding of the tran.sformer 
to be connected to a load circuit so that the induced elcclrornotivo 
force of the winding will produce a current. This current, in flow ing 
through the secondary winding, will tend to set up a flux in the 
transformer core which previously did not exist. But since tl>e 
applied voltage at the primary terminals is unchanged, the flux in 
the core must remain unchanged, in order that tlie applied voltage 
may still be balanced by the induced electromotive force which is 
due to this flux. This result can only be brought about by an 
additional current flowing in the primary w'inding producing a 
magnetising clTect exactly equal and opposite to that of the current 
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in the secondary winding. We thus have the important relation 
between primary and secondary currents of a tranforraer. 

Increase in primary ampere turns = secondary ampere turns. 

We may look upon the secondary current as at first tending to 
lessen the flux in the core of the transformer. This makes the back 
electromotive force induced in the primary winding fall below the 
applied electromotive force, so that an increased current flows from 
the supply mains. This current will continue to increase until the 
flux is restored to its original value. When this has been done, the 
increa.sed primar^ ampere turns will exactly balance the increased 
secondary ampere turns, which is the condition stated above. 

If we disregard the small no-load current taken by the primary 
winding (which continues to flow at a practically constant value 
at all loads), we may state the ratio of primary to secondary 
currents as being given by 7’, /, — 'I\ / 2 , from which 

/, Primary current Secondary turns T^, 

/j “ Secondary current “* Primary turn^~ ~ T, 

Experimental verificition of the statements mide regarding 
the voltage and current ratios will be found in all the experiments 
which follow, and a special experiment for this purpose is therefore 
not given. 

Effect of Power Factor of Secondary Circuit.—The current 
in the secondary circuit is always balanced by a corresponding 
current in the primary, producing at any instant an equal and 
opposite number of ampere turns. If the secondary circuit is 
nmi-inductive, the secondary current will be in phase with tlie 
secondary induced electromotive force, and the primary current 
which corresponds to this will be in phase with the primary applied 
voltage overcoming the primary induced back electromotive force. 

It also follow’s that if the load circuit has a power-factor cos <!> 
both secondary and primary currents will be later m phase by (f), 
as the primary and secondary ampere-turns would not otherwise 
be equal at every instant. Thus, any alteration in the pow’er-factor 
of the secondary circuit is exactly reprotluced in the primary circ\ut ; 
in fact, the power-factor under load will be practically identical 
at primary and secondary terminals. The small no load current 
tak(‘n by the ])rimary circuit and tending to increase the lag of the 
current in that circuit is hardly appreciable when tlie transformer 
is fully loadeti. 

Effect of Resistance of Windings.- The current flowing in 
both primary ami secondary windings requires a certain amount of 
voltage to be spent in overeomiug the resistance of these windings. 
Let 

~ current in primary windimr. 
ij — current in secondary winding. 

/'i resistance of primary winding. 
r., = resistance of secondary winding 
Ty number of primary turns. 

Tj = number of secondary turns. 
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The voltage required to overcome the resistance of the primary 
windings = r, volts 

The effective voltage spent in producing the alternating flux 
in the core is rcdueed by this amount. Consequently, if -- 
primary applied voltage, the effective voltage which produces the 
flux affecting the sccoiulary winding = c, — t, r^. 

Here the symbol — indicates the vector difference between the 
two quantities, and not the simple algebraic difference, as the 
applied voltage will not be in phase with the energy voltage (, r,. 
Thus the voltage induee<l in the secondary winding is 

The voltage, at the terminals of th(‘ secondary will only have 
this value wluai the secondary current is zero. When a current 
Hows in the .secondary, there will be a loss of voltage due to the 
resistance of those windings, an<l con.sequently the .secondary 
terminal voltage 



or putting - k, the ratio of the turns, 



If there were no loss of voltage, e^ would ho consequently 
the effect of the resistance of both windings is to diminish the voltage 
at the secondary terminals by the amount f r,^ j, which 

must be subtracted vectorially from the no-load voltage. Tlu; 
transformer may consequently bo treated a.s if it had no resist- 
ance in the primary, and a resistance of ^ r, ^ ohms in the 

secondary. For this reason the quantity ^ ^!, }- rg ^ is called the 

equivalent resistance of the transformer referred to the secondary 
circuit. This we shall indicate by the symbol Ro. 

It would not be difficult to carry through the calculation just 
given so as to arrive a,t the result 

+ h rf), 
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which shows that the resistance of both windings may also be 
treated as equivalent to a single resistance r^ -j- r^, in the primary 

circuit. 

The quantity r, + called the equivalent resistance of 

the transformer referred to the primary circuit, and may be denoted 
by 

Effect of Magnetic Leakage. -- The alternating field pro- 
duced by the current in the primary winding will only produce 
the voltage givcii by the formulae on page 1 10, if the whole of the 
magnetic lines follow the magnetic path formed by the core, so as 
to pass through both primary and secondary windings. Any lines 
which are formed in the primary which do not pass through the 
secondary will produce a back clectrrmotivc force in the primary 
in the same way as the remainder of the field, but will not produce 
any secondary voltage. Similarly, the current in the secondary 
may produce some magnetic lines which do not pass through the 
primary. These lines will act in opposition to the main primary 
field in the secondary winding, lessening the fiux and the consequent 
voltage produced, but will not affect the flux and back voltage of 
the primary. 



The lines which penetrate either winding without affecting the 
other constitute what is called the leakage field. There may be 
thus bot]> primary and secondary leakage fields. 

The effect of the primary leakage field is like that of an inductive 
rc.sistance put in .series with the winding. 

The effect of the secondary leakage field (which, of course, only 
ocdus whc'n tliere is a secondary current) is similar to that of an 
inductive coil ]nit in scries with the secondary winding. 

In either case, the n^sult of magnotie leakage is to reduce the 
useful effect of the voltage of the winding in which it occurs, and 
to produce the result of a self-induction in the coil. 

It is an important fact that the magnetic leakage increases with 
the load on the transformer. In order to explain the reason of 
this Fig. (53 is drawn to represent the primary and secondary coils 
of a transformer, wound in a way to produce considerable leakage. 
’.\t no load tlie primary receives magnetising current and produces 
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an alternating field, most of which will follow the magnetic circuit 
of the iron core, because this path has the least reluctance or mag- 
netic resistance. If the reluctance of the iron path is ./,^th of the 
reluctance of the leakage path A B through the air, then ,,'i„th of 
the lines will pass through the air from A to B, the’ remainder 
following the iron path. If the secondary coil carries current, its 
effect is to oppose the flux produced by the primary, and the current 
in the primary increases in order to fore.o the same number of line's 
round the circuit. The primary ampere-turns acting on the circuit 
arc thus increased, while the difficulty of sending lines from A to B 
through the iron ]>ath increases on account of the secondary reverse 
ampere-turns in' the same proportion. The reluctance of the air 
path from A to B remains, however, as before, so that the increased 
magnetising force applied will send a correspondingly increased 
leakage field through this path. Similar reasoning may be applied 
to trace the effect of load on the secondary leakage field. In either 
case the amount of leakage in cither winding increases in practically 
direct proportion to the current in that winding. 

Since both ])rimary and secondary leakage are practically 
equivalent to the addition of an inductan(;e in these circuits, \fre 
may treat these wmdings as having each a definite coelficucnt of 
self-induction due to leakage inductance alone. It is usual to speak 
of the .self-induction of tran.sformer windings signifying thereby 
the self-induction duo to leakage flux, and not that due to the 
main flux. The reactance of either winding is accordingly 2 tz f L, 
where L i.s the coefficient of self-induction of the winduig due to 
leak'age inductance only. 

Reactance and Impedance of Windings.- -The value of the 
< ocfficient of self-induction of a winding due to the stray field will 
be given by the formula of page 24 ; — 

j _ stray lines x turns linking with them* ^ 

y, _ „ TxT0« ^ 

L being tin; coefficient measured in henries ; 
i being the current in the winding in which the stray flux 
i.s set up. 

The reactance duo to the magnetic leakage lines will be 
X ~ 2 7T f L ohms. 

Evidently ^ this reactance will ab.sorb voltage. This voltage 
will have a value 

e^ — iX or 2nfLi (1) 

and the total voltage necessary to overcome the reactance and resis- 
tance of the transformer windings will be 

ix Z=^i^/ R'^ + JC2 R^-\- (2 nj L)- . . (2) 

where Z is the impedance of the winding. 

Both primary and secondary windings of the transformer will 
have reactance, and, as in the case of resistance, the voltage spent 
in both windings will reduce the secondary terminal voltage. By 

• It is to bo not«(l that the virtual value of the stray flux must be used here, not the 
moTimum flux, bewiuse i gives the virtual current value. 
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a similar process of reasoning to that carried out in the case of tl\e 
resistance (see p. Ill)), we can show that the effect of the reactance 
of both windings upon the output voltage of the transformer will 

be the same as that of a single “equivalent reactance,” = x.^ + 

in the secondary circuit, or of a single reactance A'l = .t, 
in the primary ('ircuit. These expressions are termed the equiva- 
lent reactance of the transformer referred to the secondary and 
primary circuits, respectively, when x^ and a*, represent the 
reactance of primary and .secondary winding-^, duo to leakage. 

Similarly, if z^ anti are the impedance of the primary and 
secondary windings, the equivalent impedance of the transformer 
referred to the primary circuit is 

Z^ = 2 , -1 k'^z^ 

and referred to the secondary, 


The voltage overcoming the impedance of the transformer windings 
is Z 2 volts, measured in terms of the voltage of the load circuit, 
or t, 2 , volts if measured in terms of the voltage applied to the 
primary terminals. 

The voltage absorbed in the pro<luction of the leakage field may 
also b(^ calculated directly from the value of the leakage lines. 

Writing 

for the leakage lines (maximum value), and 
t for the turns linking with them, 

we may express the induced voltage due to this part of the alter- 
nating flux in the same way as we have already done for the voltage 
arising from the main flux (see p. 1 16). 

Voltage due to leakage flux = 60 - 4-44 / T 10 ® . . (3) 

This equation is the equivalent of equation (1) previously found, 
but is expressed in terms of the flux, instead of the coefficient of 
self-induction. 

It is desirable to rmnember in connection with all kinds of 
alternating-current problems, that the idle voltage of a circuit 
may be expressed in these two ways, wliich are really identical 
e.,-4-44/f TIO 8 = 2 7 r/Lf. 


Experiment XXI.— Determination of Regulation of a 
Transformer. 

Diagram op Connections. 



Fig. 6i. 
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ii,, il/. Source of alt,(‘inatin^ cum'.!it. 

/, 11 Piimaiy and secondary windings of transformer. 

U Variable non-inductive resistance of varying trans- 
former load. 

V,, A’oltmeters for reatling primary arul .'^(‘eondarv voltage. 

A Araratder for reading outj)ut of secondary. 

S, S Switches for bnviking primary and secondary circuits. 

Instructions.— Coimect the primary of the iran.sformer to a 
source of alternating current, and the secondary hi a variable non 
inductive resistance in series w'itli an ammetc'r and a switch. 

Connect voltmeUu’s to the terminals of the primary and 
secondary windings. 

Beginning witli open secondary larcuit, read i)riniary< and 
secondary voltage. Then elo.se the switch, and repeat the readings 
for increasing v.dues of secondary current. Tlie primary voltage 
and frequency should bo maintained constant throughout the 
e:<periment, M(‘asure the re,sistanc(j of both windings of tlie trans- 
former. employing continuous current. It is most important to 
remember tliat it is no us(? to d4derraine the drop in the tran-sformer 
windings until they have attained their normal working U'mpera- 
ture. It will th(^r(“fore Ixi necessary to run a large transformer for 
several hours before taking readings in order to make them corres- 
pond with working conditions. 8inall transformers \vill arrive at 
sUiady temperatures much sooner. It is usually convenient to 
make the regulation te.st duruig, or after, the trial run in the case 
of a new transfc'rmer. 

If the primary voltage cannot he kept constant, a simple juo- 
portional correction should he piude in the secondary volts to 
bring them to terms of a constant applied voltage. 

Tabulate the results under headings, as follows: 

Ukculation Tes'c oe a Tkansfokmek 

Tran.sformer No 

Output k\\ cycles ])cr second 

Ratio of transformation to volts. 


fUtio of l)roinn'rrHnsfiiiMH!i*>> 

Transformation ! f, 

Jj. I 

fq i’„ . - c . 


Number of orimary wUiUlnes .N'o-load primary volfaRc 
.Number of secoiitlary windings ” Xo-Ioad secondary voftag 
l’„, — .No-load secondary voltage. 



Curretif , Primary .Secondary 

Output - I Voltage ^ V'oltaKO - 

1 . I I', P. 
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At no load the ratio of primary to secondary volts will be prac- 
tically equal to the ratio of the number of the turns. 

If no loss occurred in the transformer, this would, therefore, be 
the ratio of transformation at all loads. The difference between 
this theoretical value of the secondary voltage and the actual 
value is' termed the “drop” of the transformer. The “drop” 
is obtained by subtracting the value of the secondary terminal 
voltage from the no-load secondary voltage. It is the arithmetic 
difference, not the vector difference. 

Plot a curve Of regulation from the results, plotting load current 
horizontally and voltage vertically. Draw through the no-load, 
voltage a horizontal line. The ordinate between this horizontal 
bne and the curve of voltage gives the value of the drop corres- 
ponding to any load. 



0 2 4 6 8 10 12 14 Ifi 18 20 

Amperes, I-oad. 


Fio. 05. -Curve of Secondary Voltage and Ratio of Transformation of 
Transformer. 


Prom the experimental results and the measured resistance of 
the windings, calculate the equivalent reactance of the transformer. 

The curve shown in Fig. 65 gives the results of a test made in 
this way on a small 1 kw. transformer with a nominal voltage 
ratio of 100 : 50. The primary voltage was kept constant at 100. 
In this case a single curve represents both secondary voltage and 
ratio of secondary to primary voltage on the two scales given at 
the side of the Fig. 65. 

A careful measurement of the resistance of the windings of this 
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transformer made while they were still warm gave the following 
results 

— -685 ohm. 

^2 = -183 ohm. 

The ratio of the number of turns was j 2 g~ 

Calculation of Transformer Reactance from Regulation 
Curve. — We know that the drop in voltage under load is due 
partly to resistance and partly to reactance in the windings. As we 
can calculate the voltage spent in overcoming resistance, we may 
calculate the equivalent reactance of the transformer from the 
value of the drop, as just found in the experiment, and from the 
known resistances. 

Since the transformer is 8uppl)ring a non-inductive (urcuit, its 
load current is in phase with its secondary terminal voltage. The 
voltage ^ overcoming the resistance of the windings 

is also in phase with the current, whereas the voltage overcoming 



Fio. 88. — Voltages in Transformer, 

reactance is at right angles to the current in phase. The terminal 
voltage of the transformer will be equal to the total voltage induced 
in the secondary at no load, diminished by the voltage lost in the 
windings. In order to show the voltages in their proper phase 
relations, we may draw a diagram (see Fig, 66) in which the secondary 
terminal voltage 0 E is shown to be equal to the total no-load 
voltage 0 D, diminished by the resistance voltage E F, and the 
reactance voltage F D. ED represents the voltage overcoming 
transformer impedance, and wo have the condition that 

No-load voltage = Terminal voltage -f Impedance voltage. 
The sign -f indicating vedorial addition. 

In order to construct the diagram we must first calculate the 
value of the resistance voltage E F. 

The equivalent resistance of the transformer referred to the 
secondary circuit is (see page 1 1 9) 

’•« 

= >183 = m + -183 = -366 ohms 
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At full load the current was 20 amps., and the voltage over- 
coming resistance was, therefore, 

20 X -366 = 7-3 volts. 

We can now construct the diagram (Fig. 66 ) by drawing the 
horizontal lines, terminal, volts = 0 E = il 2 volts (taken from 
the curve). 

resistance volts ~ E F =7-3 volts. 

At F a perpendicular is erected, and from 0 a circle is described 
with radius 51*4 yolts, the no-load voltage, to cut the perpendicular 
line at D. 

F Dm now the reactance voltage. Its value is given by 
F D^- = (61-4)2 _ (41.2 4 . 7 . 3)8 ^ 2642 - 2352 = 290 
.-. F D ~ 17 volts. 

The equivalent reactance referred to the secondary circuit is 
17 

thus X 2 == 20 = ohms. 

It is to be noticed that the voltage overcommg the impedance 
of the transformer windings {= E D on the diagram) is 
V 172 +^ 32 = 18'5 volts, while the “ drop ” in volts due to 
the load, being the arithmetical difference between volts on open 
circuit and under load, is 

drop = 51-4 — 41-2 = 10-2 volts. 

It is important remember the difference between these two 
quantities. 

The equivalent impedance of the transformer windings referred 
to the secondary circuit is 

~~ — 0-926 ohm. 

Determination o( Regulation by Method of Opposition.— 

The method just given for determining the drop in a transformer 
is difficuft to carry out with great accuracy, especially if the voltages 
to be dealt with are fairly high. 

For instance, an error of 1 per cent, in the readings of the 
voltmeter may produce an error of 10 to 20 per cent, or more in 
the value of the drop. 

Thus if the secondary voltage is 200, it will probably bo difficult 
to read reliably the difference between 199 and 200 volts on the 
voltmeter. Since the total drop even at high loads would possibly 
be only six to eight volts, it is evident that the percentage accuracy 
in readings of the drop will not be high. Also, if the primary 
voltage is high, say 1,000 volts, it is impossible to regulate this so 
as to maintain it exactly at a constant value. 

The following method has the advantage that the drop of 
voltage is measured directly, instead of being only a small fraction 
of the total volts registered. In this case two similar transformers, 
or two transformers giving the same ratio of transformation, are 
required, and are connected in parallel to the supply mains — 
primary and primary or secondary and secondary, whichever is 
the more convenient. 
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^Vhen two similar transformers have their primar}^ windings 
connected to the same supply, their secondaries will give the same 
voltage, and if joined together in opposition would exactly neutralise 
each other. Consequently a voltmeter connected in series with 
the two windings under these conditions would read zero. 

If, now, one transformer bo loaded, it will give a slightly lower 
secondary voltage on account of the drop in its windings. The 
voltmeter would then give a reading which is the vector difference' 
between the secondary voltage of the transformer without drop 
and that of the loadevl transformer. That is to say, the voltmeter 
will read the drop in the loadetl transformer directly, if the two 
secondary voltages are approximately in phase. 

It is obvious that the second transformer is prevented from 
contributing current to the load circuit by the voltmeter in series 
with it. (See Fig. 67.) 

Experiment XXII.— Determination of Drop in Trans- 
former. (Direct Reading Method.) 

Diagram of Connection.?. 



Mj, Source of alternating current. 

/,, II Primary and secondary windings of transformers 
A and B, 

R Variable non-inductive resistance for altering load of 
transformer A. 

A Ammeter for reading output of transformer A. 

V Voltmeter for reading drop of transformer A 

(Sj Switch for breaking load circuit. 

iSfj Switch for connecting transformers to supply 

Instructions. — Connect* both transformers to the source of 
supply through a switch, the two primary or the two secondary 
windings being chosen according to the voltage available. 

Connect the free windings of the two transformers together 
in opposition, inserting a low-reading voltmeter in the circuit. 


* The advantage of making the connection of both tranetormera to the eupply by a single 
ayritch U that the voltmeter does not receive a high voltage, as would be the rase If one trans- 
former were connected to the supply before the other. 
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Connect one of these windings also to a load circuit comprising a 
variable resistance, ammeter, and switch. 

Before putting the low-reading voltmeter in the circuit, it is 
necessary to make sure that the windings connected to it are in 
opposition and not in series. If they are in series the voltmeter 
will get double the voltage of a single transformer, hirst, therefore, 
put in place of the voltmeter a set of lamps in series or a high-readiiig 
voltmeter, and note if there is considerable voltage on closing bj. 
If so, interchange the connections of one transformer. 

^ter connecting to the supply, note the reading of the volt- 
meter with the switch open. If the transformers are exactly 
similar, this will be zero. 



0 1 2 3 4 5 6 7 8 a 10 il 12 

Ampeios Load. , 

Fio. 08.— Voltage Drop in Transformer. 


Close the switch, and gradually increase the load on the trans- 
former A, until the maximum load contemplated is reached. For 
each value of the load read the voltmeter. The voltage applied 
to the transformers should be maintained fairly constant, although a 
small variation will not affect the results, since tne voltages of 
both transformers will vary together. 

The readings should be tabulated and plotted in the form of 
a curve, load current being measured horizontally and voltage 
drop vertically. . , . 

The curve in Fig. 68 shows results obtained in this way on a 
pair of 1 kw. transformers having a ratio of transformation of 100 
to 50 volts. 

Fig. 68 should be-compared with Fig. 65, as both curves were 
taken on the same transformer. Full load corresponds to 20 
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amperes in Fig. 65, since the current is measured on the low-pressure 
winding, whereas in Fig. 68 the current is measured on the high- 
pressure winding, and full load is 10 amperes. 

The reactance may be calculated exactly as in the previous case, 
except that equivalent resistance and reactance will now be referred 
to the high-pressure winding, and will have a higher value in conse- 
quence, although representing the same percentage loss of voltage' 
as before. 

The ratio of the resistances of the two windings is generally 
approximately that of the square of the number of turns, as in tlu' 
present case. 

The method of opposition may bo carried out, using two equal 
windings on the same transformer, instead of two separate trans- 
formers, and loading one winding only. 

No Load Current of a Transformer. — In order to produccf 
the magnetic field in the core of a transformer, a certain amount 
of magnetising current is necessary. The amount of this current is 
calculated in the same way as the magnetising current of a direct- 
current electromagnet. At any instant the value of the current • 
is given by the formula generally used for direct- current calcula- 
tions. 

313 

or IT = X 202 

or, / T = X -8 

/* 

where I = maximum current in amperes. 

T — number of turns. 

I — length of path in inches. 

X. — length of path in cms. 

5*= maximum induction in lines per square inch. 

B ~ maximum induction in lines per square cm. 

H = permeability of core. . 

It is usual to define the current in terms of virtual amperes, and 
magnetic flux in maximum number of lines. We must consequently 
introduce the relation between maximum and virtual amperes in 
the formulae just given, which on the assumption of sine waves 
become : — 



iT = 

IB” 

V2/X ^ 

•313 

i.e., 

iT = 

IB” 

X 

•221 

or. 

iT=^ 

IB 

X 

1-436 

or. 

i T = 

!*■ 

\B 

•565 


— X 


where » is in virtual amperes and B in maximum induction. 
E 
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Thus, in order to produce a given alternating flux in the magnetic 
circuit of a transformer, there must be supplied a definite mag- 
netising current; the actual value of which will depend on the 
number of magnetic lines and upon the permeability of the core. 
Actually the value of the permeability will not be constant, since it 
will vary during each period as the instantaneous values of the 
current and field fluctuate. For low values of B, such as are used 
in practice for transformers, no great error is introduced by taking 
the permeability as constant, and equal to its value at the maximum 
induction due to the current employed. 

As in the case of a continuous-current electromagnet, no power 
is spent in the production of the magnetic field directly, although 
in both cases a loss necessarily occurs in the resistance of the wind- 
ings. An additional source of loss exists with an alternating field, 
owing to the imperfect nature of the iron, which absorbs power in 
overcoming its molecular friction or hysteresis, and also has local 
eddy currents produced in it, , which entail a loss of power. The 
power, which is thus always required in order to produce an alter- 
nating field in the core of a transformer, is really spent in overcoming 
incidental losses, and not in producing the alternating flux, which, 
as already .stated, does not require an expenditure of energy. The 
magnetising current, which is given by the formula above, is an 
idle current, not requiring any power for its production. The 
no-load current of a transformer consists, consequently, of two 
portions, , namely the true magnetising current, which being an 
idle current lags a quarter of a period behind the applied voltage, 
and the energy current required to overcome the hysteresis and 
eddy current losses, as well as the losses in the primary winding. 
This part of the current is in phase with the primary applied 
voltage. 

As these two component currents are at right angles in phase, 
they may be represented as two sides of a right- angle triangle, of 
which the total no-loa<l current forms the hypotenuse. Numerically, 

No-load current 

= V (magnetising current)'^ + (energy current)^. 

The energy component of the no-load current is usually calcu 
lated from tables .supplied by the makers of the sheet iron used 
in the core. The losses are stated at so many “ watts per pound 
of iron at 50 cycles ” for various inductions. 

After calculation of the total watts from tlie weight of the core 
and value of induction to be employed, the energy, or iron-loss, 
current is obtained by dividing the total watts by the primary 
voltage, since 

Ej X energy current — watts. 

The iron losses are considered in more detail later (page 149). 
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Experiment XXIII.— Determination of No-load Cdrrknt 
and Watts of ‘a Transformer. 

Diagram of Connections. 



(} Alternator .supplying current. 

/, II Prinaary and secondary windings of transformer. 

V Voltmeter, 

A Ammeter. 

W Wiittnu'ter. 

li* Variable n'.sistance for adj\i.sting voltag<^ at transformer 
terminals, 

C Voltmeter key. 

S Switch. 

Instructions. — (kmnect one coil of the transformer to a supply 
of alternating current. It will generally be found advisable to 
ehoo.-ic the low'-t<‘nsion winding or a part of this winding for the 
purpose, in order to get a magnetising current sulTiciently largo 
to be conveniently read, (kmncct a low-reading ammeter in series 
with the supj)ly, and a wattmek'r to read the power supplied. 
Connect a voltnu'ter to the same winding. 

Keeping the periodicity of th.e curn nt constant, vary the voltage 
at the terminals of the transformer connected to the supply, from 
a low value upwards, either by varying the excitation of the alter- 
nator supplying the transformer, or by emp!<>ying an auto-trans- 
former or potential regulator. For each value of the voltage take 
readings of the voltmeter, ammeter, and wattmeter. Enter the 
results in tabidar form as shown below. The coil supplied with 
current is here called the primary,” although it may lM^ intejided 
to be used as secondary under normal conditions. 


If the secondary winding is used as primaiy in the experiment, 
the primary no-load current under working conditions is obtained 



This rustotance is not. necessary for carrying out the exiH-.rlmcnt, and is oniy inieuded 
t<i e|ui))le fine adjustments of the voltage to be made. It im|st not absorb mom than a small 
fracnon of tlic applied voltage. lest the opening or closing of key C stiould produce an 
appreriable altoratiun in ttie voltage at the transformer terminals. 
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Determination of Transformer No-load Currents at 
\arious Voltages. 


Transformer No Type 

Output kw periods per second. 

Ratio of Transformation to volts. 


Volt*. 

i 

Primary. 

Ampere*. 1 Watt*. 

1 w, 

Back Volts. 1 

" v, - /, 1 

Energy 

Current 

IT, 

16 

•20 

1 

15 i 

■067 

25 

•31 

3 

25 ' 

•12 

35 

•46 

6-5 

■ 35 ! 

■18 

60 

•86 

16 

1 60 ’ 

■30 


Magiietisiog 

Current 




19 

•286 

423 

•807 


From the results of this experiment a curve should bo plotted 
comparing the primary voltage with the magnetising current. In 
practice the volts lost in the winding' at no-load will almost always 
bo negligible compared with the applied voltage, and column 4 
may be omitted. 

In addition to the total no-load current, the energy and idle 
currents should be plotted separately. The energy component is 
obtained by dividing the power supplied to the transformer (as 
read on the wattmeter) by the voltage of supply. The idle or 
magnetising current is then obtained by calculation, or from a 
diagram in which the total no-load current is the hypotenuse of a 
right-angle triangle, and the energy and idle currents are the sides. 
The method of drawing this triangle is to describe a semi-circle on 
a line A B representing the total current to a scale of amperes, and 
then to draw a circle from one end as centre, with radius equal 
the energy component. Joining the intersection of the circles 
to A and B, the triangle is complete. 

The curve of magnetising current gives a magnetisation curve 
for the transformer analogous to the magnetisation curve,- which is 
of such great importance in the case of generators. 

If the number of turns in the winding to which the voltage is 
applied i^ known, the curve may bo plotted with “ Number of lines ” 
instead of “ volts ” as the base, since the lines can be calculated 
from iiio formula already given on page 116. 

F = 4-44/TF X 10 8 

The power spent in magnetisation, and represented by the iron- 
loss current, is converted into heat in the core, and plays an import- 
ant part in the heating of the transformer. 

In Fig. 70 are shown the results of an experiment carried out 
upon a small arc lanap transformer designed for a secondary voltage 
of 60. The thick line Curve I. shows the total no-load current 
observed. Curve III. is the curve of iron-loss current obtained by 
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dividing the watts by the voltage of the supply (the copper losses 
were too small to be taken into account). Curve II. shows the 
calculated magnetising current. 

It will be noticed that the Curves I. and II. do not appear to 
pass through zero, although obviously the voltage and current 
must become zero together. The explanation is that the curve 
would bend downwards at the lower end, as shown by a thin dotted 
line, although the instruments available would not read sufficiently 
low to enable reariings to be taken at this part of the curve. This 
bend is owing to the fact (rcfernMi U) under Experiment VI.) that 
at very low saturation the permeability of iron is lower than at 



Pio. 70 .— No-load Currents and Watts of a TransfornK r. 

I. — No-load current. 

II. — Magnetising current. 

III. — Iron loss current 

IV. — Watts (iron loss). 

rather higher values of the saturation. At the beginning of the 
magnetisation curv<;, therefore, the increase of current is rapid 
compared with the magnetic field jiroduced. 

Curve 11. is the true magnetisation curve for the transformer, 
and is similar in form to the magnetisation curve of iron, as wilt 
be at once recognised on viewing ^he curve with the figure turned 
so that the ampere scale becomes horizontal. 

Tran.sformers are always de.signed to work at low-core sat\iration 
(say, 4,000-5,000 lines per cm.=«), compared with the density 
employed in direct- current magnetic circuits. 

This is necessary on account of the high iron losses which would 
otherwise result from the rapid alternation of the field. The 
“ knee ” of the magnetisation curve, which is so important in 
direct- current work, is never reached in the magnetisation curve of 
a transformer. 
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The experiment juat given has a further important application, 
owing to the fact that the core losses of a transformer are very 
nearly the same at all loads as they are at no-load. 

The wattmeter readings will indicate the core losses under 
working conditions, if the voltage applied is the normal working 
voltage. 

From the results of this experiment it is consequently possible 
to calculate the efficiency of the transformer at all lo^s if the 
resistance of the windings is known, since the losses which occur 
in working consist of the iron losses and the I^R losses in the 
windings. 

A simple method of determining experimentally the copper 
losses (i.e., the losses in the winding) is given in the next experiment. 

Separate Determination of Copper Losses.— The method 
of calculating the' voltage spent in overcoming the resistance of 
tho windings of a transformer has already been given (see page 
119). Tho power lost in the windings can be simply calculated 
by multiplying this voltage by the corresponding current, or by 
multiplying the equivalent resistance of the transformer, referred 
to either primary or secondary circuit, by the square of tho current 
in that circuit. 

•The watts lost in resistance ma> thus be written in either of 
the forms 

{rx + k\) = R, 

Where an^ if 2 are the “ equivalent resistances ” of the 
windings (see page 119). 

Tho following experiment is a method for determining, the 
copper losses by direct measurement, and depends on the fact 
that the iron losses in a transformer are very small when the 
raagnptic flux in the core is low, since both eddy current and 
hysteresi.s losses decrease rapidly with decreased magnetic densities. 

Experiment XXIV —Determination of Copper Losses 
IN A Transformer 

Diagram op Connections. 


f)^V 
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Fig 71 
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M^ Mn Source of alternating current. 

/, li Transformer windings, 
ir Wattmeter. 

A Ammeter. 

V Voltmeter. 

S Switch. 

Instructions. — Connect either primary or secondary winding 
of the transformer to the source of alternating current, erajiloying 
a low- voltage voltmeter, an ammeter, and wattmeter to measure 
the power supplied. Connect the terminals of the other winding 
together by a thick copper conductor. 



0 2 4 0 8 10 12 M 16 18 20 

Amperes. 

Fio. 72. — Copper Losses in a Transformer. 

Arrangements must be made for varying the voltage supplied 
to the transformer, which throughout the experiment will receive 
only a few volts. The variation may be accomplished either bv 
varying the voltage of the supply, or by resistance in series with 
the transformer winding. 
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Commencing with only a volt or two, gradually increase the 
applied voltage until the current read on the ammeter is the full- 
load current of the winding to which the ammeter is connected. 
Imr each value of the voltage applied take readings on the watt- 
meter, ammeter, and voltmeter. 

On account of the very low induction used, the losses due to 
magnetisation of the iron may usually be neglected, and the watt- 
meter reading may then he taken to be equal to the power lost in 
the resistance of the windings. I f it is found that the wattmeter 
gives a reading when the .secondary circuit is open, this reading 
should in each case be subtracted from the reading taken with the 
circuit closed for the same applied voltage, since this will repre- 
.sent the iron loss. 

It must be remembered that in this experiment the losses which 
are being measured are due to a high current flowing through a 
low resistance. Conseciuenlly the resi.stancc of the connecting 
wires may be quite appreciable compared with the resistance of 
the Iransbnmier windings, and care must be taken that they do 
not introduce errors. The watts supplied to the transformer 
slnaild be measured at the terminals of the transformer itself, so 
as to eliminate as far as possible losses in the leads. The resistance 
of the connection forming the secondary circuit may be measured, 
and the watts spent ifi it subtracted from the watt^ supplied, if a 
correction is found necessary. 

in order to illustrate what has just been said, the following 
figures, taken iroai an actual te.st, are given, together with the 
curve .showing the results of the experiment in Fig. 72. The 
curve is seen to be part of a parabola, because the watts are 
])roportional to the .square of the current. 

Determination of Coffer L()s.se.s in a Transfor.mick,... 

Transformer No Type 

Output kw cycles per second. 

Transformation .'....volts to volts. 


Srconiiary Cum'nt I Watts i Volts 


•1-55 

! 8-G 

4-2 

(v8 

20-() 

0-3 

10-2 

410 

9-4 

i:f7 

70 -8 

12-7 

15-8 

94-7 

14-0 

20 -45 

144-8 

19-0 


Predetermination of Efficiency under Load.— From the open- 
circuit test (Experiment XXIII.) and the short-circuit test 
(Experiment XXIV.) the approximate efficiency of the trans- 
former under any load may be determined. This is done on the 
assumption that the iron losses remain constant at all loads at 
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the value corresponding to normal voltage in the open*circuit 
test The copper losses are taken as those observed for the various 
load currents employed in the short-circuit test. 

, Watts output 

^ Watts outpuj. + Iron losses and copper losses. 

The approximate efficiency under load is thus determined 
without actually loading the transformer. The difficulty and 
erpense of fully loading a large transformer makes this method 
of determining the efficiency very useful. 

The efficiency may also be calculated directly from the open- 
circuit test (Experiment XXIIl., page 131), together with separate 
measurements of the resistances of the windings. 

Let W, = watts spent in iron losses (determined as in 
Experiment XXII I.) 

r,, = resistances of primary and secondary windings 

ij, ij = primary and secondary currents. 

W = output in watts 
Then total losses - W,-\- ij* r, + t 


and efficiency = 


W + 


w 

IT. + tVr, + 


This may be written 

'r + + •+r,) 


where k is the ratio of transformation (sec page 

The value of IT,, the watts spent in iron losses, is the value 
of the watts taken by the transformer on no-load at normal voltage, 
as read on a wattmeter connected in the primary circuit. The 
iron losses are assumed constant at all loads, and the copper losses 
are calculated for each load for which the efficiency is required. 
The efficiency is thus determined by calculation from a single 
measurement made at no-load. 

The copper losses may, however, bo considerably different 
from those calculated in this way if the conductors are of large 
section. This is owing to eddy currents and “ skin effects,” which 
increase the resistance of the conductors when carrying alternating, 
currents. ^ 


Predetermination of Rcgulation.~The open and short 
circuit curves are also of great value in enabling the drop in volts 
to bo determined for any load and any power-factor. 

When the transformer is short-circuited and supplied with 
current, the voltage applied to the terminals is entirely spent in 
overcoming the impedance of the windings (see Experiment XXIV.) . 
Thus the “ equivalent impedance ” of the transformer 

applied voltage . . 

2 _ on short circuit. 

current 

The applied voltage, which is the reading taken on the volt- 
meter V in Fig. 71, page 134, is partly spent in overcoming resist- 
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ance and partly in reactance. The relation between these voltages 
can, however, be obtained, since the resistance voltage will be 

E ^ 

' current 

The watts here referred to are obtained from the reading on the 
wattmeter in the supply circuit (Fig. 71, page 134). 

The angle of lag of the current during the test can also be calou* 
lated, since 

, watts 

cos 0 = : — 

current x volts. 

Wo can, therefore, construct a voltage diagram for any value 
of the current observed, as in Fig. 73. F E is drawn horizontal, 
representing the calculated resistance voltage. From E the line 
E D is drawn equal to the impedance voltage, making the angle 
at E equal to D is the point where E D meets a vertical drawn 
through F. F D, then, represents the reactance voltage of the 
transformer. 

If the measurements were made on the winding of the trans- 
former which is intended to be used as the primary, the voltages 
will be drawn to the scale of primary volts, and the equivalent 
resistance, reactance, and impedance are obtained by dividing 
the corresponding voltages by the observed current, which will 

0 

E IR F 

Fig. 73. — Transformer Voltages on Short Circuit. 

be those referred to the primary circuit (see page 119). The 
converse will be the case if the measurements were made at the 
secondary terminals. 

It must be remembered that 
2 * 

i2i = it2 i?, 

(for meaning of symbols see page 122), so that it is immaterial 
upon which winding the measurements were actually made. 

We may now show how these results are employed for calcu- 
lating the terminal voltage of the loaded transformer. In any 
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loaded transformer the secondary voltnge will bo diminished by 
the impedance voltage, an<l will be the resultant of tho 

primary voltage if.. i u 

and of tho impedance voltage. Con- 
ratio of transformation ^ ® 

sequently, in a transformer working on non-inductiv^e load, we 
sliall have the conditions repre.sentt‘d in Kig. 74, where 0 D repre- 
sents the induced secondary voltage at no-loa<i and 0 E is tin? 
terminal voltage, the line D E represontmg the impedance voltage, 
drawn to the scale of secondary volts, determined by experiment 
as stated above. I) F is the reactance voltage introduced owing 
to the magnetic leakage of the transformer The triangle D F E 
is identical with that in Fig. 73, drawn to the siaile of secondary 
volts. 



^IQ. 75 -Secondary Voltages. Fio. 70.— Secondary Voltages. 

Inductive Load Various Power Factors. 


scale of volts 



The drop in the transformer under these conditions is the (infer- 
ence between the length of 0 L), the no-load secondary voltage, 
and 0 E. 

The actual figures used in Fig. 74 correspond to readings taken 
on the transformer, whose drop of voltage is shown in Fig. 05. 
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0 D represents 51-4 volts, the no-load voltage. The volts at the 
primary terminals on short-circuit were 25, consequently D E 
_ 35 X 128 128 , 


taken as- 


=18-1 volts, being the ratio of the windings. 


The copper drop is taken as 7-3 volts, as already calculated on 
page 126. This is represented by F E. The terminal voltage 
0 E thus seen to bo 41 J volts, which agrees with the value shown 
from direct measurement in Fig. 65. 

When working on inductive load, the diagram becomes that 
shown in Fig 75, where the current lags behind the terminal volts 
by an angle 

In this case the terminal voltage is again obtained from the 
no-load voltage by constructing the triangle D F E, the side F E 
of which must bo parallel to the current line, since the ohmic drop 
must be in pha.se with the current. 



Fie. 77 — Construction for Finding Terminal Volts at any Power Factor. 

Fig. 75 has been drawn for the same impctjancc voltage, and 
the full load current of 20 amps., as in the previous figures. The 
angle of lag is taken at about 34°, so that the value of the power- 
factor cos 34° = -83. At this power-factor, it will be seen that 
the terminal voltage is only 35 volts. 

By drawing the diagram. Fig. 75, for a number of different 
power-factors, the regulation at any value of cos 0 can be obtained. 

Fig. 76 shows a diagram constructed in this way for a constant 
primary voltage (t.e., a constant no-load secondary voltage of 
M*4 volts), and constant load of 20 amps., but for four different 
values of the power-factor. It may bo noticed that with a leading 
current the value of the terminal voltage 0 E^'^^ is greater than 
the voltage 0 E on non-inductive load. 

This diagram illustrates a useful approximate method of rapidly 
determining the drop in volts at any power-factor. By constructing 
the triangle D F E in the position shown dotted as 0 / c in Fig. 76, 
we obtain a point e such that a circle drawn from this point with 
the same radius aS 0 Z) will pass through all the points E. This 
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circle is shown as a dotted line. Thus any lino 0 drawn to cut 
the dotted circle and the full line circle dra^vn from 0, with ladius 
equal to the no-load voltage, will show the terminal voltage as 
0 E^ and the drop in volts as the length cut off between the two 
circles on the line 0 E' produced. 

Fig. 77 shows the construction just described, the method of 
drawing it is as follows : From measurements made on the trans- 
former with short-circuited secondary, construct the triangle 0 f e, 
corresponding to full load, as explained for Fig. 76. From 0 and 
e describe circles of radius equal to the no-load secondary voltage 
For any value of the power-factor, draw from 0 a line 0 K d, making 
the angle d 0 I equal to the angle of lag or lead. O ^ then gives 
the terminal voltage and E d the drop corresponding to that power- 
factor. 

The method of drawing a complete regulation curve for a given 
power-factor and varying loads will bo ca8il> followed from what 
has been said. The drawing of such a curve forms an excellent 
exercise for the student. 


Efficiency Tests of a Transformer —The most direct 
method of determining the efficiency of a transformer is to measure 
the power supplied by means of one wattmeter, and the power 
given out by a second wattmeter. The ratio of the two quantities 
measured, then gives the efficiency, since 
output 

Eflicieucv = . - . 

mput 

If the load on the secondary circuit is non-ind\mtivo, readings 
on a voltmeter and ammeter will be sufficient to give the output, 
since there will he no phase difference in the circuit, and conse- 
quently watts output = volts X amperes. 

The properties of the transformer are in general more easily 
studied when the load is non-inductive, and consequently tests of 
efficiency are nearly always made on non-inductive loads. Trans- 
formers are not generally tested on inductive loads except to deter- 
mine whether th(yy are suitable for working under certain given 
conditions, or in accordam e with a specification. 


Experiment XXV.— Efficiency Test of a Transformer on 
Non-inductive Load. 

Diagram of Connections. 







Fio. 78 
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Ml, Source of alternating current. 

/, II Primary and secondary windings of transformer. 

R Variable non-inductive resistance for altering load, 

Vi Voltmeter for reading primary voltage. 

V2 Voltmeter for reading secondary voltage. 

A I Ammeter for reading primary current. 

A 2 Ammeter for reading secondary current. 

W Wattmeter for reading primary input. 

, C Voltmeter switch or plug. 

Nj, S2 Switches. 

Instructions. — Connect the primary of the transformer to a 
source of current, having suitable voltage and frequency, in series 
with an ammeter. Connect a wattmeter in the primary circuit to 
read the watts supplied to the winding atu;l join a voltmeter to the 
primary terminals. 

Connect the secondary winding to a variable non-inductive 
load resistance in serievs with an ammeter and switch. Join a 
voltmeter to the secondary tcrrainals.of the transformer. 

It is well to insert. a voltmeter switch, as shown at C, in the 
circuit of the voltmeter and volt coil of the wattm(!ter, so that these 
instruments are only in the circuit when their r(‘adings are being 
taken. 

Maintain the applied voltage constant daring the measurement 
and take readings of primary watts and primary and secondary 
current and voltage, first on open circuit and then with gradually 
increased loads. 

Tabulate the readings as in the following table : — 

LOAD TEST OF A TRANSFORMER. 


Transformer No Type 

Output kw cycles per second. 

Transformation volts to volts. 
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The foUowing curves should be plotted on a load base, either 
of secondary current or watts. 

(1) Efficiency. 

(2) Secondary voltage. 

(3) Power-factor at primary t<Tminals. 

Fig.. 79 shows the results of an c.vpcrimcut carried out on a 
small 1 kw. transformer having a transformation ratio of 100 to 
50 volts. The efficiency curve shows a characteristic which will be 
generally noticed in lighting transformers which are only occasionally 
)fequired to work at full load, and are often connecUnl to the main.s 



C 2 4 « S 10 12 14 1(1 IS 20 

Aii)it«rc«. 


. Fin. 79 — Efficienc}' of a Transformer. 

for many hours to .supply a light load only. 'I’hi.s feature is the 
comparatively high efficiency at light loads, where the iron losses 
are almost the only ones felt, with a decided fall of efficiency 
towards full load on account of the comparatively large copper 
losses. 

A transformer designed to have low iron los.scs (and consequently 
a high efficiency at light loads) and heavier copper losses will show 
a higher annual efficiency if working on a circuit which is only 
occasionally fully loaded than a transformer designed with smaller 
copper losses and greater iron losse.s. A transformer intended to 
work usually at nearly full load should have low copper 
losses. 

In order to make a complete test of a transformer on inductive 
or capacity load, the method just described must be extended by 
measuring the output as well as the input tiy means of a watt- 
meter 
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Experiment XXVI.— Determination of Efficiency of a 
Transformer on Inductive Load. 

Diagram of Connections 



FiG. 80. 

A/j, Source of alternating ciirront. 

/, // Primary and secondary windings of transformer 

li, r Variable resistance compo.scd of inductive and non- 

inductive resistances. 

F, Fj Voltmeters for reading primary and secondary voltage 

.4,, A < 2 . Ammeters for reading primiuv and secondary current. 
IFj, IFj Wattmeters for rending primary and secondary y)Ower. 

C Voltmeter switch or plug. 

^2 Switches for breaking primary and secondary circuits. 

The method of carrying out this experiment is practically 
identical with that given for the preceding test, except for the 
additional wattmeter reading in the secondary circuit. It is usually 
not possible in practice to obtain complete curves of eiliciency 
and ratio of transformation at different power-factors, but isolated 
points are obtained at such power-factors as are rcquii-ed, and the 
curve can. then be drawn in the neigh boui hood of these points by 
compari.son with the complete curve already taken on non- 
inductive load. 

If a complete set of cxperimcnial cuives were required for 
inductive loads, tliey might be obtained in a manner .dmilar to that 
described in connection with Experiment XXXI. for the character- 
istic of an alternator. 

As already stated, transformers are not very often tested on 
inductive loads, except to obtain the secondary voltage at certain 
loads to fulfil the conditions of a specification. 

For an interesting paper giving information as to liquid load 
resistances, and a special form of inductive load in the form of a 
choking coil with very highly saturated core, see Morcom & Morris, 
Proc.Inst.E.E., Vol. 41, p 137. 

Efficiency of Two Transformers by Double Conversion.— 

Sometimes it is found desirable to measure both input and output 
of transformers on the low-pressure side, so that both quantities 
can be mepired with equal accuracy and possibly on the same 
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instruments. In this ca.se two similar transformers may be con- 
nected with their high-tension windings together. The low-tension 
winding of one is then .supplied with power and the low-tension 
side of the other is loaded. No measurement is made on the high- 
tension windings, and the ratio of low-tension input to low-tension 
output gives the joint efficiency of the (wo transformers. The 
efficiency of cither is taken as the S(|uare root of this. 

Sumpner’s Method of Testing Two Transformers. — This is a 
method of testing transformers analogous to the llo|)kinson 
method of testing dynamos, and fonndeil on llopkinson’s sugges- 
tions for te.sting transformers. It has the advantage that each of 
the two transformers being tested su|)j)lies power to the other, so 
that, although both transformers are fully loaded, the j^ower taken 
from the supply circuit is small, being (jiily what is necessary to 
make up the losses in the two transformers. Also the losses are 
measured directly and are not f)btained by subtracting the output 
from the input. In this way the result of a small percentage error 
in mea.surement affects the value of the total efficiency very little. 

The method is an indirect one, i.c., the input and output arc not 
measured directly, but the los.ses in both tr.msformers and the out- 
put of one of them arc measured ; the input is then c.ilculated thus : 

power .supplied output + losses in tnmsformers. 

The joint efficiency of the transformers is then 
output OUt|)Ut 

input out])nt 1 lossi-s 

.Since the two tr.insformers are t.'iken to be similar, they may 
be assumed to have the same losses, and 
output 

the efficiency df each 

mitput I \ total losses 

or else it may be assumed that 

the efficiency of each — V joint efficiency. 

The tw(.) wattmeters employed in the test measure the iron and 
co|)]jer losses separately. 

4'he method of carrying out the le.st is in outline as follows : 
Two simil.'ir transfornu'rs are connected to the same alternating 
circuit- usually the low-i)ressurc winding is the f)ne sui)plied with 
current, but this is only a m.atter of convenience, h'or the puri)ose.s 
of explanation the winding su|)plied with current will be called the 
primary. 'Fhe other windings of the tr.ansforniers are connected 
so as to be in o{)position, i.e., the ])rcssurc generated in each will 
lend to send a _rever.se current through the other. Tf the pressure 
applied to both transformers is the same, no current will How in the 
circuit formed by the secondary windings. In order that a current 
may flow^ through these windings, an auxiliary transformer is put 
in series with the mains and the primary of one transformer, so as 
to make its voltage either higher or lower than that of the other. 
The secondary voltages will be unequal under these cotiditions, 
and a current will be produced, the amount depending on the 
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extent of the out-of-balance voltage. By \aryiiig the voltage in 
the auxiliary transformer any required current may be obtained from 
the secondary windings, i.e., the transformers may be, loaded to 
any desired (extent. The (Mirrent taken by the primaries will be 
in opposite directions relative to the supply circuit. If the auxiliary 
transformer assists the transformer to which it is connected, the 
secondary of this transformer will overcome the secondary of the 
other, and its primary will take power /mm the mains. The current 
in the secondary of the other transformia* will be the reverse of 
that which its primary tends to send, ami will con.se(iuently produce 
a reverse current in the primary, and this transformer will supply 
power to the mains. If the auxiliary transformer opposes the 
voltage of the first transformer, exactly the reverse conditions will 
arise, In either case, the power sup])lied to the mains is nearly 
the equivalent of the power taken from them, the difference depend- 
ing on the efficiency of the transformers. 

Experiment XXVII.-- Determination of Efficiency of a 
Pair of Transformer.s by Sumpner’s Method. 

Diaoram of Connections. 



Fig hi 


il/j, M2 Source of alternating current, 

Tj, Transformers to be tested. 

T Auxiliary transformer. 

ITj Wattmeter reading power taken from line, exclusive 
of power taken by primary of auxiliary trans- 
former. 

W2 Wattmeter reading output of auxiliary transformer. 
V Voltmeter reading supply voltage. 

A Ammeter reading current of Tj. 

S2, 6 ', Switches. 

R Variable resistance. 
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Connections. Connect the primary winding of the auxiliary 
transformer to llu; supply mains through a variable resistance 
and switch. The resistance should be sufficient to reduce the 
secondary voltage of tlic transformer to a finv volts onlv 

Connect one terminal of the secondary winding to one supply 
mam, and tlie other through the seriivs <;oil of a nattmetor and a 
switch to that vvinding of one of the te.sf transformers which is to 
act during the test as primary 'Flu! other end (tf this winding of 
the transforni 'r uuder'ti'st is to he; coniu'ctcsl to (he opposite supply 
main. 

Connect the primary* of the second test (ransformcr to tin* 
supply mains througli an aminct<;r, and insert a switch where 
shown in the diagram at S.,, so as to break tln^ supply to both test 
transformers independently of the auxiliary transformer. 

Conne(!t a voltmeter to mt'asuia^ the voltage supjilied, and put. 
in two wattnu'ters as shown, IKj. '''‘fid the power given out by 
the secondary winding of the auxiliary transbirmer, and If,, giving 
the total power supplied to the transformers exeliisivo of that 
passing into the iirimary of the auxiliary transformer 

The .secondary wiridiiig.s of tin? test transformers must now b(‘ 
jomed together through a .switch. If this (connection is made 
(orrectly, the two primary windings will take ciirnmt from tlu! 
supply main.s, and will geni^rate approximately e(jual voltages m 
their .secondaries whiith will act in opposition, (‘ach tending to .send 
current through the other If the (roimections Ix'twi'en the secon- 
daries are the reverse, both will tend to send curn'iit round the 
circuit in the .same direction, and a short circuit will n^sult. 

• Before commencing llie te.st, clo.s(; only the switches *S',, »S.,. 
Under the.se conditions transformer T., will nsTivo current, and 
its secondary will I'xcite the siicondary of 7',, inducing a voltage 
in the primary of 7', (‘(pial to that of the mains. If the connections 
are correct, the phase of this voltage will be opposite to that of the 
mains. 

In order to test if thi.s is so, conn(;ct a voltmeter or incandescent 
lamps to the terminals of tin; open switch 6'^. If no voltage is found 
to exist between them the connections are correct, and the m(^a.sure- 
ments may be proceeded with. If the conru'ctions have been 
reversed, there will be a voltage at the .switeli etpial to twice tin; 
voltage of the mains. If this is found, the connection.s to tln> 
secondary of one of the test transtorint'rs must reversed. 

Note.— B y employing two ammeters in place of the single 
ammeter shenvn in Fig. 81— one in series with and the other 
in series with N 3 — the magnetising eurreiit and the load current 
may be read separately 

Method of Measurement.—After making the connections as 
above, connect to an alternating supply of the required voltage and 
frequency. 


• Throughout the description of this experiment the winding which is chosen for con- 
nectloD to the mtins is called the primary. 
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(1) Close all switches except 8^. Under these conditions Tj 
will receive a magnetising current, and will in addition supply 
magnetising current to the secondary of Tj. The total current 
taken by will thus be the no-load current of the two trans* 
formers.* 

The transformer T^ will not take its full current, on account of 
the self-induction of the secondary winding of the auxiliary trans- 
former which is in series with it. If this winding is short circuited, 
both transformers T, and 'I\ will take equal currents, and there 
will be no current in their secondary windings (if their ratios of 
transformation are identical), and it will be immaterial whether 
the switch S^ is open or closed. 

In an\ case, the current taken from the mains will be equal to 
twice the no-load current of one transformer, and the reading of 
wattmeter I^, will be twice the no-load losses. The no-load current 
nearly equal to that of both transformers is shown on ammeter A 
if the secondarj of the auxiliary transformer is not short-circuited ; 
if it is short-circuited, the current of Tj only will be indicated. 

(2) After reading the no-load current and losses on A and 
If 1 close the switch S,. This will either add to, or subtract from, 
the primary voltage of transformer T„ the voltage of the secondary 
of the auxiliary transformer. In either case, the equality of the 
voltages in the closed circuit formed by the two secondary windings 
of the test transformers will be destroyed, and a current will flow. 
By adjustment of the resistance R in series with the primary of 
the auxiliary transformer, vary the current passing through the 
ammeter A so that about six readings can be taken corresponding 
to loads varying by nearly equal amounts from light load to slightly 
above full load. 

The load of the transformer is the product of the reading 
of the ammeter A and voltmeter V. The losses in the two trans- 
formers are the sum of the watts read on the wattmeters If j and 

If 

The wattmeter If, carries the magnetising and iron-loss current 
supplied from the mains. The readings of If, are thus the watts 
spent in overcoming the iron losses. 

The action of the auxiliary transformer is to add to the primary 
voltage of transformer T, the voltage necessary to overcome the 
copper losses in both transformers. The power read on the watt- 
meter If 2 is consequently equal to the losses due to the resistance 
of the windings of both transformers. Included in the reading of 
If 2 will also be the losses in the resistance of the conductors joining 
the transformers and in the instruments (with the exception of 
IF,). To determine the losses in the leads and instruments alone 
another measurement should be made. 

(3) Open all the switches and short-circuit the primary windings 
of the test transformers. Close switches S, and Sj. The power 


* Tbla is strictly true ooly when S, It open. The impedance of the open-circuited trane- 
lormor Tj is, however, so great that little change in the readings of ammeter A will result 
from opening S,. 
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supplied by the auxiliary transformer, and measured by IF, will 
now be spent in overcoming the circuit and instrument resistance, 
and 18 therefore to bo subtracted from the readings of IF, in (2) in 
order that these readings may give the copper losses of the trans- 
formers. 

This test of the instrument and lead losses should bo carried 
out with the voltage of the auxiliary transformer adjusted to give 
a fairly large current through the instruments, in order to make 
the losses sumciently large to be easUy read. If the instruments 
or connections tire changed during the test, the losses should be 
read after each alteration. 

In the final results, the losses in the instruments for each value 
of the load should bo calculakxl from the readings. It must be 
remembered that these lo.sses wijl fie proportional to the scniare 
of the load current. 

Determination of Efficiency by Sumpnkh's Method. 

Transformer No Type 

Output kw 0 voles per si'coiul. 

Transformation volts to . . .' volts. 


Currant. 


B . J ; 

J|-j 

i|b 

V-^ll 


13 s', 

^ a 

£ , 

= ||!J 




.§= 

- 



ua. 


302 

151 

80 

22 

0 

80 

300 

83-5 

91 '4 

5*08 

254 

28-5 

23 

50 

23-5 

40-5 

84-7 

92 0 

7-2 

360 

48-5 

25 

10-5 

380 

630 

851 

92-3 

106 

530 

1120 

25 

25 0 

87 0 

1120 

82-5 

9()-8 


Supply voltage was maintained constant at 50. 


The preceding table shows the method of entering up results, 
and gives a few readings taken from an actual test by way of illus- 
tration. The complete curves obtained in the experiment are 
shown in Fig. 82, which show.s the following curves: (1) Joint 
effieiency of the two transformers ; (2) efliciency of each calculated 
from (1) ; (3) curve of copper los.scs ; (4) curve of iron lo.sses. 

The transformet’s experimented upon were the two 1-kw. — 

volt transformers for which a number of curves have already been 
given . 

Iron Losses.-— The iron losses occurring in the core of the 
transformer are due to hysteresis and eddy currents. 

The power spent in hysteresis increases with the intensity of 
magnetisation of the core, but with a constant magnetic flux is 
proportional to the number of reversals in the polarity, i.e., it is 
proportional to the periodicity of the current. 
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The eddy currents in the core, being induced ui the conducting 
plates of the core by the varying flux across them, will also, increase 
in direct proportion to the rate of alternation of the flux. The 
watts spent in producing the eddy currents will, however, vary 
as the square of these currents (since watts ^ /'’/?). Hence the 
watts lost in producing etldy currents will vary in, proportion to the 
square of the periodicity. 



0 2 I fi « 10 12 14 K. 18 20 

Ixjail current— amperes. 


Fio. 82. — f5uinpner'.s Tost of TtaiisfoniK;]'. 

Separation of Iron Losses. — Tlie usual forrauhe employed 
for the iron, losses in the core of a transformer are as follows 

Watts lost in hysteresis — K f B*'®. 10 ’ per cub. cm. of. 
core. 

Watts lost in eddy currents per cub. cm. of core 

Where K - ^ constant (between -002 and -004). 

/ periodicity of current. 

B — max, induction in lines per sq. cm. 

I "thickness of core plates in mils, (thousandths of an 
inch). 

From those expressions it appears that it would be possible, but 
somewhat diflicult, to separate the two losses from ob.scrvations 
made on a transformer at various magnetic densities, since the 
eddy-current losses increase as the square of the induction B, while 
the hysteresis losses increase as the l-6th power of B. An easier 




TFIK TKANSKOKMKK. 


151 

way of sc[)arattng them cxj)efinientally is to keep the induction 
constant,' and to measure the watts lost in tlie iron at different 
frequencies. By makinf( a series of such observations, and plotting 
the results on a curve, as shown in Ti.q. 85, it will he found that 
at low frequencies the etTects of the etldy currents are hardly seen, 
and loss and fre(|ueucv have .a constant ratio, i.e., the curve is 
straight. If there were no eddy-current losses the curve would 
continue straight, i.c., along the line O M, which is drawn as a 
tangent to the lower ‘part of the curve. 

The ordinates of the line O .1/ represent the lo.s,ses due to 
hysteresis, while the ordinates between the watt curve and the line 
0 M give the eddy-current losses, which vary as the .square of the 
periodicity. 

F.xi’Kkimknt \.\VI II. Sf,f-\u.\tio.\ of Iko.v I.ossks in a 

TfANSFOKMI'K. 

|)|.\(;KAM 0|- rONNFCnoNS. 

(Same as for Fxperimeut Will., page 1.11), 

Instructions, -t’ouuect the transformer to a .source of alter* 
naling cnrtaait in series with a low-re;iding ammeter, ('oniiect a 
wattmeter to this circuit so as to read the p(jwer sup[)licd, (.'oniiect 
a voltmeter to the terminals of the same winding. Supply to the 
transformer current of ditferent fre(|ueucies, commencing with the 
lowest periodicity, for which satisfactory readings can he taken, 
taking care that the Ir.insfonner induction remains constant, 'I'liis 
will be the case .so long as the ratio of voltage to fre((nency is kept 
V 

comstant, ic., ■ nijist be kept at the .same value throughout. 

This is mo.st easily accomplished by using as the source of supply 
an alternator having constant excitation and variable s[)eed. 

Take readings on the wattmeter and ammeter after adjusting 
the voltage to the value required to correspond to each value of 
the fre([uency. 1'he readings should be entered in tabular f(n-m, 
and two curves plotted with fiaapiency measured horizontally, and 
wattmeter readings and current vertically. A tangent drawn to 
the curve of watts at its lowest })oint, and pa.ssing through zero,’ 
divides the los.ses according to their can.ses, as already explained. 

Results should be entered as in the following example. 

Sfi-ajcation of Iron Lossks in a Tran.sformfr. 

Transformer Xo Tyi><-‘ 

Output kw cycles per second. 

Ratio of transformation volts to volts. 


Volis 

.AnipctfS 

W;lU^ 

Rc\s. |x-r niiii. 

( yclrs per sec , 

55 

8 -as 

150 

1725 

57-5 

44-2 

8-45 

114 

1885 

46-2 

82-2 

7 -85 

78 

1010 

88-7 

111 

6 -as 

28 

848 

1I4-; 
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Thfi curve shown in Fig. 83 gives the results obtained from an 
experiment carried out not on a transformer, but on a choking coil. . 

The curve of voltage has been added in Fig. 83, and is a straight 
line passing through zero. In carrying out the test it is convenient 
to plot this voltage curve first, and afterwards to regulate the voltage 
at any speed to the value given by tlic curve. 

This method of determining the iron losses may be applied to 
samples of iron in order to find the loss per cubic centimetre, and 
thus to judge of the quaility. For this purpose samples are made 



0 400 800 1200 1600 

Revolutions per minute of 4-pol6 alternator. 

Fio. SS.—Separation of Iron Losses in Transfonnor. 

up into a ring, or other form of magnetic circuit, and a number of 
turns of wire arc wound on the circuit. The test is then carried 
out exactly as above described. 

If the losses in the resistance of the winding are appreciable 
they must be calculated, • and subtracted from the wattmeter 
reading. 

The following modification of the experiment just given is 
interesting as a further illustration of the relation between the 
no-load current and periodicity of a transformer. 

Experiment XXVIIIa. — ; Determination of No-load 
Current and Watts with Varying Frequency. 

Diagram of Connections. 

(As for Experiment XXIII., page 131.) 

Instructions.— Make connections as for Experiment XXIIl., 
connecting the circuit to an alternator, which can bo made to supply 
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current of varying frequ<!ticie.s, while maintaining the terminal 
voltage of the transfonrier constant, cither hy adjustment of a 
resistance in series with it or by ri'gulation of the? alternator fields. 

Measure the current and power. sup])lied to the transformer 
at various fro({uenciea on open circuit at constant voltage. Enter 
the results in columns with suitahh? headings, and plot curves of 
current and power supplied on a ftxapiency base. 



Fio. 83a. — No load Current and Watts in 'I'runsformor at V'arious Frequencies 
and Constant Voltage. 

Upper Curve Current. 

Lower Curve Watt.s. 

The curves shotvn in Fig. 83a were obtained in this manner, 
and show that both cuiTcnt and watts increase with a decrease of 
periodicity. This is owning to the fact that the induction in the 
transformer core must bo increased at low periodicity for the 
terminal voltage to remain constant. The magnetising current 
increases with a decrease of periodicity in consequence of this. The 
current spent in overcoming eddy-current los.ses in the core remains 
practically constant in amount since those currents aro proportional 
to the square of the periodicity and the square of the induction, 
and these two quantities vary in an inverse ratio in the experiment. 
The hysteresis losses, however, decrease with an increase of perio- 
dicity, since they are proportional to the product of periodicity 
and of the induction raised to the power 1-6. Consequently, an 
increase of induction will more than counterbalance a proportionate 
decrease in periodicity. The fall of power at increased periodicities 
is, therefore, chiefly owing to a decrease m the hysteresis losses. 

Perhaps the most interesting point illustrated by the curves 
is the decrease in both current and power brought about by the 
higher frequency. It is easy to see from these results that an 
increase of frequency would enable a smaller core, and consequently 
a less expensive transformer, to serve a given purpose. 
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Measurement of Iron Losses with High-range Wattmeter.— 

It is often difficult to obtain a satisfactory reading on the watt- 
meter employed in measuring the iron losses of a transformer, duo 
to the low current, high voltage, and low power-factor of the mag- 
netising circuit. This diificulty may often h<! got over by employing 
a wattmeter intended for the miaisurement of much larger currents 
and power.s, and connecting the wattmeter coils as shown in Fig. 
84 * 

The magnetising current is supplied to the low-tension winding 
of the transformer, or preferably to a section of this winding, and 
the current coil of the wattmeter is connecte d so as to carry this 
ourrent. Tim volt coil of the, wattmeter is connected across tlio 
high-pr(‘,S8ure winding, or a section of the winding giving a suitable 

pi'tSSHH'. 



Kio. S4. McaflnrciTiHit of Iron Losko;:. 


Let 7', be the number of turns carrying the, magnetising current. 
7^2 the number of turns connected to the volt coil of the 
wattmeter. 

T, 

The voltage acting on the wattmeter volt coil is then “ 

^ 1 

times the voltage induced by the flux in tlie magnetising coil. 

T 

The deflection of the \vattnu‘ter will therefore be times the 

^ 1 

power actually spent in magnetisation of the transformer core, and 
the readings of the wattmeter must therefore bo divided by the 
T, 

fraction 

‘ 1 

A feature of this method of measurement is that copper losses 
in the magnetising winding do not affect the results. The wattmeter 
readings give the true core losses. The induction in the winding 
can b(! calculated from the readings of a voltmt'ier connected to 
the coils which do not carry the magnetising cunamt. 

By this method, a wattmeter - suitable for relatively large 
currents and large amounts of power may be used for the measure- 
ment of only a few watts, with a corresponding gain in the sensitive 
ness of the mea.surement. 

• Sumpner, Prof. Inst. Eire. F.nK . vol. xxii?., p. I5:i. 
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I'f the most imiwrtam tests to which a 
L it‘ raiisfortner is aui.jecUai is th,. test for asecr- 

amtng its tomperatttre t-tse iitijor fitii-ioad coi„iiti,ms of workittg 

o'.Tr Tt P""*'''. •t test is iisitailv earned mit oti 

a pair of tranafoniiers - ha.’k t.i lemk.” tiie poieer sappiie.i 

Irora tite mams iiemg reduce, 1 to ti„. amotml r,s|uir,.,l to „v,.r,om„ 
ttio losses in thi^ two transfoniiers. 



Omt such method of tostii.e luus .ilreadv I.ecn descrihed 
Experiment XXVll., page I K; 

VV(t shall now indicaUt hrielly the iiu'thod of earryiug out such 
a test when the power for supplying the iron and cop])(M’ losses is 
supplied at diflerent voltages, a method which is economical when 
testing transformers of large size 

hig. ,S;) reprc'sents the connections for the tes*t. of two single- 
phase transformers, A and li 'I’lie low-tnision windings of the 
transformers are connected in p;irallel to ,a supjily at tlu^ normal 
voltage and frcqui'inry for these windings The primary windings 
are ciinnocted in opposition, so that no current beyond tln^ magnet- 
ising currents of the two transformers is taken from this source 
of supply. 

Tn '.’rder to ensure that the transformers an* connected eerrectly 
in opposition, the following se(|uence is followed in making the 
connections. Transformer A is connected to tln^ supply through 
a D.P switch in series with an ammeter and wattmeter (for 
measuring the transformer no-load current and iron lo.s.ses). Trans- 
former B then has its high-tension winding connected to that of 
,1, and one terminal of its low-tension winding connected to the 
supply Points M, Q, in Fig. 85 are first taken as directly connected 
together, and the connection to the low voltage supply at Y is 
assumed to be not yet made. The other low-tension terminal of 
B is then connected to the other pole of the supply in series with 
an open switch *S'j, across which a volt indicator capable of taking 
twice the voltage of the supply is connected. On closing the D.P 
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switch, with 5, open, the voltmeter V will either read zero or 
double the supply voltage. If the reading is zero, S, may be closed 
and the connections proceeded with. If V indicates double the 
supply voltage, the connections l)etwecn the transformers (either 
high-tension or low-tension) must be reversed. Wattmeter Wj 
will measure th^ normal iron losses of the two transformers ; the 
iron loss in either may be taken as one-half the watts registered. 
It is important to notice that the induction in the cores of l)oth 
transformers has th(! normal working value, since each winding 
has the normal voltage between its terminals. 

An independent .source of current having a lower voltage 
(usually alsf) a lower frequency) may now be used for supplying 
the of>pper losse.s, This possibility will be seen by regarding the 
main circuit through the low-tension windings of A and B from 
the following point of view'. This circuit includes two very high 
inductances, and, as a re.sult, carries a very small current, Tho 
resistance of the circuit i.s relatively insigniHeant, and is practically, 
without ('ITei't on the amount of this current, or on the losses causi^d 
by this small current. The existing current and losses would lx 
hardly alTectccl at all if the (urcuit were broken l)et\ve('n .1/ and 
{K and a small resistance (c.f/., that of a battery of secondary colls i 
were introduces) between M and Q. Th»' potential difference (d 
this batteuT might, however, serve' to ,‘eend ii e'urrent equal to the 
full-load eurrent e»i the Iranslormer.'^ thremgh both the low-tensior 
W'indings 

by these mcjuis the transformers weeuld.he developing simul- 
taneously the neumal iron leesses (supplied freim the .‘'Ource A') and 
the normal I'H losses in the low-tensieen windings (snpplie'el fre)m 
the batterv) The high-iensieen winelings woulel l)ei without eairremt. 
Now h't u.s imagine' tho batteuy between M and Q re])laeeel by 
the armature of a leiw veeltago alte'rnaletr, or by the .seicomlary 
wineiing of a l()w-ve)ltage tramsformeT. This will not in any way 
intei-fere uith the; eeriginal suyqdy from the former source, while a 
low voltage intreKluceei between M and Q will be; sufficioTit to send 
a large eurrent thremgh botli primary and secondary windings of 
both transteermers The Iransforraers may be re'gardcd as con- 
nected in series with, and in opposition to, one another as regards 
a su])ply introdui'ed between M and Q, so that a slight voltage 
introduced hen; will upset the equilibrium and produce a eurrent 
As regards tlm supjdy introduced betweeu points M and N, the 
tramsformers are in parallel, each separately .supporting the fuff 
applied voltag(! 

The instruments required to measure the copper losses arc- 
shown in Tig. Sf), the ammeter Ao, voltmeter V^, and wattmeter 
ITj being used for this purpose. The current measured represents 
the load current common to both tramsformers. The w'atts registered 
are the copper lo.sses of both transformers (half this power bemg 
expended in each). The voltage is the impedance voltage 
necessary to send the current through both transformers in series, 
and must be taken as spent half in each transformer. 
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Heat Runs of 3-phase Transformers.—The principles just 
given for the economical use of two sources of supply hir the heating 
test of single-phase transformers arc also adopted for .3-phasc trans- 
formers. 


tv, 



e 


Fio. 86. — Heat Run on Two Throo phase Star ciiunrelod Transformers. 

Using a Single-phase Low-voltage Supply. 

In Fig. 86 two star-connected transformers are shown connected 
in parallel to a 3-phase supply of normal vedtage, wliieh pi'ovides 
the iron-loss power. The high-tension winding'^ an* throw n out 
of balance by a source of low-tension single-phase voltagf^ intro- 
duced between the star points of the two transformiu-s. Tlie 


Loyy Voiti'irjf 
Sinqie - phast^ 
Supply 
JJT 



Norma! Voltage 
3 -phar>e Supply 


Fic. 86 a.— D iagram of Connections for Heat Run. 

current registered by /I, must be adjusted to give three times the 
full-load current of the high-tension windings in order to correspond 
to load conditions. This is because the three phases are in parallel 
with respect to the low- voltage supply, and supplied with currents 
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mutually in phase. registers the total copper losses in both 
transformers. The earthing of a point in the low-tension circuit 
prevents any part of this circuit rising to a high potential, and 
causing danger to the operator. V ^ measures double the impedance 
drop per phase of the transformers (if the supply is at normal 
frequency), since two windings are connected in series. In order 
to obtain the impedance per phase, it is necessary to divide half 
the voltage, V^, by one-third of the ammeter reading, A^. 



Pjo, 87. — Heat Run on Two Three-phase Star-connected Tranaforraers, 
Using a Thrco-phaso Low-voltago Supply, tho Star Point of which is 
Available. 

The disadvantage of the test carried out according to the con- 
nections shown in Fig. 86 is that the conductors coimocted to the 
star points carry throe tinier? the normal phase current and must 
consequently be made very thick. If the transformer is a large 
one, this may be a serious objection. In order to avoid this feature, 
a series connection ol the windings may be adopted, as shown in 
Fig. 8()A. 

In Fig. 87 are shown thc! connections for a similar tost carried 
out with a low-voltage ;i-phase .supply for providing tho ooppi>r 



Fio. 88. — Heat Run on a Single Three-phasp .Mpah-connocled Tnin.sforriier, 
losing Single-phase Low-voltage Supply. 

loss. The Headings of A^, AK^ will in this case give the actual 
current per phase. V» gives 2v/ 3 times the impedance voltage 
per phase. The sum of the readings of wattmetcr,s W 2 and b 2 ^ 
gives thc copper losses in both transformers. 

Fig. 88 shows the connections for a heat run on a single 3-phase, 
mesh-conncctcd transformer. The low-tension winding is supplu'd 
with iron-loss current from a 3-phase source at normal voltage. 
A source of single-phase, (‘urrent at low voltage is introduced into 



THE TRAHSFOBMER. 


159 


the high-tension circuit for providing the copper losses. The 
ammeter A 2 reads the actual current per phase, while gives 
three times the impedance voltage per phase, if the supply is at 
normal frequency. gives the total copper losses of the trans- 
former. 

Graphic Representation of Phase-Relations in a Trans- 
former. — It is important to form a clear uh'aof the relation existing 
between the several varying (juautities in a transformer, and this 
may be best done by re])resonting tlaan gr.ipliically in vector 
diagrams. 

Case I. — Transformer without load ami without magnetic leakage. 

Let tlie vertical line OF (see Fiy. Sh) rcpre.sent the (lux in the 
cure passing through both windings. The induced voltage due 
to this flux will lag behind the flux in pha.se by 90 ’. Tlie secondary 
voltage isj therefore, shown by the horizontal lino 0 Tlie 

induced back electromotive force iii the primary winding would 
have the same phase as 0 A’,- 'I'he applied primary terminal 
voltage overcoming this back ele(!troraotive force is opposiUi to 
OE 2 hi phase, and is shown by OE^. A certain no-load current 
is necessary in order to maintain the flux OF. This current has 
two components, viz., a magmstising current which is an idhf current, 
and lags 90° behind the applied voltage, and an energy current 
necessary to overcome the iron los.'^e.s. 


F 
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Fio. 89. — Transforiivr on Xo.Lon<l. 

% 


In Fig. 89 the magnetising current is represented by the vortical 
lines 0 /,„ drawn to a scale of amperes. 

The current OI,„ is the portion of tln^ eurrent whieli acts as 
magnetising current, and is in ])hase with the flux which it produces. 

The energy component of the no-load <airreni is at right angles 
in phase to the idle compoiuint, and is thus repre.sent(;d by a hori- 
zontal line 01, in phase with tlie applied voltage 0 A’,. This 
iron-loss current may be looked upon as oviwcoming the deUiag- 
netising action of the eddy etiirimts in tlie transfornicr (!orn, and 
of the hysteresis of the iron. In fact, the iron-lo.sses ])roduco a 
similar efTei-t to currents in the secondary winding, and must be 
neutralised by an added primarv eurrent. 

The total no-load cuircnt of the tran.sfonma' is the sum of the 
idle and energy components, and i.s accordingly represented by 
the vector 0 /„, which is tln^ rc:sultant of 0 /,„ anil 0 I,. 

The method of calculation of tin; no-load currents has lx?en 
given on pages 129 and 1.30, .and their experimental determination 
has been considared in Fxperiment XX Ilf. 
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On account of the resistance of the primary winding, it will 
be necessary to apply to the terminals a voltage somewhat greater 
than the voltage OEy overcoming tho back electromotive force. 
We must apply an additional voltage in phase with the current 
/„ and having a value Ijy, where is the resistance of the primary 
winding. This voltage is shown as the vector 0 in Fig. 89, 
and when added to the vector 0 Ei, we obtain the total applied 
terminal voltage OE^r- The angle of lag in the primary circuit 
is evidently tho angle between the current vector 0 /„ and the 
vector of terminal voltage OE^^. This angle is marked in the 
diagram. 

Note respecting Scales . — If tho vectors of f)i imai v and secondary 
voltage were drawn to tho same scale, they would appear as lines 
of very unequal length. This would make it difficult to measure 
the low voltages accurately, because they would usually bo very 
short compared with the primary voltage vectors. 

The usual plan is to draw the primary and secondary voltages 
/?! and i ?2 of equal length, and to employ a different scale for voltages 



in the primary and secondary windings. The scales are so chosen 
that a line which represents I volt on the scale of primary voltage 

will have the same length as the line denoting ^ volt in the 

secondary winding, k denotes here the ratio primary to secondary 
turns. 

A similar convention is a<lopted in regard to primary and 
secondary currents. One ampere in tho primary winding is repre- 
sented by a line of the same length as one indicating k amperes 
in the secondary circuit. 

By this means all currents represented on the diagram can 
be considered equally effective as regards the magnetic circuit, 
since the secondary currents flow round the core in a less number 
of turns. 

Case 1 1. —Secondary circuit loaded non-inductively.—{SeG Fig. 
90.) This diagram will be the same as the preceding, with the 
addition of the load current in the seconds ry and a corresponding 

current of 1 2 amperes in the primary, producing an equal and 

opposite number of ampere-turns. The added primary and 
secondary currents will appear on the diagram as equal and opposite 
current vectors. 
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The secondary curiont is shown by the line 0 / j ; its neutralising 
current in the primary is the line 0— /j. The total primary current 
is the resultant of /„ and—/,, and is shown by the vector 01^. 

The voltage overcoming the resistance of the primary winding 
is /^fi, in phase with /j. The total applied primary voltage is the 
resultant of E ^ and I jTj, and is shown by the lino 0 Ey,. The angle 
of lag between primary current and voltage is marked <j>i, as before. 

The secondary terminal voltage is now no longer E^, but is 
diminished by the amount /..r,, duo to the resistance of the 
secondary winding. This voltage must have the phase of the 
secondary current. The length 0 E^ gives the secondary terminal 
voltage, E^ E^ being equal to 
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Case III. Secondary circuit loaded inductively.— {Seie Fig 91.) 
If the secondary circuit is inductive, the (uiirent, instead of coin- 
ciding with the line 0 E^, will lag behind this as shown in Fig. 91, 
where 0 / j is drawn of the same length as in the previous case. 

The remaining part of the construction is exactly the same 
as before, the primary <!urrant being again the resultant of 0 /„, 
and of a current equal and oppo.sitc io 0 l^- The primary voltage 
0 Eyj is the resultant of the voltage 0 Ey overcoming the back 
electromotive force, and /,r, overcoming the primary copper lo.ss. 

The angle of lag of the primary cir<!uit is again the angle Ey., 0—ly, 
which in this case is greater than before on account of the lagging 
current in the secondary circuit. 

The secondary current will produce a drop of voltage in phase 
with the current and equal to I ^ r,, so that the terminal voltage 
is the resu’tant of OE^ and OI^ r., drawn parallel to the current 
01 2 - The terminal voltage is consequently represented by 0 E^' 
and the angle of lag is the angle between 01^ and 0 E^. 

Case IV. Transformer with kakage.—{SeQ Fig. 92.) 

It has been shown on page 120 that magnetic leakage may be 
treated by regarding the winding in which it occurs as having 
reactance. ' 

The diagram previously given may consequently be m.ade 
to represent the conditions in a transformer with leakage by adding 
a reactance-voltage vector in the primary and secondary sides 
F 
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to indicate the voltage absorbed in overcoming the leakage reactance 
of the primary and secondary windings. In each case this voltage 
will be 90° in advance of the current. 

Fig. 92 will be seen to differ from Fig. 91 on account of the 
addition of the voltage I jij to represent the voltage lost in primary 
reactance, and the voltage /jXj which diminishes the secondary 
terminal volts. Figs. 91 and 92 are similar, except that the voltage 
losses in the windings in Fig. 91 are only due to resistance, while in 
Fig. 92 they are due to impedances. The primary impedance 
voltage is the dotted line 0/jXj. The secondary impedance 
voltege is 0 general effect of magnetic leakages is seen 

to increase the lag of the current in the primary circuit, so that 
m a leaky transformer the power-factor at the primary terminals 
is lower than that of the load circuit. In a well-designed trans- 
former, when working at full load, the power-factor has practically 
the same value in both circuits. The reactance, at the same time, 
diminishes the secondary terminal voltage— especially when the 
load circuit is inductive. 



Simpler Form of Approximate Diagram —{Sm Fig. 93.)— It 
will be noticed that in all the previous diagrams the primary terminal 
voltage is shown as varying with the load on the transformer. 
In actual working, the primary voltage is usually kept constant, 
and it is the secondary terminal voltage only which varies with 
the load. 

By making use of the “ equivalent ” resistance and reactance 
(see pages 119 and 122) of the transformer, instead of treating the 
primary and secondary impedances separately, we may modify 
our diagram to represent the conditions at the secondary terminals 
when the applied voltage at the primary is kept constant. 

Thus, in Fig. 93 it is assumed that no loss of voltage occurs 
in the primary winding, but that the whole of the voltage losses- 
in the transformer may be accounted for by an ‘‘ equivalent im- 
pedance ” inserted in the secondary. With this modification, 
the diagrams in Figs. 92 and 93 show the same conditions. 

The loss of voltage, due to the no-load current, is neglected 
in this construction. 



THE TRANSFORMER. 


163 


The following table referring to the figures just given may be 
found convenient for reference 

0 Voltage overcoming induced primary back volts 

0 Primary terminal voltage. 

O/j Primary current. 

01 Anglo of lag at primary terminals. 

0 2 . Angle of lag at secondary terminals. 

01^ Secondary current. 

0 Iron-loss current. 

0 /„, Magnetising current. 

0 /„ No-load current. 

0 E .> Secondary inducori voltage. 

0 E^^ Secondary terminal voltage. 

0 F Flux in core. 

^ 1 , rj Resistance of primary and secondary windings 
^ 1 , Reactance — due to leakage flux. 

Aj Equivalent resistance and reactance of transformer 

referred to secondary circuit. 



Fio. 93. — Approximate Diagram for Transformer with Leakage on Itidiictivo 
Load. 

Tracing of Curves of Primary and Secondary Voltage.- 

The method of determining experimentally the wave form of the 
voltage of an alternator (see page 82) may be extended to the deter 
mination of the wave form of the primary current of a transformer, 
either on open circuit, or when loaded. Simultaneous readings 
may be taken on the secondary winding by throwing over the 
voltmeter connections to the secondary circuit for each position 
of the contact. The two curves of primary and secondary amperes 
may then bo traced on the same sheet of squared paper. Similar 
curves for a transformer loaded non- inductively and inductively 
should be obtained by the student. 

The Auto-Transformer.— Transformers in which the primary 
and secondary windings are connected together, instead of being 
insulated from one another, are called auto-transformers. 

Let A B (Fig. 95) bo a single winding on a transformer core, 
and let an alternating difference of potential, Kj be maintained 
between A and B. From the general principles of the transformer, 
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WO know that a magnetic flux F will be set up in the core having 
a value determined by the applied voltage and periodicity. This 
(lux will, in fact, have the value given by the equation on page 

V,^-4UfTF\0~^ 

The two following conditions must be fulfilled, whaUner the 
value of primary or secondary currents; (1) The flux F will 
remain constant, so long as the applied voltage remains constant ; 
(2) the number of ampere-turns reejuired to produce this flux will 



Kio. y4.- Ordinary Transformer (with load 6'J. 

he constant, i.c., the magnetising current must remain constant. 
Th(^ magnettsing ampere-turns will always be the vector sum of 
primary and secondary ampere-turns, so that this sum must remain 
a constant quantity, and any increase in current in one part of 
the circuit will always bo accompanied by an equal and opposite 
increase in the ampere-turns of some other part of the circuit. 

We may look upon each turn of the winding ^ JS in Fig. 95 
as having applied to it an alternating difference of potential, tending 



Fig. 9.').— Auto-tran3'’ormer (no-load). 

to send an alternating current through it. On account of the 
aKcniating flux in the (;ore, each turn of the winding is at the same 
time the seat of an induced alternating electromotive force which 
tend.s At any instant to send a current in the opposite direction 
to that in which the applied voltage acts. If the applied potential 
<liffrrcnce and the induced electromotive force were exactly equal, 
no current would result. Tiio applied potential difference is very 
slightly greater than the induced electromotive force, and the 
magnetising current C„ flows through the winding in consequence ; 
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or, moro strictly, the Ilux rise's to such ii valuo that the electromotive 
force induced by it is (‘ijual to the a]i])li<'d voltage excf'pt for the 
small (liltenmee required to (‘iiihhi the magiu'tisiiig lairrent to 
flow through the resistance of the winding. 

Ratio of Voltages. Sin<‘n I'aeh turn of the winding in Fig. 
9.5 has th(i samti <'l('ctromotiv(i hirei^ induced in it, the s(“(*ondarv 
voltJLge obtained by connecting a load circuit to any portion, such 
as I) F, will bo proportional to the number of turns bihween I) 
and F. The ratio of the primary to s<*condarv voltage' will 
accordingly bo given by tin* relation ; - 

volts botw('en A and li turns between .1 and Ii 
volts between I) and F turns between D and F 



Th(! ratio of voltagf^s is thus seen to be tln^ same as for arj 
ordinary 2-winding transformer, if wo consider the primary winding 
to consist of all the turns of tlui transformer and tlui secondary 
to be (composed of the windings between the tap points connected 
to the load circuit . 

Thus F, 1\ 

T't 

Where ~ total turns, 

T., turns supplying secondary circuit. 

Ratio of Currents. I’erhaps the easiest way to g('t a clear 
idea of the (airrent distribution in the windings of a loaded auto- 
transformer is to consid(‘r an analogous case in a continuous-current 
circuit, viz., that of a s(a:ondary battery in which all the cells are 
being charged in series, at the same time that some, of them aia^ 
being discharged. Such an aj-rangement is indicated on the left 
of Fig. 90, while the corresponding transformer circuits are repre- 
sented on the right of the same figure. 

Referring to the diagram of the battery, it is clear that there 
are two distinct electrical circuits. The upper circuit in the figure 
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consists of the generator, G, the complete battery and the con- 
nections between them. There are two electromotive forces in 
this circuit, viz., those due to the generator and to the battery 
respectively. The current in the circuit is due to the difference 
between these two opposing electromotive forces, and is numerically 
equal to the quotient obtained by dividing this difference by the 
resistance of the circuit. Since the generator is assumed to have 
the preponderating electromotive force, the current C, in this 
circuit flows in the direction indicated by the arrows, i.e., in the 
reverse direction to that in which the electromotive force of the 
battery acts. 

The second and lower circuit in the same diagram consists of 
the left-hand portion of the battery, the load resistance, and con- 
nections. The electromotive force acting in this circuit and pro- 
ducing current in it is the electromotive force of the left-hand 
cells of the battery. The resulting current will have the direction 
of this electromotive force, and a value, equal to the quotient 
obtained by dividing this electromotive force by the resistance 
of the circuit in which it acts. 

On comparing the directions of the currents flowing in the 
two circuits, it is evident that part of the battery will carry a current 
which is the difference between the charging current and the 
discharging current 0^ of the load circuit. The remainder of the 
cells carry simply the charging current 6Y 

The diagram of the alternating-current circuit (in which the 
arrows show the relative directions of the currents, and not actual 
directions) may now bo compared with the one we have been con- 
sidering. It is important to notice that the windings, F B, of 
the auto-transformer, which are common to the two circuits, A F I) 
and F It B, carry a current which is the difference between tin; 
current of the alternator and the curnmt in the load (urctiit. 

In the alternating circuit, we have a fixed relation between the 
currents C^ and C\ which does not exist in the case of the battery 
eun’ents. This relation arises from the condition governing the 
action of all transformers, that the sum of the magnetising and 
demagnetising amper(!-turn,s remains constant, independently of 
the load. The transformer will be supplied with a small constant 
magnet ismg current, Co, flowing through all its windings indepen- 
dently of the load. The total ampere-turns due to the currents 
Cj and 6’.,, which vary with the load, must always be zero. 

JN^eglecting the constant magnetising current, wo may obtain the 
relation between the primary and secondary currents in the following 
way 

Generally the windings between F and B in Fig. 96 will have 
a larger section than the remaining windings, since the current 
^2 — Cl will usually be much larger than the current (7,. 

■ There will be T, -- tyrtis carrying the current C^. These 
we may call the “ thin ” turns, since they will usually be of smaller 
section than the other, windings. 

There will be “ thick ” turns. 
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Then, in order that the resultant magnetising effect of all 
currents introduced by the load may be zero, the additional mag* 
netising ampere -turns (T, — T.^) must be equal to the demag- 
netising ampere-turns (C^ — 0^) T^. 

Hence 

Cj (T, — Tj) — (Cj — 6,) 7 2 

Ca ~C, T, - Ta 

which gives the ratio of the currents in the windings. 

From t^is it follows that 

which gives the ratio of primary to load-circuit current 

In the above Cj is the current flowing in the load circuit. 

Cj is the current flowing in the “ thin ” windings 
and supplied to the transformer. 

Ca — is the current flowing in the “ thick " 
windings. 

Ti is the total number of turns. 

Tj is the number of “ thick ” turns. 

The magnetising current has a practically constant value 
in all winding.s at all loads and is not included in the ratios given 
above. 

It has been assumed that the auto-transformer is to be used 
for reducing the voltage in the diagrams just given. The formulas 
which have been derived apply equally to the case where the auto- 
transformer is to be used for giving an output at a higher voltage 
and lower current than the source of supply. 

Economy of the Auto-Traniformer. — The greater economy 
of an auto -transformer, as compared with the usual type, is .seen 
from the following comparLsou : — 

Ordinary transformer : 

Cj flows through T, windings. 

C/j flows through Tj windings. 

AiUo-transformer : 

C I flows through T, — {— T) windings. 

Cj — C*! flows through windings. This current has a 
smaller value than the load current which flows 
in the secondary winding of the ordinary trans- 
former. 

As an illustration of the economy of an auto-transformer as 
compared with the ordinary type, let us take the case of a small 
1 kw. transformer having a ratio of 200 : 50 volts, such as might 
be employed for supplying 50 volt lamps in a house con- 
nected to a 200 -volt alternating supply system. Let us suppose 
that a 3 per cent, loss in the windings is allowed. 
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Taking first a transformer of the ordinary type, we shall probably 
allow half the loss in each winding. 

Neglecting the magnetising current, the primary current will 
be 

The losses in the primary winding will be IJ per cent, of 1,000 
= 16 watts. 

The resistance of the primary winding will be 
15 ... 

Let us' suppose,, further, that the core employed is such that 
half a volt is induced in each turn.* The primary winding will 

then have 400 turns and the resistance per turn will be ^-ohm. 

If the length of mean turn were known, the gauge of wire could 
be now determined 

The secondary current is 

Cj = 20 amps. 

and the resistance of the secondary winding 

f, = 0-0376 ohm. 

the resistance per turn being ~ ohm. 

When wound as an auto-transformer, the core will only have 
400 turns altogether, 300 turns being of small wire carrying the 
primary current alone, and 100 turns being of thicker wire and 
connected to the lamp circuit. Wo may now allow the same loss 
in the 300 turns carrying the primary current as we previously 
allowed in the 400 turns which had the same current flowing 
through them. Thus, the resistance of the 300 turns will bo 0’6 

ohm» and the resistance per turn or -of the previous value. 

3 

We shall thus have — of the previou? amber of “ thin ” turns, 

3 

and each turn j of the previous section, i.e., we have reduced 

3.2 9 

the weight of this winding in practically the ratio ( 

In the 100 thicker turns the current wiH be 20 -- 5 = 15 amps, 
instead of 20 amps. The resistance of this winding to give a loss 

of 15 watts will be ohm i.e., f ^ V or ~ of its former value. 

•16^ \ 6 / y 

9 * 

We can thus choose the wire — of the former section, so that the 
16 

total weight of copper in the transformer has been reduced in 
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practically the tatio ( -^ ) or rather more, since the length of the 

mean turn will also be less than before. 

The principle illustrated by the example just given may be 
stated more generally by saying that on the assumption of equal 
losses and the same length of mean turn, the copper used in an 

auto-transformer will bo ( ^ ^ ) of that required for trans- 

formers of the usual tj'pe, when k = ratio of transformation. 


Two- to Three-phaie Transformation. — From a single 
phase supply of voltage it is not possible to obtain a polyphase 
voltage by any system of direct transformation. From a 2 -phase 
circuit it is, however, possible to obtain voltages of any relative 
phase and magnitude which may be desired, and by suitable con- 
nection of circuits to such voltages, any type of polyphase system 
may be supplied from transformers receiving a 2- phase input. 


/f 

I 


B 

j 


/ 


Fio. 97.- — Resultant Voltage obtained from Secondaries of Two-pba^e 
Transformers. 

We will first show that any voltage may bo obtained from two 
single-phase transformers .supplied from a 2-pha80 source, and 
then indicate how a 3-phase circuit may be supplied by a special 
arrangement of the transformers 

In Fig. 97 let A and B represent two transformers supplied 
from separate phases of a 2-pha8e supply. * 

The electromotive forces of the secondary windings will be 
at right- angles in phase to one another. 

Let us indicate these voltages by vectors, drawing the vector 
representing the electromotive force of transformer A as vertical 
and that of transformer B as horizontal. 

By connecting the two windings in series as shown by the full 
line in Fig. 97 we shall obtain the resultant voltage shown by 
a thick line in the vector diagram (Fig. 98). It is evident that 
may be made to have any inclination between E^ and E, by 
suitably choosing the relative magnitudes of E„ E^, i.e., by suitably 
selecting the ratio of transformation of the two transformers. 
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Let the secondaries now be joined in series, a» shown by the 
dotted lino in Fig. 97, viz., 2 being connected to 4, instead of to 3. 
The result is to reverse the electromotive force of A relative to 
that of li, giving the resultant voltage between terminals 3 and 1 



Kio. 5)8. — Combinations of Two-phase Voltages. 


as EJ' in the vector diagram. The position of AV may be any- 
where between E and E,', depending only on the ratios of trans- 
formation adopted for the transformers. It is easy to see how, 
by other interconnections of the windings, the resuliant voltage 
may be made to have a phase represented by positions of its vector 
in either of the other two quadrants of the diagram. The figures 
along the vectors indicate the terminals between which the voltage 
they represent is measured. 



* Fig. 99. — Two to Three-phase Transformation. 

The Scott Transformer. — The principle just discussed has 
been embodied in a very simple form for converting from 2 to 3- 
phase. The connections of the secondaries are shown m Fig. 99, 
where the secondary of A is divided into two equal sections, o, b, 
the middle point of the winding being connected to the secondary 
of B. The ratio of transformation is so chosen that the voltage 
6f c == V 3 X voltage of o or 6. A true 3-phase voltage is then 
obtained at the terminals 1, 2, 3. This may bo seen by considering 
in turn the composition of the voltages between the three terminals, 
1, 2, and 3 
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Thus, from Fig. 99, 

voltage between 1 and 2 is resultant of volts 1 to 4 and 4 to 2 giving 
vector 02, Fig. 100. 

voltage between 2 and 3 is resultant of volts 2 to 4 and 4 to 3 giving 
vector 03, Fig. 100. 

voltage between 3 and 1 is resultant of volts 3 to 4 and 4 U) 1 giving 
vector 01, Fig. 100 

Because the voltage c is \/ 3 times the voltage a or b it is eiisy 
to show that the angles between the vectors 01, 02, 03, are each 
120°. The proof may safely be left to the student. 



.Pig. 100. — Secondary Voltages of Two to Throe pliaso Transformers. 

It is essential to obtain the veittor diagram by eonsivlering 
the voltages between the terminals in correct rotation, c.g., 1-2, 
2-3, 3-1 ; not 1-2, 1-3, 2-3, &.e. 

An excellent further exorcise for the student is for him to supply 
a Scott transformer with 2-pha8o power and by actual measure- 
ments of the output to prove that this fulfils truly the conditions 
of a S-phase circuit. He should prove not only that the three 
terminal voltages are equal, but that they differ by 120° in phase. 

The Scott transformation is reversible and may bo employed 
for conversion from 3 to 2-phase. Also, it may be carried out by 
means of a single transformer having two magnetic circuits {i.e., 
with a 2 or 3-phase type of core) instead of by two separate trans- 
formers. 

General Note to Chapter VI.— In all the discussions given 
in this chapter, the wave form of current and voltage has been 
assumed to be sinusoidal. In the case of transformer work, this 
is never accurately true, on account of the variation in permeability 
of the core corresponding to the varying magnetising currents. 
On this subject see pp. 41)0 to 402. It was considered advisable 
not to go into the question of distortion of wave forms, but to refer 
the student who wishes to study the question more completely to 
the more mathematical treatises on the subject. The results are 
to be interpreted in accordance with the explanations given at the 
beginning of the last chapter (see page 397). They are then both 
accurate, and in accordance with ordinary practice. 
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CHAPTER VH. 

Alteknator.s. 

Generation of Electromotive Force in the Armature.— In an 

alternator, electromotive force is generated in the conductors by 
cairsing them to move across the lines of a magnetic field.* 

^'he value of the electromotive force induced in each conductor 
lines cut per second 

is equal to — voll.s. The voltage induced in the 

10 " 

armature at any instant ='(the voltage induced in each conductor) 
X (number of conductors in series), if the voltages in' the con- 
ductors are equal and similarly directed. 

In a direct-current generator, the conductors supplying current 
to the external circuit are always similarly situated with respect to 
the magnets of the machine. 

In an alternator, current is collected from the same and not 
from similarly situated conductors. Consequently the voltage 
varies with the strength of the field in which the conductors arc 
moving at any moment, and reverses as the conductors move from 
a field of a given direction into an oppositely directed field. 

Since the conductors move at a constant speed, the electro- 
motive force induced in them will undergo exactly the same varia- 
tions as the field strength when traced round the armature. 

Wave Form. -Two factors, besides the speed, the number of 
conductors, and the value of the total flux, alTect the character of 
the electromotive force generated in an alternator. 'I'he.sc are 
^ the flux distribution in the air-gap and the system of winding 
adopted for the armature conductors. 

ft is not usually possible to get a field distribution giving a 
true sine curve ns the wave form of the electromotive force in- 
duced in the conductors, although an approximation to this wave 
form is generally aimed at. 

Although the field distribution determines the wave form of 
the voltage induced in the individual conductors of the armature, 
the voltage measured at the terminals will only have this form if 
all the conductors which arc connected in series enter and leave 
the field under the poles simultaneously. This condition is only ful- 
filled when the armature is wound in one .slot per pole per phase. 
In all other cases some conductors will enter the polar air-gap 
later than others; .so that the armature voltage will be the sum of 


* Kor .simplicity in explan.-iljon it is a.ssiinu-d that the conductors move and the 
field is fi.’ted. The same reasonirts; exactly applies to machines in which the armature 
is fixed and the held rotates. 
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a number of oleotromotivo forces differing in phase. The difference 
in phase between the voltages of the conductors in two slots will be 


where d is the length of arc between centres of slots, 
and D is the length of arc between centres of poles. 

Speaking generally, the effect of increasing the number of slots 
and thereby ’ distributing ” the winding is to render a peaked 
wave more flat, and to make a flat wave more pointed, thus in 
either case making the resultant wave more nearly sinusoidal. 



Fia. 101. -Resultant Voltage of Winding in Five Slots, 


This effect is shown by the two diagrams, Figs. 101 and 102. 
Fig. 101 shows an ab.sohitely flat curve of voltage, outlined by the 
shaded line. By adding the voltages generated in five slots, having 
.successive di.splacements of 18°, we obtain the shipped curve which 
would be a fairly close approximation to a sine curve if the corners 
\\ere rounded off and filled out. 

A similar- process of addition has been carried out in Fig. 102, 
where five triangular waves, each shaped like the shaded one, and 



each displaced 18° relatively to the next one, have been added to 
give the full-line curve. This curve is again seen to bo approxi- 
mately sinusoidal. 

As pointed out on page 88, the virtual or effective value of the 
alternating current depends upon the average of the sqmres of the 
instantaneous values, and not upon the average values. A voltage 
of a given average value will have a virtual value which depends 
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upon the wave form, being lower for a flat wave and higher for 
a wave form possessing a high maximum value or peak 
_ virtual value . . , . , . , . 

The ratio r- is thus determined by the shape of 

average value ^ 

the curve and is termed the form-facior. Its value usually lies 
between M and 14. 


Virtual Voltage of an Alternator.— The average electromotive 
force of an alternator is 

_ 2NnF p 

" 108 X 60‘ 

Where N‘ = Number of armature conductors in series. 

F — flux per pole, 
n = revolutions per minute, 
p = Number of pole-pairs 


The multiplier 2 is introduced because the armature conductors 
are taken as all connected in series, and not forming two parallel 
circuits, as they do with the closed (urcuit winding employed for 
direct-current generators. Hence for sine wave form the viitual 
voltage is 


2NnF} 
1()8 X 60 


- X Ml 


N n F p 
108 X 60 


X 2-22, ♦ 


since Ml = the ratio of the R.M.S. value to the average value 
of the ordinates of a sine curve (see page 89). 

The constant 2-22 will only give the value of the voltage when 
the ratio of virtual to average value of the wave form is M 1 , and 
when the winding is carried out in one slot per polo per phase. 
For other cases a slightly different constant must be used. 

The usual plan of stating the voltage of an alternator is to put 
it in the form 


e 


N n F p 
108 X 60 ^ 


k 


A’ A/ , 


where k is constant depending upon the nature of the wave- 
form of the machine and typo of winding adopted and / is the 
frequency of the current generated. 


Periodicity of an Alternator.— In most types of alternators 
the magnets are alternately north and south when counted in- order 
round the armature. Thus each conductor passes under a north 
and south polo alternately, and, in doing so, experiences a complete 
cycle of changes in the electromotive force induced in it. In such 
a machine the periodicity of the current will be equal to the number 


* It if> worth noting that this formula is identical with that given for tlie transformer on 
page 116, when we substitute F for Fp the toul flux). / for " (t'y., the frequency), and 

60 

2 T (7 = No. of turns) for N. 
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revolutions of the armature (or field) per second x the number 
of pairs of magnet poles or 

periodicity = / = 

n — revolutions per minute * 

. p — number of pairs of poles. 

In certam special machines the poles on each side of the armature 
are all of the same polarity, and the electromotive force induced 
HI the conductors is due to the passage of the conductors through 
alternately weak and strong fields in the same direction. In this 
case the periodicity equals the number of revolutions per second X 
the number of poles. 



Revolutions per Mlriutc. 

Fio 103. — Relation between Speed and Voltage of an Aiternjator. 
Upper curve no load. 

Lower curi'c load — 20 amperes 
Excitcaion — 1-95 amperes. 


Relation between Speed and Voltage of an Alternator— The 

formula for the voltage of an alternator, given above 


N 

10» X 60 


shows that the voltage will vary in the same proportion as the 
speed if the remaining factors remain constant. 
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Hence, as in the case of a direct-current generator, if an alter- 
nator be constantly excited and driven at various speeds, the 
relation of speed to voltage will be constant. > If plotted on squared 
])aper with speed horizontal and voltage' plotted vertical, the 
relation would be sb#)wn as a straight line, passing through zero, 
exactly as in the case of a direct-current dynamo. 

This statement is illustrated by the two experimental curves 
shown in Fig. 103. The no-load curve passes through zero, while 
the curve showing the relation of speed to voltage with constant 
current lies below the no-load curve by a nearly constant amount. 


The Magnetic Circuit.— The calculation of the excitation of 
t he field system of an alternator is carried out in the same way as 
in the case of a direct-current dynamo and the magnetisation 
curve, showing the relation between excitation and magnetic 
flux, is of the same importance. The magnetisation curve is 
obtained experimentally % running the alternator at a constant 
speed and varymg the excitation. The armature voltage corres- 
ponding to each value of the excitation is then observed. The 
curve is either plotted to show the relation between “ ampere- 
turns ” on the magnets and magnetic flux through the armature, 
or, more usually, the curve shows the relation between the actual 
quantities observed, viz., exciting current and armature voltage. 

The ampere-turns can be calculated by multiplying the exciting 
current by the number of magnet windings, while the useful magnetic 
flux can be calculated from the observed voltage and speed by 
substitution in the following formula, which has been previously 
given on page 174. 

10* X ^ 10“ 


ex 10* _ e X 10* 

^ Nnpf^~ Nfk 

k being 2-22 for an open circuit alternator giving a sine wave form, 
and having a single winding. 


Experiment XXIX.— Determination of Magnetisation 
Curve or Open-circuit, Characteristic of an Alternator 
AT No-load. 


Diagram of Connections 



Fig. 104 . 
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if , ilf j Source of direct current 

0 Alternator armature. 

F Alternator field windings. 

R Resistance for varying exciting current. 

A Ammeter for measuring exciting current. 

V Voltmeter for measuring alternator voltage. 

Instructions. — Connect the field wmdings to a supply of 
direct current in series with a variable resistance and ammeter. 

Connect the alternator armature termmals to a voltmeter. 

Run the alternator at constant speed. Read the armature 
voltage first without excitation, and then with exciting current 
gradually increased to its full value. Then take a similar series 
of readings with gradually decreasing values of the current. 

Enter the readings under headings as shown in the following 
table, and plot a curve in which exciting current is plotted hori- 
zontally and armature voltage vertically. 

If the speed cannot bo kept ab.solutely constant, a correction 
in the observed voltage must be made. 

Let n = revolutions per minute at normal speed, 
n^— revolutions per minute observed. 

V — required voltage corresponding to normal speed, 
voltage actuaUy observed at speed nk 

Then r - ^ 

Determination of Magnetisation Curve at No-load 


Alternator No Type 

Normal output volts amps., at revs, per min. 


Exciting Current. 

Revolutions 

per 

Minute. 


Armature Voltage. 

Reading. 

Actual 

Voltage. 

Corrected 

Voltage. 







In the table of results given above, the column headed 
“ Corrected Voltage ” is obtained from the preceding column 
headed “ Actual Voltage,” by correcting for speed variations. 

The readings obtained should form two curves, the curve with 
decreasing excitation being slightly higher than the curve with 
increasing excitation. The true magnetisation curve is the mean 
of the two. 

It will probably not pass through zero on account of the residual 
.magnetism of the magnets. 

The curve in Fig. 105 is the magnetisation curve of a 6 kw. 
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4-pole alternator. In this case the rotating field showed no appreci- 
able residual magnetism, and the alternator gave no measurable 
voltage when unexcited. 

Nature of Curve.~l'‘rom the curve may be obtained directly 
the absolute value of the magnet flux corresponding to any voltage. 

This is illustrated by the following example in connection with 
the curve shown in Fig. 105. 

The machine did not give a perfect sine wave form, but the 
virtual value of the curve only differed slightly from that of a sine 



Amperes Exci&tion, 

Fig. 106. — ^MagnetiBation Curve. 
Speed 1,200 r.p.m. 


curve. The alternator had 4 poles, 80 armature conductors, and 
made 1,200 revs, per minute. The magnetic flux at 100 volts, 
was consequently approximately as follows : — 


Flux per pole == F = 


N np k 


100 Xj0» X 60 
80 X 1 ,200 X 2 X 2-22 


= 1,407,600 lines. 


It will be seen on reference to Fig. 105 that the first part of the 
curve is approximately straight. This is because the permeability 
of the iron of the circuit and of the air-gap is fairly constant at 
low inductions, and the magnetic flux consequently increases in 
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the same proportion as the magnetising force. The slope is deter- 
mined by the ratio between magnetic flux produced and mag- 
netising force applied. Hence, the tangent of the angle which the 
straight part of the curve makes with the horizontal will be inversely 
proportional to the reluctance of the magnetic circuit, since 
_ Magneto-motive force 
reluctance 

The steeper the inclination of the first portion of tlu^ curve, 
.the less is the reluctance of the magnetic circuit. At a higher 
induction, the curve bends decidedly to the right, and then again 
becomes comparatively straight, making a much smaller inclination 
with the horizontal. When working upon this part of the curve, 
the effect of small variations in the excitation upon the voltage of 
the alternator is comparatively slight, and the ratio of magnetising 
current to magnetic flux is considerably greater, owing to the 
decreased permeability of the iron at the higher saturation. 

Magnetisation Curve under Load.— The effect of a current 
flowing in the armature upon the terminal voltage is to produce 
a loss of voltage duo to the following principal causes - 

(1) Armature resistance ; 

(2) Armature reactance ; 

(3) Armature reaction. 

These factors are considered later ; their effect upon the ter- 
minal voltage of the alternator produces the difforeacc between 
the magnetisation curves taken with and without load. 

Experiment XXX. — Determination of MAONETis.\’rif)N 
Curve op an Alternator at Full Non-inductive Load. 

Diagram of Connections. 


S 



Fio. lO**, 

M^, M 2 Source of direct current. 

0 Alternator armature. 

F Alternator field windings. 

i?j Variable non-inductive load resistance. 

Field regulating resistance. 

A , Ammeter for measuring load current. 

A 2 'Ammeter for measuring exciting current. 

V Voltmeter for measuring alternator voltage. 
a Switch for breaking load circuit. 
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Instructioni.— Connect the alternator 6eld windings to a 
source of continuous current through an ammeter and reflating 
resistance Connect the armature to an adjustable load resistance 
in series with an ammeter and switch. Connect a voltmeter to 
the alternator terminals 

Before exciting the alternator, close the switch in the load 
circuit and make i2, as low as possible. Run the alternator at 
normal speed and then increase the excitation slowly until the full 
load current is reached. Maintain the speed constant and increase 



0 2 •» -6 -8 10 1-2 1-4 1-6 r8 20 2-2 2-4 2 8 

Amperes EzcitstloD. 

Fio. 107. — Magnetisation Curve with Load. 

Load current = 20 amps. 


the excitation step by step, at the same time increasing the reajpt- 
ance in the load circuit so as to maintam the load current at the 
same value as before. In each case take simultaneous readings 
of voltage and exciting current. Enter the readings in tabular 
form as in the precedmg experiment. The results, when plotted 
with volts vertically and exciting current horizontally, give the 
full-load magnetisation curve of the alternator. 

The lower curve shown in Fig. 107 is a load magnetisation 
curve taken on the same alternator as the no-load curve shown in 
Fig. 105. In order to enable an easy comparison to be made 
between the two curves, the curve of Fig. 105 has been re-drawn 
in Fig. 107 The vertical distance between the two curves shows 
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the amount of “armature drop” produced by the load. Thus with 
an excitation of 1-8 amps., the drop of volt.s is seen to be 6. Simi- 
larly, the horizontal distance between the curves shows the amount 
by which the excitation would have to be increa.sed in order to 
bring the voltage at full-load to its no-load value. On referring to 
Fig. 107, if 93 volts are rectuired, it will be seen that the difference 
in exciting current between the points corresponding to 93 volts 
on the two curves is -.38 ampere. The range of a field-regulating 
resistance to maintain this voltage at all non-inductive loads would 
have to be sufficient to produce this variation in the excitation. 
It must, however, be remembered that the loss of voltage will be 
greater on inductive loads. The direct exjjerimental determination 
of this quantity is the subject of a later experiment. 

The chief causes producing the armature voltage drop have 
been already enumerated; they are discussed in connection with 
the regulation test of the alternator, p. 192. 

Approximate Determination of Armature Reactance. The 
experiment just described suggests a simple method for detcr- 
miniilg the aj)[)roximate armature reactance of an alternator. 

When an alternator supplies a non-inductive circuit, the drop in 
voltage at its terminals is principally due to the voltage re(|uired to 
overcome the impedance of the armature. The armature reaction 
has chielly a distorting effect on the field, and only 'a slight 
weakening effect, unless tlie resistance of the load circuit' is low. 
If it is assumed that the electromotive force generated in the 
armature remains constant, it is ea.sy to calculate the value of the 
armature reactance, d'o make the measurement, run the alternator 
at normal speed and excitation and note the voltage on open cir- 
cuit. Close the circuit switch, so that the machine supplies current 
to a non-inductive load, and read the current and voltage. The 
second voltage is equal to / X /v', when 
I ~ Measured current. 
li Resistance in external circuit. 

This voltage will be in phase with the current, since the circuit is 
non-inductive. The voltage spent in the armature will be partly 
energy voltage in phase with the current, its amount being / X r, 
when r is the resistance of the armature. The remainder of the 
voltage lost in the armature will be idle voltage 90'’ out of phase 
with the current (= / x) due to armature reactance x. The total 
voltage generated by the alternator is assumed to be the same as 
before closing the switch. Hence this total voltage will be equal 
to the resultant of the energy and idle voltages in the armafure 
and that of the external circuit. The relation between the quanti- 
ties is that indicated in Fig. 108 on the next page, where 

AB = F ” no-load voltage = total voltage generated. 

DB ~ “ terminal voltage with load - - / A’. 

AC —lx — idle voltage due to armature self-induction. 

AD ~ fz — voltage overcoming armature impedance. 

CD = Ir — voltage overcoming armature resistance. 
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The base of the triangle is the sum of the energy voltages for the 
whole circuit, which is spent partly in the armature and partly 
in the external circuit. 

The value of lx is obtained by construction or by calculation, 
since Ix ~ V — (E^ + Ir)^. 

The value of the armature reactance is easily obtained by dividing 
this voltage by the current, L 

The following example, taken from Fig. 107, is given to show 
the method of calculation. 

With an excitation of 1-64 amperes, the total voltage generated 
at no-load is seen to be exactly 100 volts. With a load of 20 
amperes the terminal voltage is 93-7. We have for the whole 
circuit, including external resistance and armature, 

(Total volts generated)- = (idle volts)^ -}- (energy volts)-, 
or 1002 (idle volt8)2 + (93-7 + 20 X -14)2, 
since 93-7 is the energy voltage applied to the non-inductive ex. 
ternal circuit, and the armature resistance was '14 ohm. 

Hence idle volts = Ir = V lOO^ — (96-5)2 
= V 10,000 ~ 9,312 = 26-2. 

The current in the armature was 20 amperes, the reactance 
is consequently 

26-2 

X = — = 1-31 ohms 

at the particular excitation and current taken. 

The impedance of the armature 

2 ^ V'r'^F'= \/-142 + l-3i2 - V VM 
— 1'317 ohms. 



Fio. 108.— Diagram of Voltages in Armature and E.xtomal Circuit. 

It thus appears that the voltage spent in overcoming armature 
impedance is about 20 X 1-317 = 26-34 volts at normal excitation. 

This value will vary with the armature current and field excitation 
on account of the varying permeability of the iron. The voltage 
just found must be carefully distinguished from the “ voltage 
drop ” which is the arithmetic difference between the volts at 
the terminals of the armature at no-load and full-load, and is seen 
from the curve to have the value 100 — 93-7 6-3 volts. The 
diagram, Fig. 108, shows the relation between the voltages of 
the example worked above 
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The value olHaitied for the reactance by this method is not 
strictly that of the reactance. It is j^reater than the true reactance, 
because it includes the effects of armature reaction, ic., the 
vveakeninj,^ of the field by the armature currents. It is to be 
remembered that the current will la^ behind the induced electro- 
motive force, although it is in pha.se with the terminal voltage. 
There will thus be a certain weakening component in the armature 
reaction. When carried out on a non-inductive load, as described, 
the value obtained fdr the reactance may be assumed to be 
approximately correct. 

For many practical purposes it is not important to distinguish 
between loss of voltage due to weakening of the field, and that 
due to .self-induction. Neither cause produces loss of power; 
both diminish the available voltage. 

A further point to be noticed is that as the resistance of the 
external circuit becomes lower, a greater proportion of the total 
voltage generated is spent in overcoming the armature impedance, 
and the current will lag more behind the induced electromotive 
force in phase. These changes should be followed out in connec- 
tion with the changes occurring in the shape of the triangle, 
Fig. 108, when drawn for various current outputs. 

The point where the load magneti.salion curve cuts the hori- 
zontal axis is given by the value of the excitation required to send 
the load current through the armature when-short-circuited, and 
where the terminal voltage is consequently zero. Tn this case the 
whole of the voltage generated is spent in overcoming the arma- 
ture impedance and reaction. 

The voltage thus spent is seen to be 46 volts in Fig. 107. The 
difference between this voltage and the 263 volts calculated as 
lost in armature impedance with normal excitation is mainly due 
to the demagnetising action of the armature currents which now 
lag nearly 90'’ behind the induced voltage. This demagnetising 
action is explained later. (See page 195.) 

Field Regulators. — As already [X)intcd out on page 181, the 
load magnetisation curve .shows the range of resistance necessary 
for the field regulator. 

.'\n examination of the magnetisation curve further enables 
the magnitude of the steps of the field-regulating resistance to 
be determined, in order that regulation may be accomplished 
with any desired degree of .sensitiveness. Thus, if it is desired 
to regulate the voltage within one volt, the variation of exciting 
current corresponding to one volt difference of pressure may be at 
once obtained by an in.spection of the curve. From this the exact 
value of each .step of the regulator can be calculated for a fixed 
voltage of excitation. For in.stancc, at the upper part of the 
curve at 2 4 amperes excitation in Fig. 107 each volt corresponds 
to an increased excitation of 092 amperes. If the voltage of 
excitation is 100, the value of each step would be 
100 100 9-2 

— = 1-53 ohms. 

2'4 2492 5-98 
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Magnetisation Curves with Inductive Load. The curve 

discussed in the foregoing section is the magnetisation curve 
obtained with the machine supplying the current to a non-inductive 
circuit. This curve is the most important of the load curves, which 
can be obtained from an alternator. In most cases, however, 
alternators have to supply circuits consisting partly of inductive 
resistances, and it is consequently important to determine in what 
way the self-induction of the external circuit affects the behaviour 
of the alternator. In order to do this, a partially-inductive 
resistance should bo substituted for the non-inductive load resist; 
ance employed in Experiment XXX., and the voltage (iorresponding 
to the lull-load current at various power-factors and with vatious 
excitations should bo debumined. 



0 -2 M -0 -8 10 1-2 1-4 re. 1-8 20 2 2 2 4 

Amperes Excitation, 

I'lc. lO'J. -Curves showing Variation of I'-xfitation with l*owor-factor 

S(!V(*ral curves obtaine<l in this way have been drawn in 
Fig. 110, and show tliat the terminal voltage of the alternator is 
diminished by the lag of the current in tan inductive circuit. 

Before explaining the reason for this, the method of obtaining 
the magnetisation curves for inductive loads must he described. 

The difficulty of getting a complete magnetisation curve on 
an inductive load arises from the fact that it is in practice very 
difficult to vary the impedance of the external circuit, while keeping 
the ])owcr-fact()r of the circuit constant, on account of the difficulty 
of varying the inductive and non-inductive }x»rtions of the circuit 
simultaneously in the required proportion. In the case of large 
machines, a single reading often is all that can be ol)tained on 
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full load at a given power-faotor. The nature of the curve in the 
neighbourhood of the j^int cun then he approximately traced by 
drawing a portion of the curve parallel to the non-inductive load 
curve. This often suftices for practical pur|»se8, .dneo the actual 
range in excitation employed is very small. 

If more complete curves arc desired, correspomling to several 
values of the power-factor, the folloSing method may he employed. 
The description may be most simply given liy referring to the 
readmgs, actually taken in order to olitain the curves shown in 
Fig. 110. 


It was desired to obtain magnetisation curves for the three 
power-factors -9, -8 and -7, the current being in all cases 20 amperes, 
as it was m the curve for non-inductive load. 

From an inspection of the non-mductive curvt' it was cousideretl 
that readmgs taken at voltages of about 100, 00, SO, 70, and 60 
would he sulhcient to enable the curves to he plotted. A pre- 
liminary curve was accordingly taken at each of these voltages in 
the following maiuiet ; — 


The alternator was conneiited to a circuit com})osed partly of 
non-inductive resistances and partly of an inductive resistance 



Fig. 110. — Maguetisatioa Curves at Full Load and Various Power factors 

wound upon a magnetic eireuit with a variable air gap. (It may 
in some cases be found most convenient to connect the inductive 
and non-itiductive resistances in parallel and in other cases in 
series). 

The inductive resistance was then given its maximum value, 
and tlie nominductive part of tlu; circuit was adjusted to give the 
correct current of 20 amperes. The excitation was then adjusted 
until the voltage had assumed each of the five values, 98, 90, 80, 
70 and 60. 

The circuit was then made less inductive, and a similar series 
of readmgs taken. This was repeated for five different values 
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of the inductive resistance, giving points corresponding to five 
different voltages on curves corresponding to five different values 
of the power-factor. These curves were plotted so as to show 
the variation of exciting current with power-factor. The* curves 
actually obtained in this manner are shown on Fig. 109. From 
those curves points on the magnetisation curves corresponding to 
the desired power-factors were obtained, although actual readings 
for the exact value of the power-factor were not taken. 

The excitations required to give respectively 98, 90, 80, 70 and 
60 volts at the tliree values of the power-factor w'ero read off from 
the curves in Fig. 100 and the complete curves obtained from those 
points, as shown in Fig. 110.* 

With a leading, instead of a lagging, current in the circuit 
supplied, it would be found that the terminal voltage of the alter- 
nator is increased instead of decreased. Curves illustrating this 
are given later in connection with the determination of the charac- 
teristic curves of an alternator. 

Load Characteristics of an Alternator.— The curve showing 
the relationship between the voltage and load current is called the 
“ characteristic curve ” or “ regulation curve” of the machine, and 
forms the subject of the next experiment. 

Experiment XXXI.— Determination of the Load Charac- 
teristic OR Regulation Curve of an Alternator. 


Diagram of Connection.s. 



ilfj Source of direct current. 

0 Alternator armature. 

F Alternator field windings. 

Non-inductive resistance for varying load. 
Resistance for maintaining excitation constant. 
Aj AmmetiT for' measuring load current. 

A» Ammeter for measuring exciting current. 

V Voltmeter for reading alternator voltage. 

8 Switch for breaking main circuit. 


• The speed was not exactly the same during the readinits taken for FiRs. 107 and 110, 
which accounts for the slight difference between the load curve in Fig. 107 and the curve 
marked cos (p ™ 1 in Fig. 110. 
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Instructions. — Excite the fields of the alternator from a source 
of direct current in scries with a re^mlatinj^ resistance and 
ammeter. 

Connect the armature to a variable nnn-indiictivc resistance 
in series with an ammeter and switch. Connect a voltmeter to 
the armature terminals. 

Run the alternator at constant sjieed and maintain the excita- 
tion (read on ammeter .C) constant throut^Uout the experiment. 

Take readinjts of armature voUaj^e and current, lirsl with the 
switch .S' o[icii, and then for gradually increasing values of the 
load up to the maximum output. 

Enter the rcsult.s in tabular form as shown below, and plot 
a curve in which voltage is measured vertically and current 
horizontally. 

Characteristic on Non-Inductive Load. 

Alternator No Type Periodicity ....... 

Normal output amperes volts at revs, per minute 

Resistance of armature (hot) ohm.s. 


Load Cum-nt Kevolulions per Minute 


The voltage readings must be corrected, as shown on page 
177 if the speed does not remain constant. 

A curve obtained in this way on a 6 kw. 3-phase a ternator 
at a constant excitation of 1-9 amps, is shown in iMg. 11^. Ine 
curve is here drawn for the full working range of the machine, 
which is rated to give a full-load current of 35 amps^at 100 volts, 
when the voltage is regulated by the field rheostat. The field was, 
of course, kept con.stant during the experiment. 

Drawing a horizontal line through the highest part of the curve 
(sec Fig. 112) the drop of voltage at any load is represented by the 
vertical distance between the curve and this horizontal line. 

The drop in voltage at full load is due to several causes, which 
are considered more fully later (see page 192). 

Characteristic Curves with Leading and Ugging Curwnt.— - 

Since alternators have frequently to supply inductive circuits, and 
since the power-factor of the circuit affects the voltage, it is 
sometimes necessary to detcmiine characteristic curves with the 
alternator working on inductive loads. - . -.u 

The difficulties already • referred to in connection with mag- 
netisation curves on inductive load (see page 184) arise in the case 
of the characteristic curve with even greater force. It would 
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thus bo extremely difficult in practice to take a aeries of readincra 

in each eaee to a eo? 

practical purposes), the same process «f‘pl„tti„g 

The Mowing description of an actual tost will indicate the 
method to he adopted iiv obtaining complete curves 

The raacMno experimented upon was a'l kw. 4^\e Ctomnton 
alternator, with rotating armature ompteu 


loa 


% 

80 

70 

O 60 
50 


10 


.80 


0 5 10 15 20 25 30 36 40 

Amperes, load. 

Fig. 112. — Characteristic of an Alternator 
Excitation 1’9 amps. Speed 1,200 r.p.m. 

(a) Determination of Characteristic Curve on Inductive 
Loads. — An inspection of the characteristic of the alternator on 
non-inductive load showed that four readings taken at about 4, 8, 
12, and 16 amps, respectively, would be sufficient to enable th'e 
complete curves to be plotted. 

Accordingly, a scries of readings, each corresponding to a fixed 
value of the current, but each being taken with a different pro- 
portion of inductive and non-inductive resistance in the circuit, 
was taken. 

The four scries of readings were then plotted with voltage 
horizontal and power-factor vertical, as .shown in Fig. 113. The 
actual values of the currents, for which these curves were drawn, 
were respectively 4-17, 8-28, 12-8, and 17-2, as these currents 
corresponded to scale readings of 4, 8, 12, and 16 amps, on the 
ammeter, which had a correction factor. From the curves obtained 
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ill this manner the lower characteristics shown in 115, for 
power-factors of -J, -8, and -O, were plotted, each curve in Fig. 113 
giving a smgle point on each characteristic. The general simUaritv 
between the curves m I ig. 113 and those drawn for a similar purpose 
in hig. 109, eomparmg power-factor and excitation, will be noticed 
This was to be expected, since the variation in exeitim- current 
U) maintain a given voltage must bear a faii-ly constant ’ratio to 
the drop of voltage, with a constant exciting current. The curves 
are, consequently, very similar in their significance. 



■ai .so 60 70 80 90 100 

Volts. 

Fio. 113. — Variation of Voltage with Power-factor. Lagging Current. 

( 3 ) Determination of Characteristic Curve with Leading 
Currents.— 1'he characteristic curves obtained in Fig. 115, which 
lie above the eliaracteristic for non-inductive load, wore obtained 
with currents leading instead of lagging behind the voltage. Such 
curves might be obtained by tdioosing as load a circuit possessing 
considerable capacity, such as a long concentric cable or a number 
of condensers, if it were possible to obtain sufficient capacity. The 
cutvos shown were determined in a manner which is usually more 
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convenient than this, vk., by connecting the alternator to a syn- 
chronous motor, the fields of which were excited so that the motor 
voltage \^a8 higher than the alternator voltage. It will be explained 
later in the section devoted to synchronous motors that over-excited 
synchronous motors produce a leading current in the circuit 
supplying them, and thus have an effect similar to that of con- 
densers or cables with capacity. The amount of lead of the current 
can be adjusted by regulating the motor excitation, and the amount 



70 80 90 100 110 125 

Volta. 

Fia. 114, — Variation of Voltage with Powor-tactor. Leading Currents 


of current taken from the alternator can be easily varied by loading 
the motor by means of a brake upon its pulley or by making the 
motor drive a dynamo supplying current to a variable load circuit. 

In taking the complete curves for several values of the power- 
factor, the same series of readings were taken as in the case of the 
inductive characteristics. It was comparatively easy to adjust 
the motor load and excitation to give a number of readings at 
different power-factors at a fixed current, whereas it would not 
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have been so easy to take a series of readings at a constant power 
factor but different load currents. 

A number of readings were taken with different conditions of 
load and excitation at each of the following values of the current, 
10'66, 8‘6 and 6-4 amps. From the readings the curves com- 
paring power-factor and voltage shown in Fig. 114 were plotted. 
The general shape of these curves is similar to that of those show n 
in Fig. 113 ; but in this case they cross each other. 



Fio. 116. — Characteristics with Various Power factors. 


One feature which will be noticed about the characteristics 
for lagging or leading currents is that the distance between the 
curves for cos ^=10 and cos <f> = -9, is much greater than that 
between the curves for cos ^ = *9 and cos ^ =- 'S. In fact, the 
greater the angle of lag or lead, the less is the proportionate, effect 
of decrease in the power-factor. This is owing to the fact stated 
on page 195, that the demagnetising action of the armature current 
is proportional to sin '0. The rate of increase of sin is most 
rapid when <f> is small and decreases as sin <}> approaches it.s maximum 
value of 1. Thus, a given increase in the value of (f> produces a 
much greater effect when the actual angle of lag is small. Further, 
the angle whose cosine is '9 is 26°, and the angle whoso cosine is 
•8 is 37°, so that by taking successive equal decrements of power- 
factor or cos (j>, we are taking successively decreasing increments of <f) 
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There is thus a double reason for the apparently rapidly diminish- 
ing effect of decrease in power-factor upon the slope of the 
characteristic, viz., each successive change in power-factor cor- 
responds to a smaller change of angle of phase difference, and 
each successive change of angle corresponds to a diminished 
proportion of armature reaction. 

Causes of Loss of Voltage under Load. — Kricflyi the decrease 
in the voltage given out by the alternator when loaded is due to 
three causes : • 

(.1) Armature resistance, with which must be included eddy 
current losses in the conductors and in the iron in their 
vicinity. ' 

(2) Armature reactance, due to the self-induction of the arma- 
ture conductors. 

(3) Armature reaction, by which is meant the magnetic field 
which is set up in the air gap by the armature current. 



Fid, 116. -.\rinaturf! Reactance Fluxes 

It is imixrrtant to distinguish clearly between the terms arma- 
ture reactance and armature reaction. 

Wfien current flows in the ‘armature conductors, a magnetic 
field is .set up by the current. This field will consist partly of 
lines («) forming closed loops round the armature conductors, 
completing their paths either across the face of the armature 
teeth or across the surface of the pole face opposite these teeth 
(see Fig. 116). The second part of the field due to the armature 
currents will be composed of lines (b) which form much wider 
loops, following the main path of the field magnetic circuit, and 
jiassing through the magnet iron carrying the magnet winding. 

The important ditfercnce between these fluxes (a) and {b) is 
that the lines forming the smaller loops do not affect the amount 
of flux produced by the maget windings, whereas the longer lines 
( h) do affect the strength of the main field. 

The reactance of the armature is due to the flux (a), while the 

reaction is caused by flux (b) 

The reactance is unaffected by the power-factor of the load 
circuit. The effect of the armature reaction in strengthening or 
weakening the main field docs depend on this power-factor. 

(1) Armature Resistance.— The loss of voltage due to arma- 
ture resistance may be determined as follows : — 

While the machine is still hot fronvthe run, send a direct cur- 
rent through the armature and determine the resistance, either by 
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accurately measuring the current with an ammeter and the voltage 
chop with a milli- voltmeter, or by comparing the drop with that 
in a standard resistance in the same circuit by means of a galvano- 
meter. 

To the resistance thus measured should be added a percentage 
depending on the type and speed of the macliine, in order to allow 
for the power spent in producing eddy current.s in the conductors, ‘ 
pole faces and armature core. It will be shown later that errors 
in computing the eddy current losses have a very small effect upon 
the calculated value of the armature drop. 

Since it is not possible to measure directly the amount of the 
losses due to eddy currents, they can only be estimated from the 
results of experience in machines of similar typo, unless a special 
experiment can bo made to determine them.* 

In the case of polyphase windings, it is desirable to make the 
measurements on one phase and to base calculations on the voltage 
lost per phase. In this connection see also page 301 dealing with the 
measurement of resistance in S-phase windings. 


(2) Armature Reactance.— The most accurate method of 
determining the armature reactance at various loads has boon 
explained in Experiment VII., page -SO, whore current was passed 
through the stationary armature and the impedance voltage 
measured at its terminals. Unfortunately it is not usually possible 
to apply this tost to any excei)t small alternators. The alternating 
flux produced in the poles by current sent through the arraaturo 
is capable of inducing a high voltage in the field windings which 
may become dangerous to the insulation of these windings, since 
these arc only insiilated sufficiently to withstand the relatively low 
continuous voltage employed for the excitation. 

An a))proximate value of the reactance may bo obtained in- 
directly from the open and short-circuit characteristics (see pages 
204 and 205), or from a load curve (ace page 181). In these cases 
armature reaction and reactance arc measured together. 

If t ~ turns per coil of the armature winding, 

(j) rzr. virtual flux produced in one turn per ampere, 

L — ^ is the coefficient of self-induction of the coil. 

10 * 

= number of Imes produced by 1 amp. flowing through whole 
coil X turns which flux threa<ls through -i- 10*. 

The reactance of the coil is 2 t: f L 




10 * 


* In email machines with low linear velocity the eddy currents are not likely to affect 
the behaviour of the inacliluo seriously. They may therefore be neglected in coraparlTOn with 
the los-s in armature resistance, or taken into account by adding a percentage to the losses 
in the renslance. An appro-vimato rule sometiraos luscd for larger machines is U> assume 
the eddy current losses to be equal to the armature resistance loss. 
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The value of ^ can be calculated with a fair degree of accuracy 
from the dimensions of the slots and coils. This calculation is 
given in books dealing with alternator design. 

(3) Armature Reaction— This term applies to the flux in 
the air gap of the alternator which is produced by the armature 
currents. A most important feature of the armature reaction 
is its dependanco upon the power-factor of the circuit supplied by 
the alternator. 

Wo shall first consider the case of a single-phase alternator. 

Effect of Powerofactor upon Armature Reaction— As 

being the simplest case for purposes of explanation, the Fig. 117 
has been drawn to repro.sont part of a 2-pole single-phase alternator 
with ring-wound.armature. 



Case I.— Current and Voltage in Phase— If current is 
supplied to a non-inductive circuit, there will be no phase difference 
between current and volts, and both will pass through their maxi- 
mum and minimum values .simultaneou.sly, if the effect of the 
self-induction of the armature is neglected for the present. 

With the armature in the position shown, the voltage will be 
at its maximum value. If the current is also at its maximum 
value {i.e., if there is no difference of phase between the current 
and volts) the current will produce a field perpendicular to the 
main fickl, as indicated by the symbols n s. This armature reaction 
field will distort, but will neither strengthen nor weaken the main 
field. Earlier in the revolution, the armature field would be weakpr, 
since the current w'ould be weaker, and would be inclined to the 
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right, partly distorting and partly assisting the main Held, as 
indicate by tho axis n' s'. L^ter in the revolution the Held will 
also be less, but will be directed so as to partly oppose the main 
field, ite direction, being, for instance, n" s'. 

The average effect of the armature currents is thus to distort, 
but neither to strengthen nor weaken the main field.* 


Case n. — Current Lagging. — In this case the current will 
only attain its full value after the jjosition of maximum voltage, 
has been passed, when, for instance, the conductors connecsted 
to the slip rings have moved into the position s' n'. Tho maximum 
current will then produce a field in the direction s' n'. Positions 
of the armature on either side of this will correspond to weaker 
fields, which will bo of equal value at equal angles on either side 
of n' s". Hence the average effect of tho armature currents will 
be the production of a field along n” s', which will partly weaken 
and partly distort the main field. This may bo briefly stated 
thus : A lagging current tends on the whole to weaken the main 
field. 


Case III.— Current Leading.— Tho current will in this case 
attain its maximum value before the armature reaches tho position 
of maximum Voltage, e.g., when the conductors connected to the 
slip rings are at n' s'. The maximum armature field will be induced 
in the direction n' s', and the average magnetic reaction will be 
such that the main field is both slrenglhened and distorted. Hence 
a leading current will on the whole strengthen the main field of 
an alternator. 

Exactly similar reasoning applies to tho case of a multipolar 
alternator, whether with fix^ or rotating armature. This action 
necessarily makes it more difficult to regulate the voltage of an 
alternator with varying load when the power-factor of the circuit 
is low, t.e., when there is considerable phase difference between 
current and voltage. 

The foregoing reasoning may bo put into more exact form by 
the statement, that if the ampere turns of the main magnetic circuit 
be T I and the product of current and windings in the armature 
be t i, tho effective (R.M.S.) value of the magnetising action of the 
armature currents will be *7 I i, and the total effective magnetisa- 
tion of the fields h then due to 

T I — '1 1 i sin (f> ampere turns, f 


• Tho eifect oJ decreased permeability owing to the concentration oI the lines under one 
pole tip is here neglected. 

t A multiplying (actor must be introduced if the relative ponitionR of windinge and pole 
make tho armature windings not all equally effective. The value of t may usually be taken 
to he 

total nu mber of a rm.iture conductors 
number of poles 
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i.e., the armature current diminishes (or increases if (f) be negative) 
the effective ampere turns of the field by the amount 
•7 i i sin 

where 0 is the angle of lag of the current in the armature. 

Armature Reaction of a Polyphase Altemator.—The armature 
reaction field of a polyphase alternator has a constant value, 
instead of being an alternating flux, as in the single-phase alter- 
nator. Also, with a given power-factor, it has a fixed position 
relative to the main poles, instead of rotating relatively to them, 
as was seen to be the case with the single-phase machine. We 
shall not attempt to prove these statements here, as the proof is 
the same as that given in connection with the rotating field of a 
polyphase induction motor on page 290. With- a stationary arma- 
ture, the currents produce a constant reaction field which rotates 
at the same speed a.s the main poles and in the same direction. 
If the armature revolves, the reaction field rotates relatively to 
the armature conductors in a reverse direction, and so remains 
stationary in space in the same way as the armature reaction field 
of a direct current generator. 

The po.sition of the armature reaction flux relative to the field 
poles depends on the phase difference between the armature current 
and induced electromotive force. If current and electromotive 
force are in phase, the reaction flux will have its axis midway between 
the poles as « « in Fig. 118. This produces distortion^ hut neither 
strengthening nor weakening of the main fi(dd. If the current 
makes, with the electromotive force, a jAase angle the reaction 
flux will b(3 moved in the direction of rotation of the armature 
relative to the field by an angle as indicated by n' s'. The reason 
for this change of axis has been already cx])lained fully in con- 
nection with the single-phase alternator. Tf the current lags, 
there will be a definite number of armature ampere-turns tending 
to demagnetise the poles of the field, depending on the angle of 
lag. Similarly, if the current leads the electromotive force in 
phase, the reaction flux will strengthen the field. ' The converse 
of tliese statements is true for a synchronous motor, where a lagging 


" This is obUined as follows 

Tlie iictual current in the armature conductors may be written i = I sin {0~-<P) where <P 
js the atiyJe of lag of tt>e current behind tlie voltage, ami 0 is the angular distante of the con- 
ductors from the point correapomling to miiiiniuiii eleclrumotivo force, I being liere maximum 
value of current in coiKluctor. 

Tho demagnetising action of the current wlien the conductors are in any positon is pro- 
portional to the re-solverl coinponont of the current parallel to main field, t.e., to cos 9, since 
the magnetic Held produced is iierpendicular to the main field. Thus the Held due to the 
conductors completely opposes tho main Held, when 9 ~ 90’, and assists it when ■>» -- 90° 

Hence the dem.»giietising armature ampere-turns at any instant are 

»a ' • I i cos 9 f / sin — <f>) cos <1 

= ( / (sin C cos 0 cos 0 sin cos ^ 

= * ^ isin cos 0 cos <p — cos'^ .sin <f>) 

the average value of sin 0 cos - 0 

cos=^ 

Hence the verage value of m = - J f f sin 

= — * f V - tsin '!> 

- ■ 7 1 1 .sin 4p. 
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current strengthens, and a leading current weakens, the mam 
field In the ease of a multipolar alternator, the armature reaction 
polos are equal in number to the field polos. 

Let the alternator have N armature conductors per phase, 
p pairs of poles, 
m phases, 

and let / virtual amperes flow in it. 

'I'lien the armature am pore -turns per phase per pole producing 
the reaction field 

' ■ 2 ■ 2 , ■■ *■ 

where t is a factor depending on the arraugemi'nt of the 
conductors. 



Fi<;. 1 18.- ■Ammtiiro llcwMions in Polyj)liieii' Alli'niiUm 


The resultant ampere-turns due to m phases will he (see jinge 
293) 

\ 2 m i iV k 
^ ■ ampere-turns 

2 4 p 


The ampere-turns weakening the main field will be 
V2 rn J iV k 

where i is the angle of lag of the current behind the total imiuced 
voltage. 

In order to counteract this, and to maintain the same voltage 
as at no-load, the ampere-turns to he added to tlu' field spoofs will 
be 

\/ 2 m iN k . 

~ 

8 p 

where A is the leakage factor for the magnetic eireiiit. 

As explained on page 210, is nearly equal to </>, the angle of 
lag of the current in the loa<I circuit, and may u.sually be considered 
as equal to it. 
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Experiment XXXIT. — Determination of Excitation 
Required to Maintain Constant Voltage. 

DiAGRi\M OF Connections. 

As FOR Experiment XXXI. 

(See Fig. Ill, page 186.) 

Instruction*.— Make connections as in k'.xfieriment XXXI. Run 
the alternator at normal speed with the load circuit open, and 
adjust the excitation to give the full voltage. Note the exciting 
current. Close the main-circuit switch and gradually increase the 
load to its full value. For each value of the load current adjust 
the held regulator so that the machine gives its normal voltage. 
Then read the load current and exciting current. The speed of 
the machine must he kept constant throughout the experiment. 

If the machine is rcciuired to work on inductive loads, a few 
readings should he taken on inductive load, having the minimum 
power-factor on which the machine will be required to work. 

The results of the lest should be entered in tabular form as 
indicated below, and a curve plotted with load current horizontal 
and exciting current measured vertically. 

Determjn.vtio.n 01' Excitation for Constant Voltage. 

Alternator No Tyjie 

Normal output amps volts at revs, per minute. 


Loail Curri'iil. 

Voliat!e 

Ivxcitiiig Cmri'iil 

Sin'cd 

0 

9 .S 

1 -33 

1,200 

IS ■ 

95 

1 -68 

1 ,'200 

‘ 25 -7 

95 

2-05 

1,200 

35 -() 

95 

2-445 

1,200 


The readings obtained on a 6 kw. 3-phase generator with rotating 
field when loaded non-induclively on one phase only arc plotted 
in Fig. 119. The voltage was kept constant at 95, and the speed 
regulated to give a periodicity of 40 cycles per second. The machine 
employed was the same as that for which the magnetisation curves, 
logs. 105 and 107, and the characteristic, Fig. 112, were drawn. 
On referring to the magnetisation curves, it will be seen that the 
lowest excitation employed in the present experiment, viz., 1-33 
amps., is well above the knee of the magnetisation curve, and that 
the ratio of increase in voltage to increase of excitation is fairly 
constant. Consequently, if the characteristic were .straight, indi- 
cating a uniform drop of voltage as the load incrcai^ed, the curve 
in Fig. 119 would also be practically a straight line. The charac- 
teristic in Fig. 112 begins, however, to bend downwards at about 
20 amps., and conscqivnitly with currents al)ove this value the 
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excitation must increase more rapidly in order to keep up the 
voltage to its original value. This is indicated by the upward 
bend in the excitation curve, Fig 119, occurring at 20 amps. 

A curve of the kind just described shows the range .which a 
field-regulating resistance must have in order to maintain constant 
voltage, and also shows what variation of resistance will be requir'd 
for any given variation of load which may ho contemplated. 



0 10 20 30 40 

Amperes. lx)jnl 

Fio. 110. -Variution of Excitation to Maintain Constant Voltago. 


In making use of curves such as that shown in Fig. 119, it must 
bo remembered that a different curve showing a greater increase 
in excitation would be obtained on an inductive load circuit, since 
the armature drop in this case would be greater. 

Since the curve of variation of excitation may be approximatelv 
obtained from the results of the determination of the characteristic 
and magnetisation curves, it will in most cases bo better to make use 
of these rather than to obtain a separate curve of regulation for 
inductive load by direct experiment. 

The method of deriving the curve of regulation for an inductive 
load from those already taken would be approximately as follows 
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the methofi of procoduic depending somewhat upon the information 
required, and the eurves already obtained. 

Suppose that the loss of voltage at a certain load, either in- 
ductive or non inductive, has been obtained by experiment or 
calculation On referring to the magnetisation curve. Fig. 105, 
page 178, the point on the curve corresponding to the excitation 
under th(' aasunu'd conditions, must be found A line is then 
drawn vertically upwards through this point, its length being equal 
. to the loss of voltage on the volt .scale. A horizontal line drawn 
through the upp(‘r end of this vertical line to meet the magnetisa 
tion curve will represent by its length the approximate increase in 
excitation reepnred. 

Short-circuit Characteristic. If an alternator is only 
partially excited, and its terminals are short-circuited through an 
ammeter, the whole of the ele<;tromotivc force generated in the 
armature is s|Mmt in overcoming the armature impedance. 

the curve, ciunparing armature current on short circ\iit with 
excitation, forms a companion curv(^ to the “ open-cir(;uit charac- 
teristic.” From these two curves many important deductions 
may be made as to the behaviour of the alternator. These are 
discussed on page 202 cl ,fcq 

Experiment XXXIII - Determination ok Short-circuit 
Maonetlsation Curve, or SnoRT-ciRCiyT CuARAcrrERisxir 

Diagram of (’onnections 



M^, M., S<»urce of direct current. 

G .'\lt«'rnator armature 

V Alternator (iekl windings. 

R Field regulating resistance 
/I I, .4.^ Ammeters. 

S' Switch 

Instructions.- Excite the alternator from a source of direct 
current through a regulating resistance, switch' and ammeter. 
Connect the armature terminals together through an ammeter. 
Run the alternator at normal speed, exciting the field at first with 
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a small current. Read the ammeters, and while maintaining the 
speed fairly constant,* gradually increase the excitation and 
observe the readings of the ammeters for various values of the 
armature current, until the normal load current is reached. 


Results should be entered in tabular form as indicated below. 

'Detkrmin.vpion of Short-circuit Characteristic. 

Normal output 

amps volts at 

revs, per minute. 

Frequency 

Normal excitation 

amps. 

Exciting Current 

Specil 

Amperes oti Short 

•12 

1 ,200 j 

8-0 

•23 

1 1.200 1 

15-45 

•43 

: 1,200 ! 

27-5 ' 

•55 

1 .200 1 

35-0 


riie resistance of the armature, ammeter, and connecting leads 
should be determined by measurement with direct current or other 
means.f 

•A curve comparing exciting current and short-circuit armature 
current slmuld be plotted from the readings. For moderate values 
of the armature current this will be found to be practically a 
straight line, but bends upwards rather sharply if continued for 
higher excitations. 

b'ig. 121 shows the residts of a test carried out in the manner 
just (Icscribed on a 6 kw. 4-pole Schukert alternator with rotating 
field, the speed being 1,2(X) revs, jier minute, and the normal maxi- 
mum current 35 amps. 'Phe curve is a straight line cutting the 
vertical axis at a point corresponding to 1-3 amps. This shows 
that the residual magnetism is sufficient to send a current of 1'3 
am[)s. through the short-circuited armature. 

A useful extension of the short-circuit test enables a measure- 
ment of the copper los.ses to be made, b'or this jnirpose, the 
generator is driven by a direct-current motor and observations are 
made of the power taken to drive it. Hy plotting values of the 
driving power against values of the alternator armature current 
the losses (which arc almo.st all “ copper los.scs ”) at any current 
loading may be obtained. 'The driving losses at zero current in 
the alternator armature, must be regarded as constant and must 
be subtracted from the driving power observed, to give the “cop^xir 
losses” in the armature. 

Effect of Speed Variation in Short-circuit Currents. — Since 
the reactance of the alternator armateur { ~2 tt f L) varies 

* From the results shown in Fig. 122, it will be seen that when running at approxi- 
niaU-ly normal speed, the short-circuit current remains constant for considerable .speed 
variations. The imiiortance of exact .speed regulation docs not therefore exist in this 
expet'inicnt. 

t See remarks on i)agc 193 for correction to he made for eddy currents. 



202 


ALTERNATOilS 


directly with the frequency, i.e., with the speed of the machine 
variations in speed will alter the voltage generated in the same 
ratio as the reactance It follows that if the armature resistance 
rs small, so that the armature impedance is composed almost en- 
tirely of reactance, the short-circuit current will vary very little 
with a change of speed, since the current will then be the quotient 
of the volts divided by the reactance, while both voltage and react- 
ance vary proportionally to the speed. 

The curve shown in Fig. 122 gives the result of a test earrieil 
out on a short-circuited alternator at varying speed. The curve 
shows that the short-circuit current is practically independent 
of speed over a wide range in the neighbourhood of the normal 
speed. 



0 1 2 -3 -4 5 (i 

■Unpcires, Kxcil.aiidii 


Kio. 121. — Short Circuit Churactoristic. 

The great importance of tho short-circuit characteristic cuVvo 
is its u.so in eonjunction with the open-eircuit characteristie for 
prede.termining the prossun; variation of an alternator under load. 
We must now explain the use of these two curves for this purpose. 

Regulation of an Alternator.— There are two dofinitions 
employod in practice for the regulation, or pressure variation, of 
an alternator, viz. : (a) The fall in terminal voltage which results 
when the machine is loaded up to its full output, speed and excita- 
tion being kept constant, the excitation being that necessary for 
producing full voltage at no-load, (6) tho rise in pressure at the 
alternator terminals which occurs when tho full-load current is 
switched off the machine, the excitation having lieon previously 
adjusted to gjve normal voltage at full -load. This definition is the 
one adojited by the British Standards Committee. 

The second definition gives a lower value for the voltage drop 
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than the first, since the magnets are more highly saturated in ilie 
second case. 

Both values of the regulation are directly obtainable from tests 
already detailed. The regulation according to definition (n) is 
given directly by the characteristic curve (Fig 112. page 18S), 
since it is simply the length of the ordinal- between the curve and 
the horizontal line drawn through the point of no load voltage 
The regulation is usually expressed as a pei(<'ntag(' of the nortn.al 
full -load voltage. 
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0 200 400 flOO 8(K) 1000 1200 MOO IfiOO 

Kevolutuins Minute 

Fir.; 122. -Variation of Sfiort-oirouit (Jurrout witii Spoed. 
Ercilatioii anipcro. 



The regulation by definition (6) is obtained from the eiirvi' 
Fig. 107, page 180, by noting the full-load excitation to produce 
normal voltage, and then seeking the no-load voltage corres[)ondin<: 
to this excitation on the no-load curve (Fig 105, page 178) 'I’lie 
difference between the no-load and fnll-Ioad voltage with this 
excitation is the required valu(‘, and may be exjiri'ssed as a per- 
centage of the full-load voltage. 

Graphical Methods of Predetermining the Regulation of an 
Alternator from Open-circuit and Short-circuit Readings. 

—In addition the drop due U) resistane.e, the loss of voltage 
which occur.s when the alternator is loaded is due pkrtly to armature 
reactance and partly to armature reaction. It is difficult in [uacticr 
to separate the voltages lost due to these cau.sos, Ko graphic 
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cfjti.structujn can be accurate which does not make the distinction, 
since the load does not affect the reactance and reaction in the 
same manner. y\n accurate construction being beyond the scope of 
this book, we shall consider two simple approximate constructions 
in which the distinction between reactance and reaction is not 
drawn, and then refer the student to other sources where more 
advanced treatment of the problem is given. The two construc- 
tions given are only approximate, but are of importance because 
of their simplicity, and because they form a convenient basis on 
which more accurate, but more complicated, methods may be 
founded. 

The two constructions arc each based on one of the assump- 
tions, that the idle voltage lost iji the armature is due (a) entirely ♦ 
to armature reactance, or (b) entirely to armature reaction. The 
value of the regulation l)ascd on assumption (a) gives a loss of 
voltage greater than it should be, and this method is sometimes 
called the “pessimistic method” in consequence. 'Phe assumption 
{h) leads. to a value of the drop which is less than the true one, 
and is therefore known as the “optimistic method.” The reason 
for these terms will become clear from what follows. 

( 0 ) Pessimistic or Reactance Method.- In this case the arma- 
ture current is assumed to produce no reaction Ilux, and the volt- 
age drop is assumed to be entirely due to resistance and reactance 
of the armature, the main field maintaining its value constant. The 
reactance employed in the construction will be larger than the true 
armature reactance since it is made to account for the loss of volt- 
age which is really due to armature reaction, to the weakening 
of the main field, in addition to the loss which is due to the true 
reactance of the armature winding. This is called the synchronous 
reactance of the alternator. As the field is assumed to remain con- 
stant at all loads, the total voltage generated will also be constant, 
and will be the vectorial .sum of (he terminal voltage and of the 
voltage overcoming the armature impedance. The variation in 
terminal voltage is cunseiiucntly obtained by the construction of 
a diagram of voltages as .shown in Fig. 124, exactly as described 
for the transformer in a previous chapter (see page 139). 

d'he reactance of the alternator is obtained by dividing the 
opcn-circuit voltage by the short-circuit current corresponding to 
the same field ampere-turns. Tt is evident that we should obtain 
diiferait values for the reactance for different values of the exci- 
tation, because the curve of short-circuit current is practically a 
slraiglil line (see Jog. 123), whereas the open-circuit volt curve 
is not. 

In Fig. 123 are reproduced the opcn-circuit and short-circuit 
curves of the 6 kw. 3-plia.se alternator which have already been 
given in Figs. lO.S and 121. The shorl-cireuit curve is produced 
beyond the values observed, so as to extend over the full range of 
excitation. If we divide the open-circuit voltage generated at an 
excitation of 055 amp. (= 66-3 volts) by the full-load current of 
35 amps., wbich is the short-cireuit current at this excitation, 
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1-9 ohms nearly. If, however, we 


,66-3 

• we obtain a reactance of ; 

35 

divide the voltage at normal excitation of 1-9 amps, (say 102-5 
volts) by the short-circuit current obtained by producing thecurrent 
curve to the same excitation (118 amps.) we find the reactance to be 

; “ 0-87 ohms, or less than one-half the pn^vious value. The 


latter figure is the best to adopt, .since it corresponds to the normal 
saturation of the field. 

We are now in a position to debwmine the regulation of the 
alternator at any load and power-factor. Taking first the case 



•I J i C 8 I 0 1 -2 ] <1 1 ft 1 8 2 0 2 2 2 < i 

Araperus Kxoitntion. 

Fi<!. 12!?. — Open- and Short-Circuit Curves. 

of unity power-factor and a loatl of *10 amps,, the Fig, 124 shows 
the construction, w'hcre the triangle A F D is first constructed so 
that 

A F - 40 d 0-87 =- 34-7fi volts. 

. F /d -- 40 X 0 156 = O f) volts, 0-156 being the armature 
resistance . 

.4 F is then drawn equal to 102-5 volts, cutting off a length 
1) B on the horizontal line representing the terminal volts. This 
length is found to be 89-8 volts. Referring to the expcriimmtal 
curve, Fig. 112, page 188, we see that the actual voltage at 40 
amps, was 90-1 volts, so that our value is practically correct. Tho 
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discrepancy would be greater in most cases, especially with more 
fully saturated fields, the value then obtained being considerably 
less than the true value. We must now explain why any discrepancy 
between the diagram and the actual conditions should exist. 'The 
assumption is made that both reactance and reaction of the armature 
remain the same at all loads. Actually, both of these quantities 
are diminished as the saturation of the fields and the armature 
current increase. Since the value of the reactance employed in 
the diagram was calculated from readings taken on the alternator 
at low saturation,* its value is higher than it would be under full- 
load working conditions. For correct values of the regulation a 
different value of the reactance would have to be taken for each 
load and power-factor. 



■A F -• Annttture reactance volte, 

F D -- Annature roeietaaoe volts. 

A D - Armature impedance volts 
A B - No load voltage. 

D B - Teiminal volte under load ol 40 amps, cos 0 « 1. 

D B' - Terminal volts under loati of 40 amps, cos 0 = 0 8. 

Fio. 124. — Voltage Regulation Diagram. 

In the case of a transformer, the magnetisation curve is prac 
tically straight within the workmg limits, and the reactance remains 
practically constant, so that the method just described will give 
satisfactory values for the regulation 

For power-factors other than unity, the diagram becomes similar 
to that shown m dotted lines m Fig. 124 The student will have 
no difficulty in following this from the description already given, 
and a reference to the analogous case of the transformer The 
terminal voltage when supplying 40 amps at a power-factor of 
0-8 is seen from the length of ^ .6' to be about 73 volts 

(h) Optimistic or Ampere-tum Method.—In this case the 
armature reactance is assumed to be zero, and the drop in volts 
of the alternator is assumed to be entirely due to resistance and to 


* 11 tlie excitation In the short-circuit test could he carried up to Its normal value, the 
cm reul curve would be found to bend upwards as the point of saturation of the iron is reached. 
The actual itruight-line curve is the result of measurements made with low excitation. 
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the clfect of armature reactions on the main field in the air ^^a]). 
The armature reactions are, therefore, taken greater than their 
true value, in order to account for the effects of reactance which 
are assumed not to exist. It is assumed that the effect of both 
armature reaction and reactance may be represented by a number 
of reactive ampere-turns, proportional to the armature current, 
and producing a magnetomotive force afong the axis of the arma- 
ture reaction field. The assumption made is that the total field 
ampere-turns may lie looked upon as performing two functions, 
viz., (1) some arc taken up in balancing the armature reaction 
anijicre-turns, while (2) the remainder produce the air-gap flux 
which determines the value of the terminal voltage. The arma- 
ture is assumed to be non-inductive, since the reactance is included 
in the reaction ampere-turns, and a correction for armature 
resistance is made subse(|uently. 

The reactive amtiere-turns of the armature are obtained directly 
from the short-circuit curve. It is assumed that, when on short 
circuit, the armature current lags 90'^ behind the induced electro- 
motive force, and the axis of the armature reaction is the same 
as that of the main fiux, so that the ampere-turns on short circuit 
directl)' oppose the field ampere-turns. Since there is then no 
terminal voltage, the field and armature ampere-turns are taken as 
being equal and opposite. Thus, for any value of the load current, 
the armature reactive ampere-turns are taken to be those actually 
su|.)plicd to the field in the short-circuit test at this current. 

When working on non-inductive load, the armature reaction 
field and the main field are periiendicular to one another. We 
proceed as follows to determine the terminal voltage of the 
alternator, of which the curves are given in Fig. 123, for a non- 
inductive load of 40 amps. 

Measure off O 1. horizontally along the line O R to rejiresent the 
excitation reipiired to overcome the armature reaction Ilux. This is 
the excitation corresi.)onding to 40 amps, on the short-circuit 
curve, and is seen to be 63 amp. from h'ig. 123. From /, describe 
a circle with a radius equal to the total field excitation (19 amps.) 
to cut the line drawm vertically through O at .1/. The triangle 
0 L M is then a triangle of ampere-turns, and 0 M ( '“179 amps.) 
rei)resenls the e.xcitation producing the terminal voltage. P.y 
reference to the magnetisation curve (F'ig. 123), it is seen that an 
excitation of 1/0 ami)S. corresponds to a voltage of lOF.S. We 
mnsr, however, subtract the voltage lost in armature resistance, in 
order to obtain the terminal voltage. The armature resistance 
being 0165 ohm, the yolts to be subtracted are ‘K) X 0165 -- 6'6, 
and the terminal voltage is consequently found to be kOlaS— 6 6 
~ 95-2 volts. A reference to the experimental curve (Fig. 112, 
I>age 188), shows that this value is about 5 per cent, too high. 

When the load circuit is inductive, the construction is carried 
out in the same way, except that the excitation overcoming the 
armature reactions is set off along a line 0 \ making an angle ch 
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This is shown by dott.ed lines in Fig. 125, where the alternator 
supplies a current of 40 amps, to a circuit having a power-factor 
of 0-8 Tfie correction for armature resistance is made by sub- 
tractmg 1 R cos 0 from the voltage which corresponds to the ex- 
citation 0 M\ thus, in the present instance 0 M'- represents 1-45 
amps., corresponding to a voltage of 07-2. Subtracting fi C x 0-8 
= 5-28 volts, we obtain 91-92 volts at the terminals. This value 
may be compared with that obtained by the pessimistic method. 

In the case of large alternators, the armature resistance must 
be taken from 50 per cent, (for closed slots) to 100 per cent, (for 
open slots) greater than the resistance as measured by direct current 


^ L' 



0 L = Excitation overcoming armature reaction. 

0 M = Excitation giving tormina! volts, cos </'=!. 

M L = Excitation in field winding. 

0 M' — Excitation giving terminal volts, cos (p = 0 8. 

Fig 125.— Aropere-tum llogulation Diagram. 

in order to allow for eddy current losses in the poles and conductors. 
Further, a correction for change in the leakage factor of the mag- 
netic circuit should be made. 

The same form of diagram may be used to give the excitation 
necessary to maintain a certain terminal voltage under load. In 
this case, 0 M is taken to represent the excitation necessary to 
give the required terminal voltage on open circuit. 0 L is the 
excitation for overcoming armature reactions (given by the short 
circuit curve). M L will then show the required excitation, which 
must, however, be increased so as to produce the additional voltage 
for overcoming armature resistance. 
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Wo must now explain why this method gives oplimisti® results, 
dhe assumption is made in the construction shown in Fig. 125 
that by adding together the ampere-turns required to produce the 
no-load terminal voltage and those required to overcome armature 
reactions at zero terminal voltage, the resultant ampere-turns will 
be able to produce both effects simultaneously. This can only be 
true if the ampere-turns arc always equally effective, indeixin- 
dently of the saturation of the field, i.c., if the magnetisation curve 
is a straight line. We know, however, that the higher the excita- 
tion, the less will be the effectiveness of the ampere-turns. Conse- 
quently by adding together the two component ampere-turns, as 
just described, we shall obtain a less resultant magnetisation than 
the sum of the magnetising effects due to the component ampere- 
turns acting singly. On this account the actual terminal voltage 
of the alternator when working under load will be rather less 
than the value obtained from our construction. This is what is 
meant by saying that the method is optimistit. 

Conclusion. — It is evident that both of the methods ju.st given 
would lead to the same result if the alternator had a straight line 
magnetisation curve. Since this is never the case, neither method 
is entirely reliable, although with large and well-designed machines 
the ampere-turn method is found to give fairly close results in 
practice. The divergence lietwcen the results of the two methods 
is more marked at low fiower- factors. For conqiletcly satisfactory 
results, the effects of reactance and reaction of the armature must 
be separately allowed for. h'or a more advanced discussion of the 
matter, the student m.ay be referred to the following articles : 
Potier, Fwlairage Flectrique, vol. xxiv., 1900, page 133; Blondel 
and Fischer llinnen, h'lektrotechni.sche Zeitschrift, vol. xxii., 
1901, pages 474 and 1,061; “ Flectrical Fngincer,” vol. xxxiii., 
1904, jiage 979; Henderson and Nicholson. Proc. Inst. Kl. Fng., 
vol, xxxiv., 1905, page 465. See also Miles Walker. Specification 
and Design of Dynamo-hdectric Machinery, p. 278 cl seq. 

Phase Difference between Electromotive Force and Load 
Current. F.ven when working on a non-inductive circuit, the 
phase dilTerence between the current and the total voltage gener- 
ated in the armature of the alternator will vary consider.alily with 
a varying load. This is perhaps brought out more clearly by the 
diagram Fig. 124. where the line A B represents the induced 
armature electromotive force and D B shows the phase of the 
current in the external circuit (since the external current and 
terminal voltage will be In phase with a non-inductive load cir- 
cuit). The angle D B A shows the angle of phase difference 
between current and voltage generated in the armature itself. 

d'he general result of an increase of load is an increase in the 
angle of lag between current and total volts,* until on short circuit 
it approximatCvS to 90°. 

* 'I1i(* student mu.st note the distinction between “tot.il volts generated in the 
armature” and “terminal volt.s,” The terminal volts will, of course, always be in 
I)hase witli the current in the case of a non-inductive circuit. 
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I'roni'lhe characteristic curve of an alternator on load, or from 
the short-circuit characteristic, the angle of lag between current 
and total volts can be approximately determined by the construc- 
tion given on page 205, on the assumption that the total voltage 
generated remains constant at all loads. 

It follows that the phase difference between current and arma- 
ture electromotive force is not the same as that between current 
and voltage in the load circuit. This distinction is made in Fig. 
124, where (f> is the angle of lag in the load circuit and d the lag 
of current behind electromotive force in the armature. In most 
liractical cases the angles are sufficiently nearly equal for a dis- 
tinction between them to be unnecessary. 

Variation of Exciting Current. —.Since the armature reaction 
lliix is subject to pulsations due to the rotation of the field poles, 
It will induce a pulsating IwM.F. in the field windings, which will, 
in turn, produce current variations superposed on the continuous- 
current excitation. This effect may be ob.served by the oscillo- 
graph or ondograph. Another method of showing the effect of 
the armature current on the field is to trace the variation of the 
exciting current by a rotating contact as described in F.xperiment 

.\iy. 

■Curves obtained in this way show that the excitation of a single- 
phase alternator, although supplied from a ’uniform source of 
electromotive force, is subject to regular pulsations. These pulsa- 
tions have the peculiarity that they occur with exactly twice the 
frequency of the fluctuation of the armature current. 

Efficiency Tests of Alternators.— The direct method of deter- 
mining the efficiency of an alternator, by measuring the power 
sup[)Iicd to drive it and the power given out in the form of elec- 
trical horse-poW'er, is not generally adopted on account of the 
ditticulty of measuring accurately the mechanical power supplied. 
The neare.st approach to this methocl of measurement, which is 
frequently adopted in testing small machines, is to drive the 
alternator by means of a motor whose efficiency is known at 
various loads. Ty measuring the power suppliecl to the motor, 
and multiplying this by the motor efficiency, the power trans- 
mitted to the alternator is obtained. 

In the ca.se of large alternators the power necessar} to drive 
the machine at full load is costly, and the .'ib.sorption of the load 
current becomes a difficult matter. Akso the measurement of the 
input and output with a .sufficient degree of accuracy is by no 
means an easy matter. 

It is consequently usual to calculate the efficiency of alternators 
from measurements of the losses occurring in the various portions 
of the machine, and to divide the output by the calculated quantity 
(oulf)ut + los.ses) at various loads in order to arrive at a curve of 
efficiency. 

Losses in an Alternator.— The chief losses in an alternator 
may be summari.scd under four headings ; (a) Armature resist- 
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ance loss (/,) iron losses (hysteresis and eddy currents) (c) 
excitation losses, (d) friction losses (air and bearings friction) 
The losses (a) can be calculated for any load by multiplying 
the armature resistance by the square of the current at that load" 
vnlno ^ f polyphase alternators to take the 

-Ik actually flowing in the windings, which is not 

always the same as that in the external circuit (e.q., in a delta- 
coimecled 3-phasc winding). |„ large machines, a value of the 
resistance must bc^ taken greater than that which would be 
measured with continuous current (see page 208). 

(^) should be determined by a special experiment. 
Some of the most usual methods are given below. 

An approximate calculation of the iron losses can be- made in 
he same way as that described in the ca.se of transformers, from 
Oic^ volume and induction of the iron subjected to the alternating 


The losses (c) can be directly calculated from the resistance of 
the held windings and voltage of the excitation. 

I he losses (d) can usually be determined at the same time as 
the iron losses. 


Determination of Losses in Unloaded Alternator.— For the 

copper losses (a and c) the only determination to be made is that 
of the resistance of the windings, which is usually performed by 
sending a inea.sured direct current through the windings and 
measuring the fall of potential in them. The resistance thus 
measured imist then be multiplied by a factor depending on the 
.size of madiine and type of winding in order to make allowance 
tor skin effect and eddy currents. In each case watts lost = 
(current) X resistance. These losses may also be obtained by 
observations of the power required to drive the alternator on 
short-circuit. (Experiment xxxiii., page 200.) 

In order to determine the frictional and iron losses, the simplest 
method is to run the alternator as a synchronous motor. After 
iLirimng the machine up to normal speed and switching on the 
supply, the field is adjusted until the current taken is at its least 
Vedue, mid the power-factor of the driving circuit is consequently 
high. TJie power taken by the armature under these conditions is 
read on the wattmeter, and is the sum of the losses due to friction, 
hystere.sis, and eddy currents. The copper losses in the armature 
due to the driving current will probably be too small to be worth 
subtracting. Allowance can easily be made for them from the 
knovvn resistance of the armature and the value of the current, 
which must m any ca.se be observed in order to ascertain whether 
the excitation is correct. As.suming (which is nearly though not 
accurately true) that the friction and iron losses remain the same 
at all loads, the total loss is obtained for any load current by 
adding together the watts thus measured and the calculated copper 
losses in the armature and field. * 
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Another method which is easily carried out, if a direct-current 
motor of known efliciency is available, is the following 

The motor is coupled to the alternator, and made to drive it at 
the full speed of the alternator. If the alteraator fields are un- 
excited, there will be practically no iron losses, and the whole of 
the power supplied by the motor will be due to mechanical friction. 
If the normal excitation of the magnets is subsequently applied, 
the increase of power given by the motor in order to maintain the 
same speed will be equal to tlic iron losses of the alternator. 

If the alternator is provided with a direct-coupled exciter, it is 
convenient to employ this exciter as the motor in the test, after 
having made a careful dctiTmination of its efficiency. The quan- 
tities to be measured are small and liable to variation . great 
precautions must therefore be takiai to run the alternator as nearly 
as possible under working conditions as regards temperature, &c., 
ami only to take readings after the machine has been rotating for 
some time, so that tln^ bearings may be thoroughly lubricated. 
The first readings should be repeated several times between the 
other readings, so as U* ensure that the conditions have remained 
constant. 

This test is often carried out in the following way : — 

The motor is made to drive the alternator unexcited. The 
power supplied to the motor after subtraidion of the armature 
copper losses If , is noted. The alternator fields are then excited, 
and the })ower taken by the motor (again corrected for armature 
resistance loss) to maintain the same speed is noted (— W.^). The 
motor is disconnectetl from the alternator, and the power required to 
di’ive it when running light is noted (=- le)- Then the friction losses 
of the alternator are taken to be (If, - - w), and the iron losses 
(Pf,^ — If,), The excitation of the motor should be maintained 
practically constant during the three measurements. It is assumed 
that the losses in the motor (except armature resistance loss) are 
the same at no-load and when driving the alternator. The motor 
should be large enough for these assumptions to be justified. 

The Retardation Method of Measuring Iron Losses.— This 
is a method which is especially applicable to alternators of the 
flywheel tjqie. The machine is brought up to speed by means of 
a motor and belt, or by its own exciter. The belt is then slipped 
oft, or current shut off from the exciter, as the case may be, and 
observations are taken of the rate at which the machine slows 
down, by reading a tachometer at equal intervals during the retarda- 
tion. Curves plotted from these readhigs give the information 
required to enable the iron losses to be determined. If the machine 
is not of the flywheel type, it can sometimes be conveniently tested 
by the same method after mounting on the shaft a flywheel of 
sufficient weight to render the time of retardation long enough for 
refidings to be taken. A curve of retardation (plotted with time 
horizontally and the tachometer readings vertically) is first obtained 
from the machine when allowed to slow down from full speed to 
rest with the fields unexcited, i.e., under the action of air and bearing 
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friction only. A second curve is then taken in a similar manner 
but with the fields excited. The higher rate of retardation which 
will occur in this case is due to the effect of hysteresis and etldy 
current. 

The principle of this measurement is as follows : — 

The energy of rotation possessed by a rotating body is 



where I is the moment of inertia of the body, 

n is its speed in revolutions per minute. 

If the moment of inertia is mesisured in units of the absolute 
e.G.S. system, i.c,, in gramrne-cm.'-^, the energy is expressed in 


ISO 

100 


uu 



a 

40 


0 



II 1 2 3 4 r. 

Minutes. 

Ki(j. 126. — Rotardalioii Curvns of an .AltomaUn-. 

I. — Unexcited. 

II. — Excitation 27 ainpnro-s. 

III. -- M 

IV. — „ 45 .. 

the same sy.stem as dyne-centimetros or ergs. In order to bring 
the ergs to kg. meters we must divide by 9-81 >; 10 \ or if to watt- 
seconds by 10^ or if to foot-pounds by 1-356 x 10’. 

Thus the energy of a rotating body in watt -seconds or joules is 

W ” )' X 10 ’ - -545 In- 10 ^ 

' 60 / 

If the speed of the alternator when slowing down under the 
influence of the frictional and other losses is observed at successive 
intervals of time, the difforenee in the energy possessed by the 
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machine at two perid&s is a measure of the work done in over- 
coming the losses. The amount of this work divided by the time 
between the observations is the mean power thus absorbed. The 
power absorbed will, of course, grow less as the speed diminishes. 
By plotting a curve of mean power for a number of speeds, obtained 
as the machine gradually slows down, the losses at full speed may 
be obtained by continuing the curve of losses backwards to cut 
the ordinate corresponding to full speed. 

Thus, for example, readings were taken every half-minute in 
obtaining the upper curve in Fig. 126 ; the reading at full speed 
was 172 revs, per minute. The next reading after half-juinute 
was 164. The stored energy at full speed was 545 / 172^ X lO"* 
watt-seconds. The energy lost during the first half-minute was 
•545 / (172- — 164^) x 10—®. The average power absorbed by 
the losses at a speed whose average value was 168 revs, per minute, 
was therefore 


•545 / (172® - 1642) 
30 X 10® 


watts. 


From a series of such values a curve was plotted with watts 
vertical and speeds horizontal, showing the watts lost at various 
speeds, the watts lost at full speed being then taken from the point 
where the curve would cut the ordinate corresponding to full speed. 
It is to be noted that such a set of readings gives the watts in terms 
of 1 , the moment of inertia of the rotating parts. In order to 
eliminate this unknown factor, a separate observation is made to 
determine the total friction and iron losses at full speed. This 
is usually done in the manner already alluded to, by running the 
alternator as a synchronous motor and measuring the power ab- 
sorbed by means of a wattmeter. This observation then gives 
the value of the total losses at full speed, and enables the actual 
value of all the other proportional readings to be assigned. The 
iron and friction losses can thus be obtained at any speed. By 
taking readings with several values of the excitation, the iron 
losses at varying induction are obtained. 

For a full discussion of the determination of losses by the method 
of retardation, the reader may refer to C. F. Smith, “ Experimental 
Determination of Losses in Motors,” Proc. Inst. Elec, Eng., Vol. 39, 
page 437. 


Determination of Losses under Load Conditions. — The 

losses measured under no-load conditions will always be somoWhat 
less than when under load, the iron losses always increasing some- 
what with load. The difficulty of correctly assigning the value 
of the copper losses has already been spoken of. 

Various methods of testing alternators with the full current 
flowing, both for the purpose of finding the temperature rise and 
also for measuring the losses imder full-load conditions, but with 
small expenditure of power, have been proposed, a few of the simpler 
methods are now to be described. 
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Method 1.: Alternator Run as Synchronous Motor. — It has 

already been stated that the iron and friction losses may be simply 
determined at no-load by running the alternator as^an unloaded 
synchronous motor and measuring the power taken by means 
of a wattmeter. If under the same conditions, the voltage applied 
to the machine is gradually increased, by raising the excitation of 
the generator providing the supply, the alternator under test will 
still continue to run at the same speed and with the same excita- 
tion, but will take an increased armature current at a continually 
diminishing power-factor. If the voltage applied is increased 
until the machine takes its futl-loa<l current, the losses occurring 
in it will be practically those which would exist if the alternator 
were supplying full load as a generator, and may be me.isured 
on the ^vattmetcr as before. A temperature run may consequently 
be taken in this way without unnecessary expenditure of power. 
In practice, it may be difficult to obtain .satisfactory readings for 
the losses on account of the low power-factor of the circuit in 
winch they are read. 

Method II. : Two Similar Alternators not Coupled, d'he 
difficulty mentioned in reading the alternating power supplied to 
the synchronous motor may be overcome if two similar alternators 
are available. One machine is employed as a generator, and is 
driven by a continuous-current motor having known losses. Idle 
olher allernator is run from the fust one as a .synchronous motor 
at normal excitation, lly raising the excitation of the generator, 
any desired current may be made to circulate between the 
machines. The increased loss in the two alternators will be indi- 
cated bv the increase in power supplied to the continuous-current 
motor. If, as is preferable, the .synchronous motor excitation is 
decreased by aliout the same amount as the generator excitation is 
increased in order to produce full-load circulating current, one- 
half of the addilioml power given to the alternator by the 
continuous-current motor may be taken to be the losses due to the 
load on one alternating machine. The los,ses arc in this way 
measured in a direct-current circuit. 

Method III.: Two Similar Alternators Coupled Together. — 
If tlie machines are arranged as in the preceding method, but a 
rigid cou|)ling is introduced between the alternators, the test may 
he carried out as already dc.scribed, hut with the additional 
.advantage that the jiowcr-factor of the circuit connecting the 
machines may be maintained at a consl.ant value. If the alter- 
nators arc coupled in direct opposition, the power-factor will be 
in'acticall}' unity, and the machine having the greater excitation 
will be the generator. F>y altering the angle of coupling the 
power-factor is altered, while at the same time either machine 
may become the generator irrespective of the relative excitation, 
d'he generator will be the machine which is more than 180 elec- 
trical degrees in front of the other in direction of rotation. This 
relation will be under.stood by referring to the chapter on syn- 
chronous motors, page 235. 
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Method IV. : Difierential Connection of Armature 
Winding in a Single Alternator. — Mordey has suggested that 
a differential test similar to the ones already described may be 
carried out on a single alternator, by dividing the armature winding 
into two unequal sections and joining them together so that their 
electromotive forces oppose each other, the entire winding being 
then short-circuited through an ammeter. A circulating current 
is obtained because of the difference between electromotive forces 
in the two sections, and its value may be adjusted by means of a 
choking coil when the fields have their fulbnormal excitation. For 
further particulars of this method the reader may be referred to 
Proc. Inst. Elec. Eng., Vol. XXII., page 116 ; Elec. World and 
Eng., Vol. XLII., page 715 ; Elektrotechnische Zeitschrift, Vol. 
XXII., page 682, also S. P. Smith, Proc. Inst. E.E., Vol. 42, page 190. 

Running Alternators in Parallel. — Alternators can be hin 

in parallel if brought to the same speed and voltage, and if 
switched together on to the supply circuit when exactly coincident 



Fio. 127. — Use of Lamp as Synchroniser. 

in phase. This is owing to the fact that if one machine tends to 
lag behind the other, it will receive cumnt from the other tending 
lo drive it as a motor, and it is thus prevented from falling further 
out of step. If the machines are not driven with exactly the same 
regularity they will vary slightly in phase, and in doing so the 
leading machine will always supply current to the lagging one, 
which will have the double effect of slightly retarding the loading 
machine and accelerating the lagging machine. The difference 
in phase between the two machines must never exceed i period, 
or they will fall out of step. 

The condition for parallel running is, therefore, that with a 
small angular displacement between the machines, the current 
sent by the leading machine must be sufficient to prevent the 
displacement becoming greater. 

Synchroniser. — In order to ascertain when two machines 
are running at the same speed and are in phase, so that they may 
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be switched into parallel, a synchroniser is employed. The >])rin- 
ciplc of its action is now to be discussed. 

Fii,o 127 represenls two alternators (h and connected in 
parallel to an external circuit .-I B, of which A represents one 
main conductor and /> the other. 

Obviously, in order that the machines may both supply current 
to the circuit /I B, the terminals, which are simultaneously of the 
same si^n, must be joined to the .same conductor. This is .shown 
in the diagram, where, at the imstant re[)re.sented, the upper ter- 
minals arc both +, and are connected to A. 

The conductors joining the alternators form a second closed 
circuit distinct from the main external circuit. The two machines 
generate electromotive forces tending to send currents in opposite 
directions round this smaller circuit. At the instant represented 
on the diagram, the directions of these electromotive forces will 
be those represented by the arrows. Consequently, when the 
machines are in correct phase for working in parallel, there will 
be equal and opposite electromotive forces acting in this local 
circuit, having a resultant electromotive force etjual to zero. If 
the machines were wrongly connected together (i.c., + to - - 
instead of ! to f and — to — ) the resultant electromotive force 
given to the external circuit . / /> w'ould be zero, while the electro- 
motive force in the local circuit joining the machines would be 
twice the voltage of either machine. 

The condition for swdlching in parallel is that of fio resultant 
voltage in the local circuit joining the machines— f.c,, the machines 
must have ■ 

(1) Ifqual voltage. 

(2) lf(|ual periodicity. 

(3) b'.([ual phase. 

d'lie simplest method of determining the condition is indicated 
in Fig. 127! which shows an incande.scenl lamp .V L connected in 
parallel with the switch S emi)loyed for connecting the machines 
together. 

This lamp serves to .show whether there is any resultant voltage 
in the circuit joining the alternators, since it glows when the 
m.'ichines are in .series (/’.c., joined + to — ), and cea.ses to glow 
when they are truly in parallel, and when the resultant voltage is 
conscajuently zero. 

If the two machines run at different speeds, the lamp wall 
ai)pear alternately bright and dull, the changes in the lamp 
occurring less frequently as the difference in speed becomes less, 
and as the time taken for the fa.stcr-running machine to catch up 
the slower machine becomes greater. 

A voltmeter with a range e(pial to double the normal voltage of 
the alternators may be u.sed instead of the lamp, if it is provided 
w ith a damping device to prevent the needle sw'inging too much, 
and if its moving parts are light and free enough to follow rapidly 
the variation of voltage. 

It is important to notice that in the direct form of synchroniser 



218 


ALT BatN ATOM 


just described, parallelism is indicated by zero reading on the volt- 
meter or darkness of the’ lamp. A single-pole switch an^ single 
lamp are< shown in Fig. 127. Usually a double-pole switch with a 
lamp across each break in the circuit would be employed. The 
lamps would, in this case, be in series with one another, and would, 
consequently, only receivo half as much voltage, ».e.. the full voltage 
of one alternator as a maximum. 

Synchronisers Employing Transformer. — If the pressure 
of the alternator Ls too high to make direct connection to a lamp 
possible, a transformer may be used, the primary winding taking 
the place of the lamp shown in Fig. 127, and the lamp being con- 
nected in scries with the secondary, in order to reduce the pressure 
applied to the lamp. The action is exactly the same as that just 
described, since the resultant voltage of the lamp will be nil when 
the alternators are in phase, and the lamp will not glow under 
these conditions. 

The following modification (see Fig. 128) is of more general 
U.SO, as a 2-pole switch may be used with a single lamf> or voltmeter, 
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Fio. 128. — DiagrAjri of Synchronisor. 

and the lamp can bo made to glow' at coincidence or at opposition 
in phase, as desired. • , 

The generators are coimected to separate ecpial windings on a 
small transformer. Separate transformers are frequently used 
instead of the single transformer with double magnetic circuit 
shown in Fig. 128. The lam]) or voltmeter is conno<;ted in series 
with the aectondary wmdings of the transformers which have fewer 
turns than the ])rimary wmdings, and consequently giving a lower 
voltage. 

The voltage given to the lamp will bo the sum of, or the difference 
between the voltages which would be produced by the windings 
acting singly, according to the relative direction of the voltages 
in the wimlings. It depends how the alternators are connected 
to the yirimaiy windings, whether the lamp in thi; secondary will 
be briglit or dull when the machines are in parallel. It is usual 
to choose the connerdion so that the voltmeter reads its maximum, 
or the lam]) bui-ns most brightly, when the machines are in phase. 

When more than two alternators have to be connected so as 
to be cai)able of being run in parallel, as is usually the case at a 
largo generating station, the connotions have to be modified 
somewhat from those given above. Since it may be necessary to 
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Tun any machine with any other, or with several other machines, 
a ample means must be provided whereby the low-pressure winding 
of the synchronising transformer of any machine may be readily 
connected to that of any other. The usual method adopted is to 
have synchronising bus-bars extending across the back of all the 
generator switch-board panels, as shown in Fig. 129, where (7, 0^ 
represent the armatures of two of the machines, of which there may 
be any number connected to the switchboard in a similar manner 
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The letters given on the diagram. Fig. 129, have the following 
meanings 

G Alternator armature. 

S S Main 2-poIe switch. 

A Alternator ammeter. 

V Alternator voltmeter. 

S T Synchronising transformer. 

L Synchronising lamp. 

LS Synchronising lamp switch. 

It will bj; noticed that the generator voltmeter is shown con- 
nected to the secondary of the synchroniser transformer. This 
arrangement has the advantage that an ordinary low-prcssuri* 
yoltmetor may .be u.sod, while its dial may be graduated so as to 
indicate the full pressure of the alternator, since the actual voltage 
at the voltmeter terminals is always a definite fraction of that 
generated by the alternator 

The alternative connections for synchronising with lamps 
bright and dark are indicated in a slightly different form in the 
annexed Figs. 130 and 131. In Fig. 130 the alternators are syn- 
chrontsed with lamp dark. In Fig. 131 the machines are in syn- 
chronism when the lamps are bright. 
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Connections for Polyphose Alternators. — Figs. 132 and 
133 show connections for two and three phase alternators, drawn 
so as to correspond with Figs. 130 and 131, the switches and bus- 
bars being omitted. In a polyphase machine there is a possibility 
that the relative rotation of the machines may be reversed ; this 
is consequently a matter to bo carefully watched. When lamps 
are connected as shown between a pair of 2-phase alternators the 



Fio. 130 . Fio. 131 . 

Lamps Dark. Lamps Fright. 

Connoctioiis for Synchronising. 

lamps will glow and grow dull simultaneously If the machines arc 
symmetrically connected together and rotate in the same direction, 
lamps arc dark at tin* <;orroct moment for .synchronising. If the 
lamps are to be bright when the; maiduncs are in phase they must 
bo connected as follows, viz., between 

Terminal 1 of machine A and terminal 2 of machine B 
2 „ 1 

2 „ „ 4 

„ 4 ., „ 3 

In this case, also, the lamp.s will light up simultaneously, 
h’ig. 133, fot 3-])hase alternators, shows the connections of 
synchronising lamps in wiiich they will vary in brightness ‘ 

simultaneously, and .synchronising is accomplished with all lamp.s 
out. 

In ord(U’ to get simultaneous variation in brightness and correct 
conditions for .synchronising with the lamps all bright, a symmetrical 
change of the coniKsctions of the lamps mu.st be made, which is 
best shown by tabulating the connections a.s follows : — 

Maeliinc A 1 to Machine B 2 
2 ,, 3 

„ .‘5 „ 1 

It is to be. observed that the figures in each column are in the 
same order, and the Connections arc thus symmetrical. 
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The lamps will now always be equal in brightness, and will 
glow with maximum brightness at the correct moment for switching 
in parallel. 

When running in parallel, terminals indicated by similar 
numerals will bo joined to the same bus-bars. 



Fio. 132. — Connectioius for Syiicliroiiisor. 2-phttS*. 



Fig. 133. — Connectiona for Synchroniaor. 3-plmso. 

Any xmsyrametrical arrangement of connections, such as 
Machine A I to Machine B 1 
2 „ 3 

„ M 2 

will cause the lamps to glow successively, instead of simultjineously- 
An advantage of this connection is that the order of lighting up 
depends on the relative speeds of the machines to be synchronised, 
so that by watching the lamps it is x>ossible to tell whether the 
machine which is about to be connected to the bus-bars is running 
too fast or too slowly, and thus the engine, attendant can see at 
once whether ho should give more or less steam to the driving 
engine'. 

The maximum voltage across any lamp is equal to the alternator 
terminal voltage, t.e., V 3 times the phase voltage in the case of 
a star-connected alternator. 

The diagrams discussed above are ahown with the synchronising 
lamps connected directly to the alternator terminals. In principle 
the introduction of synchronising transformers to reduce the voltage 
of the lamps makes no difference, the various combinations des- 
cribed being carried out in exactly the same wa}’- as with the directly 
connected lamps shown. 
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Tn order to synchronise an alternator with another which is 
already running at normal s])ccd and voltage, run up the current 
to about the correct speed, apd adjust its field current until the 
voltages of the machines arc equal. 

The lamp will probably blink rapidly. The speed must now 
be adjusted in the direction giving less rapid flickering. The 
lamp should then go completely out and light up brightly more 
and more slowly. When the action is sufficiently slow and marked, 
so that in the case of a small machine tw'o or three seconds elapse 
between each period of brightness, close the double-pole switch 
as the lamps are brightest (if this is the condition when in syn- 
chronism). Then note the sudden throw of the ammeter in the 
circuit between the machines, and* after this has assumed its 
steady reading, regulate the field of the alternator until the 
ammeter reading is as low as can be obtained. For large machines 
it is essential that the speeds should be practically identical before 
switching in. 

.After thi.s, the switch in the load circuit may be closed, and 
the machines tested under load. 

The machines .should divide the load between them in the pro- 
portion to their rated output for considerable variations in the 
load without sub.sequent regulation of the excitation. 

It may be desirable to test this by increasing the load gradually, 
and noting the current given by each machine without alteration 
of the field regulators. 

Special forms of synchronisers, indicating whether the alterna- 
tor runs too fast, or too slow, are employed in practice where the 
alternators are permanently installed, but their description hardly 
comes within the scope of this book. 
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CHAPTER Vin. 

Synchronous Motors 

A Synchronous Motor is in construction similar to an alter- 
nator. It requires consequently a supply of direct current for 
exciting the magnets, and a supply of alternating current to the 
armature. 

Mode of Operation. — Let Fig. 134 represent the armature 
of a 2-poie alternator or synchronous motor. If current is 
supplied at the brushes so as to flow in the direction indicated, the 
action will be like that of a direct-current motor. The armature 





Fifi. I.'JI. -Din^'rani of Armature Current in Synchronous Motor. 

will exhibit the polarity indicated in the Figure by the arrow n s, 
and rotation will take place in the direction shown. It current 
flowed in the oppo.site direction through the armature, rotation 
would take pla(;c in the opposite direction. A rapidly alternating 
current .supplied to the armature while at rest would produce a 
scries of impulse.s tending to drive the armature first in one direction 
and then in tlu* other. The result would be a rapid vibration of the 
armature, but no rotation, the inertia of the moving part being 
too groat to allow it to move appreciably from the neutral position 
between each alternation of the current. Suppose, however, the 
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2-polc armatriiT shown in Fig. 124 were made to rotate at exactly 
such a speed that it made half a revolution in the time taken by 
the current to change from its nnrximum value in one direction to 
its maximum value in the opposite direction. In that case the 
direction of the current would be reversed each time the position 
of the conductors a, h connected to the rings was reversed. Con- 
se(|uently. the polarity of the armature after half a revolution 
would be the same as before. 

When followed out in detail, the action of the currents would be 
as follows : llegiiming with the armature in the position showm, 
suppose that the current is at its maximum value, and flows as 
shown by the small arrows. The poles induced in the armature 
cr)re will be in the positions indicated by n s. As the armature 
rotates in a clockwise direction the current dies down, because it 
is an alternating current. After a quarter of a revolution the 
current will have become zero, and the armature poles will at the 
same time have gradually diminished in strenglh to zero while 
approaching the centre of the held |)oles. After the conductfu’s a, b 
have passed the centre of the field poles, the armature current 
gradually increa.ses, but llows in the opposite direction, so that 
the points in the armature marked ii and s are now respectively 
of south and north i)olarity. With increasing armature current 
anti the simultaneous movement of the conductors connected to 
the slip rings towards the mid-position between the poles, the 
turning moment increases, until the newly-formed south pole 
reaches the position s on the diagram, formerly, occupied by the 
op])osite point of the armature. 'I'he cycle now rcpe:its itself. 

The revolution of the machine would under these conditions be 
maintained by the current, '['he continuance of the rotalioTi 
depends upon coincidence of the reversal of the direction of the 
current and the reversal of the |)osition of the armature. If the 
current reversed too soon or too late, the polarity induced by the 
current would oppose the rotation of the armature during j)art 
of the revolution. If the rale oj allcrafion of the current w'ere 
changed relatively to the .speed of the armature, the current cvould 
.'Sometimes assist and sometimes oppose the rotation, and the 
motor would probablv cease to rotate. 

Th e essential i)oint about a synchronous motor is that it can 
only operate when rotating synchroiionsly, or in step with the 
current supplied to it. 

It will l)e well to mention here that in the case of a polyphase 
syiu'hroHOHS motor, the combined effect of the armature currents 
is to form a constant (not alternating) armature ])olarily. This 
l)olarity has a fixed position relative to the fields, which is again 
unlike the single-phase motor. Consequently, whereas the single- 
[)hase motor has a rai)idly varying tonpie, the polyphas(,; motor 
develops a practically constant tortpie. 

The torejue of the polyphase synchronous motor is thus pro- 
duced in a manner corresponding clo.sely to that of the direct 
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current motor, so far as the relation between the polar field and 
nrniature field is concerned. 

We shall not here attempt an explanation of this action. It 
will be understood after the student has read pp. 288 to 293, 
which explain the production of a rotating field by a polyphase 
winding. (See also p. 196, dealing with armature reactions of a 
polyphase alternator.) 

Effect of Increase in Number of Poles.- We have seen that 
a 2-pole .synchronous motor will make exactly one revolution for 
each cycle of the alternating current supplied to it. Thus a 2-pole 
machine supplied with current having a periodicity of 25 would 
make 25 X 60 ~ 1,500 revs, per minute. 

If the motor has a greater number of poles, the speed will be 
such that an armature conductor passes from one pole to the next 
of the same character in the time of each [)criod of the current. 
Hence, if the machine has 12 pairs of pole.s, it will take the time 
of 12 periods to make one revolution. Thus, 

/ X ()0 

.Speed of motor ~ n ~ revs, per minute. 

I* 

When / = periodicity of current supplied. 

P— nutnber of pairs of poles. 

Method of Starting a S)mchronous Motor.— -As just explained 
the action of a synchronous motor depends on its running at the 
speed of synchroni.sm, and the machine will not rotate if switched 
on to an alternating supply while stationary. It must, therefore, 
be started by same external means from rest, and, when it has 
been brought up to the correct speed, it may be switched on to 
the alternating circuit, and will then continue to rotate. 

Synchronous motors are often started by means of direct- 
cttrrenl motors either intended for that special purpose, or in- 
tended as direct-current generators for supplying the exciting 
current required by the .synchronous motor. The use of a direct- 
current motor necessitates a supply of direct current which is 
sometimes not available before the machine is started, e.g., in 
cases where the motor drives its own exciter. Very frequently 
small alternating current induction motors arc installed for the 
purpo.se of starting the synchronous motors. 

Sometimes a synchronous motor can be started from rest by 
the action of the eddy currents formed in the pole faces of the 
magnets. This can only be done in the case of 2- or 3-phase 
machines, and will be refered to in discussing them. 

In cases where only a single motor is to be driven by an alter- 
nator, as is frequently the ca.se in testing, the motor may be made 
to start by running the alternator very' slowly, and then giving the 
motor a few sharp turns by hand to bring it to the reduced speed 
of the alternator. In starting the motor in this way it will be 
found easiest to turn the motor by hand without excitation, and 
to switch on the field when sufficient .speed is attained for it to 

H 
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fall into step with the alternator. If the alternator speed is then 
gradually increased, the motor will speed up and keep in step. 

If a synchronous alternating-current motor is to be connected 
to an alternating circuit, it must first bo run up to the speed of 
synchronism, its field must be adjusted to the correct amount, and 
the switch connecting it to the supply must be closed when the 
pfme. of the motor corresponds to that of the circuit. 

The process is consequently similar to that adopted in syn- 
chronising two alternators (see page 217). 

The following experiment shows the effect of varying the excita- 
tion of a synchronous motor, which is a matter of much importance. 

Experiment XXXIV.— Determination of the Effect of 
Variation of the Excitation of a Synchronous Motor. 


Diagram of Connections. 



Fio. 135. 

i/,, if a Source of alternating current. 

TO,, TO a Source of direct current. 

M Motor arraatuie. 

F Motor field windings. 

A , Ammeter reading armature current. 

A Ammeter reading exciting current. 

V Voltmeter reading armature voltag<!. 

W Wattmetcj’ reading power supplied to armature 

R I'^ield regulating rcsistanc(\ 

F,, Switches. 

L Synchronising lamp.* 

Instructions. — Excite the motor field from a source of direct 
current througli a legulating resistance, ammeter, and switch. 
Connect the armature to the source of alternating current through 
a switch, ammeter, and series coil of a wattmeter. Connect a 
synchroniser in parallel with the switch, for synchronising the 
motor before switching the armature on to the suj)ply. Connect 
a voltmeter and the volt coil of the wattmeter across tiie terminals 
of the armature. i 

Run the motor, clost^ the switch in the exciting circuit, and 


• The synchroniser will frequently be of the more complete type indicated in Fig. 128. 
A double-pole switch will in this ca-se generally be employed. 
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synchronise as described in the previous chapter, closintj the 
switcli in the armature circuit when synchronism is obtained. 

■ Next determine the most favourable excitation by varyin^^ 
the exciting current until the armature current indicated by //i 
reaches its lowest value. 

The experiment should now be continued as follows : With 
the motfjr runninq' on no-load, vary the excitation, lirsl decreasing; 
and tlien increasing' the exciting current, and for each value of 
the excitation note tlie current and power taken by the motor 
.armature. The variations of excitation should be taken as f.ar 
as possible in both directions. 

'1 he volta.ge applied to the motor and the periodicity of the 
current mu.st be maintained con.st.ant throughout the experiment, 
If the current is derived from an alternator which is not very 
l.arge in compari.son with the motor, it will be necessary to adjust 
both the speed and excittilion of this generator as the curretit 
taken by the motor varies. 

After taking a complete set , of readings as described with the 
motor unloaded, several similar sets of ob.servations should be 
taken with the motor lo.aded, the load being kept constant for 
eacliiComj)lete series of readings. The load may be applied cither 
by a battd (.)r other form of Inaake, on the motor pulley, or the 
motor may be made to drive a dynamo, the current of the dynamo 
l)eing kept constant during each .set of readings, and vtiried when a 
change of load is desired. I f the efficiency of the dynamo is known, 
the .actual load on the motor can at once be determined by nie.asur- 
ing the output of the dynamo. I f the cfliciency is not known, it is 
sufficient for the jiurpose of the present experiment to .assttme an 
.approximate value of the efficiency in order to show the difference 
between the curves obtained, d'he direct-current motor employed 
to .start the synchronous m«jtor in the first place m.ay often lie 
conveniently employed as the dynamo for this purpose. 

If the excit.ation of the .direct-current machine is maintained 
constant its armature current will lie directly proportional to the 
torque exerted by the motor. 

The results shotdd be entered in tabular form ;is indicated 
below. 

bxci I'.vrio.N Ciiar,\( Ti:ristic of .Synchronous Motor. 

,S)nchronous Motor No Type 

Output h.p. at volts and revs, per minute. 

I’eriodicitv cycles j)er .second. 


Tmiiiiuil 

Volts 


.■\riii.itiiri’ 

Ciirrilil 


Anii.itiin- I..I.I.1 

VV.'ilts 
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The results of each set of readings should bo plotted on squared 
paper, excitation being plotted horizontally and amperes and 
watts vertically, giving one curve of current and a curve of watts 
for each load applied to the motor (see Figs. 136 and 137), 

The significance of the curves obtained in this and the following 
test is discussed later, in connection with the general theory of 
the synchronous motor (see page 23.5, d seq.). 



0 -5 10 13 20 23 

Ampere*, Excitation. 

Fio. 136. — Variation of Armature Current with Excitation in Synchronous 
Motor. 

I. = Motor running light. 

II. = Output -38 H.P. 

III. = „ -81 H.P. 

Figs. 136 and 137 show curves of current and watts obtained 
by varying the excitation of a small 4-pole 1 h.p. motor having a 
ring-wound rotating armature and a speed of 1,-500 revs per minute. 
The three curves correspond to three sets of readings taken, each 
at a constant output. The loads were : No load, -38 h.p., and 
•81 h.p. respectively. 

It will be seen that the curves of current consist of two inclined 
portions, which in the case of no load arc nearly straight lines, 
meeting at the lowest portion of the curve corresponding to 1-47 
amps, excitation. 
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With 1-47 amps, excitation the armature current is most nearly 
in phase with the back voltaj^e, and the current supplied *to the 
motor is consequently a minimum. With a lower excitation the 
current lags behind the back electromotive force, and the amount 
of current necessary to maintain the rotation of the shaft increases 
for a double reason ; (1) It has to increase in order to make up 
for the weakening of the field by the lessened excitation ; (2) the 
total current supplied must increase in a greater ratio than the 
weakening of the field, because only the portion I cos i/- is active, 
and the angle 4' increases as the current lags behind the back 
electromotive force. 

'I'he curve consequently rises to the left of the minimum point, 
due to these causes. 

The curve also rises, although rather less steeply, for values of 
the excitation higher than 1-47 amps. This is due to the fact that 
the armature current in this ca.se leads the back electromotive 
force in pha.se, so that a smaller and smaller component of the 
current supplied to the armature r^cts on the fields so as to 
produce the rotation. Thus, in spite of the fact that the field is 
strengthened, the current sup])lie(l mu.st be increased in order to 
keep^ the component of the current which is in phase with the 
Ijack electromotive force at a sufficiently high value to produce 
the required constant torque. 

It will be seen that the right-hand part of the current curve is 
somewhat less steeply inclined than the left-hand branch, since, as 
just explained, in this case the field is strengthened by the change 
of excitation, and makes it unneces.sary for the value of I cos ^ to 
increase so rapidly as is the case for points on the left-hand 
portion. 

J'roni the slight difference between the inclination of the two 
branches of the curve, it is evident that the variation in strength 
of the field produces only a small direct change in the armature 
current, and that nearly the whole of the variation is produced 
indirectly because of the alteration in the lag of the motor arma- 
ture which follows the change of field. The lack of .symmetry in 
the two limbs of the curves will depend also on the magnetisation 
curve of the machine.s, since excitation, and not flux, is plotted 
horizontally. In the present instance the magnetisation curves 
were practically straight lines within the range here employed. 
The iqiper curves follow generally the form of the no-load curve, 
but are more curved and show a more gradual bend at the lowest 
point, indicating a less sudden transition from lagging to leading 
current, and consequently more stable running. 

The curves of watts in Fig. 1.^7 will be seen to follow generally 
the shape of the curves of current, but show a less proportional 
variation. At first it might be thought that the power supplied 
to the motor would only vary very slightly, since the motor Yuns 
at a constant speed and exerts the same turning effort. From 
the curve it is evident that this is not the case, at any rate when 
the motor is lightly loaded, the power supplied varying from a 
minimum of 16.S watts to a maximum of 625 watts. 
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This variation is specially high in the present case, since the 
motor was small and had a high armature resistance and low 
efficiency. A variation in driving power would, however, be 
found with any motor, and would be similar in its nature although 
smaller in extent in the case of a more efficient machine. An 
increase in armature current necessarily gives rise to increased 
losses in the armature. 

The curve of watts shows very forcibly the importance of choosing 
the most favourable excitation for the motor, since the useful work 



6 ro 1 5 20 2-5 

Amp«re.H, Excitation. 

Fic. 1 37.— Variation of Watts with Excitation of Synchronous Motor 
1. = Motor ninning light. 

II. = Output -38 H.P. 

III. - -81 H.P. 

is the same lor all points on the curve, although the power supplied 
to the motor varies so greatly. 

The shape of the curves obtained in Experiment XXXIV. 
depends upon the self-induction of the armature of the motor. If 
the armature were without self-induction, the armature current 
would be in phase with the resultant voltage, and would increase 
in proportion to it. There would then be only one possible value 
of the exciting current for a given load, and the two limbs of the 
curve would coincide, giving a single line. 

The greater the self-induction of the armature the more diver- 
gent will the two limbs of the curve bo, and the greater will be the 
difference between the two values of the excitation' at which it 
w'ill operate with a given load and current. This will be explained 
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more fully in connc^otion with the graphie representation of the 
conditions (see page 237). 

Fig. 138 shows the curves of power-factor obtained from the 
same readings as the curves of current and watts given in Figs. 
136 and 137. The no-load curve shows how rapidly the power- 
factor changes with the excitation in the case of an unloaded motor. 
This curve shows the curious feature of a power-factor rapidly 
falling and then slightly increasing, with further divergence from 
the most favourable excitation shown by the upward bend of the 



0 -5 10 ir, 20 2-5 

Amppros, Excitation. 

Fio. J38. — Curves of Power-Factor and Excitation. 


T. — No load. 

II. - -38 H.P. 

Ml. 81 HP. 

lower branches of the (;urvo. This must be explained by the fact 
that the rapid increase of armature current when the excitation is 
increased above or decreased below the correct value produces a 
considerable loss of energy in the armature, due to its resistance 
and the iron losses in it. These losses ultimately become so great 
that the power spent in fJie motor armature increases more rapidly 
than the current. Although, therefore, the current increases 
and only does the same work as the smaller current in driving 
the armature, it does so much work in heating the armature that 
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after a certain point the power-factor begiius to increase, instead 
of decreasing further, as more current is supplied. 

It is important to observe how the curves just described are 
affected by an increase in load applied to the shaft of the motor. 
In each case the figures show three curves obtained from the same 
motor when unloaded and when loaded by a brake, and giving 
out '38 and '81 h.p. respectively at the same .speed as before. It 
was found impossible to obtain as great a range of excitation with 
the motor loaded as when running light. In.each case the extreme 
readings shown arc the extreme values of the excitation for 
which the motor would run. 

The curves of current and power-factor are much Hatter at the 
apex when the motor is loaded. This is especially noticeable in 
the case of the curves of cos0 From this it is evident that, in 
the case of a loaded motor, a small variation in exciting current 
has only a very small effect when -this variatidli is near the point of 
most favourable excitation. This has a imst important practical 
result in the .steady running of a .synchronous motor under load. 
The extremely sharp point in the curves of the unloaded motor 
at the i)oint of best excitation .shows that very small variations in 
the exciting current on either side of the best value will produce 
considerable changes in the armature current and in the phase 
angle at which the motor will run. This illustrates one of the 
chief difficulties to be met with in the running of rotary converters 
from the alternating current side. A rotary converter is really 
driven as an unloaded synchronous motor by an alternating cur- 
rent, and the “ hunting of these machines is mainly due to the 
want of .stability of the conditions under which such machines 
work, as shown in the curves in Figs. 136 to 138. 

Effect of Change of Load at Constant Excitation.- Having 
found the effect of an alteration in exciting current at various 
constant loads, it is of interest to ascertain how a change of load 
will affect the performance of a motor excited with a constant 
current. This forms the subject of the next experiment. 

ITxpekimknt XXXV.— L)i:tkkmin.\ti()n of Effect of Varia- 
Tio.x OF Load upon a Synciikonoi^s Motor Having Const.\nt 
Excitation. 

Diagram of Connections. 

.Same as Fig. 135 for Experiment XXXIV. 

Instructions.— Make the same connections as described for 
I'ixperiment XXXIV., page 226. After exciting the field and 
.synchronising the motor, close the main switch in the armature 
circuit, and disconnect the starting motor. Vary the excitation 
until it gives minimum armature current with the motor unloaded. 
Kec[) this value of the excitation constant, and gradually load the 
motor by a brake, or by making it drive a generator and increasing 
the output of this machine. For each value of the load take readings 
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of the current and watts supplied to the motor. Read also the 
terminal voltage, which should bo kept as constant as possible. 

A series of similar readings should then be taken for several 
different values of the excitation both above and below the most 
favourable value, the excitation being kept constant through each 
series. 

The results should be entered in tabular form. The table given 
for the preceding experiment gives suitable headings. Three sets 
of curves should bo plotted, to show armature current, watts input, 
and values of cos (}> respectively, plotted on a base of load. 



Pull in lbs. at rim of pulley. 

Fig. 139.— Variation of Armature Current with Load in a Synohronoua Motor 
at VariouB Excitations. 

Pulloy 8 in. diameter. 

The curves in Figs. 139 to 141 show the results of a test, made 
on the same motor as that from which the curves in Figs. 13(5 to 
138 were obtained. The curves wore taken for four values of the 
excitation, viz., -9, 11, 1-36, and 1-8 amps. 

The most favourable excitation at the voltage employed in this 
experiment was about 1*36 amps.,, hence the curves show the 
relation between the load and the watts, current, and power-factor 
for normal excitation, for two values of the excitation below the 
normal, and for one value above the normal. 

The current curve (Fig. 139) show that with normal excitation 
^he current increases almost in direct proportion to the load, in 
much the same way as it does with a direct-current shunt-wound 
motor. With a lower excitation of !•! amps, the current is much 
greater at light loads, on account of the low power-factor, but 
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approximates to tho same value as for normal excitation at higlier 
loads. With the excitation still further diminished to -9 amps, tho 
initial current is still higher, and although the current curves tend 
towards that obtained \Vith normal excitation, it does not reach 
it for the range of loads shown. 

With excitation 1-8 amps., considerably above the normal, 
values of tho current are obtained which are greater than for any 
of tho other curves, and tho curve indicates litthi tendency to 
appi-oach tliat taken at normal excitation. 

Tho curves of watts (Fig. 140) show that tho dilTerence l)etween 
tlio power given to tlio motor when normally and when under- 
excited is comparatively slight ; indeed, tho excitation of M amps. 



0 12 3 4 5 0 7 8 0 

Pull in lbs. at rim of pulley. 

Fio, 140.— Variation of Power taken by Syiichronous Motor witli Load at 
Various Excitations. 

Pulley 8 in. diameter. 

shows rather better results than the nonnal 1-36 at higher loads. 
The curve for over-excitation indicates a considerable amount of 
waste power as being supplied. 

The curves in Fig. 141, showing tho variation in power-factor, 
illustrate in a very decided manner the advantage at light load 
of wrrect excitation. The power-factor in the curve for 1-36 amp^. 
excitation is high throughout. With the other excitations the power- 
factor only becomes fairly high at tho higher loads. The explana- 
tion of the curve for 1-8. amps, being higher than the 9 amp. curve 
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is to be found in the greater armature waste ;g^ower in the motor 
when over-excited. 

Factors Determining Armature Current. — If no electro- 
motive force were induced in the armature of the synchronous 
motor, the current taken by it would be numerically equal to the 
applied voltage divided by the armature impedance. The induced 
“ back ” voltage of rotation, however, acts in opposition to the 
terminal applied volts, so that the current actually taken is due 
to the difference between these opposing voltages. Binco the 
“ back ” voltage is not exactly opposite in phase to the terminal 
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Lba. pull at rlra of pulley. 


Fig. 141. — Varintion of Power-Factor with Load in a Synchronous Motor. 
Pulley Bin. diameter. 

volts, the difference between them must be obtained vectorially. 
This vectorial difference wo shall call the “ resultant ” voltage, 
its value being obtained graphically, as in Fig. 142. whore the 
applied and induced Voltages are shown as acting in almost direct 
opposition. 

We tljus have the armature current 

resultant o f applied and back voltage 
" ^ armature impedance 
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in which the resultant voltage is obtained by the parallelogram 
law from the applied and back volts, as shown in Fig. 142.* 

The back electromotive force of a synchronous motor depends 
only on the excitation, since the speed of the motor is constant for 
a given frequency of the supply. The induced electromotive force 
may, therefore, have a large range of values, and may be either 
greater or less than that of the source of supply. 

The current taken by the armature depends only on the magni- 
tude of the resultant voltage {E^ in Fig. 142) and the constant 
impedance of the armature.' With a given excitation of the motor 



and voltage of supply, the resultant voltage Er, will depend upon 
the angqlar displacement 6^ of the motor electromotive force behind 
its position of opposition to the applied voltage. A change in the 
load on the shaft of the motor alters the value of 9, and conse- 
quently affects the resultant voltage and the amount of the current 
taken by the armature, just as in a continuous current motor the 
current varies in consequence of a change of speed caused by any 
variation in load. 

The s 5 Tichronous motor cannot run with the phase of the induced 
electromotive force and of the applied voltage in exact opposition, 


♦ The diagrams and reasoning here assume that tlie motor has a constant synchronous 
reactance, which includes the effects due to armature reaction. Armature reaction Is not, 
therefore, regarded as affecting the strength of the main field. Another method of regarding 
the matter is given on page 24?, 
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if the excitation is so adjusted that these voltages are equal. In 
such a case the resultant voltage would be zero, and there would 
be no armature current. The effect of the load is to pull the arma- 
ture back through a small angle 0, thereby producing a resultant 
voltage of such a value as to produce the amount of current which 
will give the requisite torque. An increase in load would produce 
an increase in the angular displacement and an increase in 
current. 

It will bo seen from Fig. 142 that the induced electromotive 
force may bo greater than the supply voltage without producing 
any essential change in the conditions. This is in marked contrast 
to the case of the continuous-current motor. 

It might bo thought at first that if a greater voltage were induced 
in the motor armature, this would overcome the voltage of the 
line and produce a reversal of the current. It will be shown, how- 
ever, that it is the pliase relations of the two voltages, and not 
their relative magnitude, which determines whether the machine 
operates as a motor or generator. 


Graphic Representation of Synchronous Motor.-— We 

shall first make the assumption that the armature reaction and 
reactance may b(i con.sidered equivalent to a constant synchronous 
armature reactance (cf. p. 204). Let the applied voltage bo repre- 
sented by a vector 0 as in Fig. 142, and let the induced electro- 
motive force of the synchronous motor be 0 making an angle 
a with the position of opposition to the applied voltage. The 
resultant voltage available for producing current in the armature 
is 0 E„ the diagonal of the parallelogram drawn with 0 E-^, 0 E^ 
as sides. 

The numerical value of the current is obtained by dividing the 
voltage represented by 0 E\ by the impedance of the motor arma- 
ture. The current will lag behind the voltage E^ because the 
armature circuit is inductive. The angle of lag (j) will depend on 
the relative magnitude of the resistance and synchronous reactance 


of the .armature ; its value must fulfil the condition tan ^ — 




where and are the synchronous reactance and resistance 
(calculated so as to include eddy losses, &c.) of the armature. For 
a given machine the angle <f> will bo constant, and the current will 
lag behind the resultant voltage of the circuit by a constant phase 
angle. This angle ^ must not bo confused with the angle of phase 
difference between current and voltage at the motor terminals, 
which is the angle Ei 0 / (marked (f),) which determines the power 
factor at the motor terminals. 


After calculating the value of the current due to the resultant 
voltage, it is easy to construct the voltage diagram 0 P E^ii cither 
or is known, since this triangle may be inscribed in a semi- 
circle having 0 E^ as its diameter. The current (to a scale cf 
amperes) may then be marked off along 0 P, as shovn by 0 / in 
Fig. 143. c 
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The power supplied to the motor from the mains = current x 
Ey X cosine of the angle E^ 0 1. This is the same as the product 
of the voltage J?, X the component of the current, 0 in phase 
with it. 

The output of the motor is similarly equal to the product of the, 
induced voltage 0 E^ multiplied by the current and by the cosine 
of the angle between the current and voltage. This, again, is 
equivalent to the product of E^ and ou, the component of the 
current along the line 0 E^. The fact that the current and the 
voltage E^ are drawn in opposite directions from 0 indicates that 



DIAGRAMS SHOWING EFFECT OF CHANGE OF EXCITATION IS SYNCHRONOCS MOTOR. 

their product must be considered to have an opposite sign to the 
product of Ex and /«,. Since the latter represents power supplied 
to the motor, tho former represents negative power supplied to the 
motor, i.e., positive power given out. 

If there were no losses in the motor armature, the power supplied 
to the motor and the power given out by it would be equal. The 
difierence between them is accounted for by the watts lost in 
armature resistance, and is numerically equal to P R^. 

Effect of Variation in Excitation.— Fig. 143 shows the 
conditions in the circuit when tho motor is excited so as to make its 
generated voltage equal to the applied terminal voltage ; i.e., 
i/j is drawn equal to Tho effect of a decrease in the excitation 
of tho motor would bo to diminish tho value of tho induced voltage 
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The. conditions in the circuit after such a diminution in the 
motor excitation are shown in Fig. 144. The resultant voltage E 
IS seen to have altered in phase, so that both E, and 1 lag behind 
their previous positions, while both quantities have increased in 
value. In actual working, a decrease in motor excitation would 
have the effect of at once increasing the amount of power taken 
by the motor from the line. This would momentarily accelerate 
the motor ; that is, it would cause the voltage E^ to advance in 
phase, so as to reduce the angle 0, thereby reducing the power 
taken, until this falls to the same value as before the change of 
excitation.* The conditions would then become those indicated 
in Fig. 144.t 



Fig. 145. — Synchronoua Motor Diagram. 

On comparing Fig. 143 with Fig. 144, where the motor excita- 
tion has been reduced, wo see that the effect of this change in excita- 
tion has been to cause an alteration in the magnitude and phase 
of the current supplied to the motor. The current is always 
advanced in phase by an increase of excitation, and may be either 
increased or decreased in magnitude. 

So long as the load on the motf>r remains at a constant value, 
the power suppbed to tho motor must have a constant value (except 
for P losses, which wo shall neglect for the present), and the 

* Except for the small change in armature heating. 

t The decrease in the angle $ in Fig. 144, as comiiared with Fig. 143, is so small as to 
be hardly measurable when reproduced to a snuUl scale. 
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current must therefore have a constant energy component. Con- 
sequently for all values of the excitation, the point I in Fig. 143 
will lie on a definite horizontal line for a given load. An increase in 
excitation will cause the point 1 to move to the right, and vice 
versa. The most favourable excitation will bo that which brings 
the current into coincidence of phase with 0 E^, thereby enabling 
the motor to perform its work with a minimum of current and 
with unity power -factor at its termina's. Over-excitation produces 
an increase of (airrent leading the terminal voltage in phase. Under- 
excitation also produces an increase in the current taken, but 
lagging in phase behind the voltage. These points are of the 
greatest importance. 

Wo arc now in a position to explain the shape of the Vee curves 
shown in Fig. 13(1 as a result of the tests in K.xperiraent XXXIV. 
For this purpose we shall take a simple numerical example. 

Example. — Draw curves of current and power-factor for a 
single-phase synchronous motor having a variable excitation, 
when supplied at 2.'30 volts and t9,king a constant power of o kw. 
The motor has an armature resistance of 0-3 ohm and a 
synchronous reactance of 1-2 ohms. 

The general form of the diagram for this motor is shown in 
Fig. 145. 



FiQ. 146. — Diagram showing Construction of Vee Curves. 


The armature impedance is 
V>3)2 + (1*2)2 ^ 1.24 ohms. 

The angle of lag of the armature current behind the resultant 
voltage Er is given by the relation 
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The energy current taken by the motor is 
5000 

^ = 2D amps. 

Let US now draw a diagram for the motor, beginning by drawing 
0 as a vertical line to represent the applied electromotive force 
of 250 volts. Whatever the value of the current taken by the motor, 
it must have a component in phase with 0 of 20 amperes (see 
Fig. 146). 

Choosing a scale of amperes, we next draw a horizontal dotted 
line at a height above the point 0 equal to 20 amperes. The current 
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Flo. 147. — Calculated Curves for Synchronous Motor. 


vector for any excit-ation will bo a line, drawn from 0 to meet the 
dotted horizontal lino, since such lino will have an energy com^ 
ponent of 20 amperes. This line may Iherefort^ considered to 
be the locus of the current vector for an input of 5 kw. 

Drawing any such line O / at random, wo can from it determine 
the voltage necessary to send this current through tht^ armature 
impedance. 
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Let 0 / — 35 amps, be the value chosen for the current. The 
resultant voltage producing this current 

= Ej — X 1-24 = 43-3 volts nearly. 

This voltage is shown on the diagram, making an angle 0 with 
the current vector such that cps = 0-24. 

The resultant voltage vector 0 E, forms the diagonal of the 
parallelogram which has the applied voltage 0 Ey and the motor- 
induced voltage 0 E^ sides. It is evident, therefore, that the 
line Ey E^ is equal to the vector of motor-induced voltage, This 
length when measured off on the diagram will give the motor- 
induced volts corresponding to the armature current I. The 
value of cos is obtained by dividing the energy current (— 20 
amperes) by thov total current (= 35 amperes) and is in this case 
0-57. 

A leading current of 35 amps, is also shown in the diagram, 
with the corresponding voltage Ej and dotted line of induced motor 
volts. 

By taking successively a number of positions of the current 
vector, and proceeding as indicated above, we obtain the curves 
of current and cos 0, indicated in Fig, 147. 

The following table gives the corresponding values as measured 
from the diagram 




Motor Voltage. . 


Current. 

Resultant 

Voltage. 

Current 

Leading. 

Current 

Lagging. 

Power-factor. 

20 

24*7 

245 

245 

: 10 

25 

30-9 

264 

227 

0-8 

35 

43-3 

280 

210 

0-57 

40 

49-5 

287 

203 

0-5 

.50 

61-8 

301 

189 

0-4 


Ampere^turn Diagram. — Instead of assuming a constant 
armature reactance, and no reaction, we may look upon the 
armature as having reactions, but no, reactance ((!f. p. 206). On 
this assumption, the magnet excitation is partly spent in over- 
coming armature reaction Ilux and partly in producing the air- 
gap flux which gives rise to the induced armature voltage. The 
resultant excitation is regarded as constant, and due to the com- 
bined action of the field ampere-turns and the armature reactive 
ampere-turns. The armature is regarded as non-inductive, and 
the loss of voltage in armature resi.stauee is small and may bo 
neglected for the present. The back voltage induced in the armature 
must always bo equal and opposite to the applied terminal volts 
under these assumptions, and is consequently independent of the 
excitation of the motor field. An increase in magnet excitation 
has the result that the armature reactive ampere-turns increase in 
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such a way that they exactly neutralise the increase in ampere- 
turns on the magnets. Similarly, if . the field excitation alone is 
insufficient to produce tho air-gap flux necessary to enable the 
induced armature voltage to balance the terminal volts, tho arma- 
ture currents will increase with a lagging phase so as to supply as 
many ampere-turns as are necessary for producing the necessary 
flux. 

We have another aspect of the reason why in a synchronous 
motor over-excitation of the field gives* rise to leading armature 
currents and vice versa. 

In exact analogy with tho diagram given for the regulation of 
an alternator, Fig. 125, page 208, we may construct excitation 
diagrams for the synchronous motor. 




Fig. 140. 


Ainpero-tum Diagrams of Sytxcfironous Motor. 


In Fig. 148 let the vertical line 0 M represent the excitation 
necessary to indiuje a voltage equal to the terminal applied volts 
(as obtained from the open-circuit characteristic). Let 0 L, drawn 
horizontally, bo the excitation corresponding to the current 1 on 
tho short-circuit characteristic. Then the lino M L will represent 
to tho same scale tho field excitation, which will produce unity 
power-factor at the motor terminals. For any other value of the 
armature current and terminal power-faebir, tho excitation corres- 
ponding to the current as derived from the short-circuit charac- 
teristic is drawn at an angle ^ to the horizontal (see Fig. 149), such 
that cos (j) is the power-factor at the motor t(^rminals. For a given 
number of amperes, the current may cither lag bchmd or lead the 
terminal volts. As seen from page 240, in one case tho field excita- 
tion has an increased value, and in the other case is diminished 
below its value for a power-factor of unity. The dotted lines 
show the conditions for under-excitation and lagging (urnait 
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while the full lines in 149 show the case of over-excitation 
and leading current. 

If necessary, the excitation diagram may be corrected for 
armature resistance loss, as already explained on page 208 for 
the alternator. 

ft will be seen that Fig. 149 resembles the excitation diagram 
for an alternator (Fig. 125, p. 208), but is inverted. This is 
because of the opposite relative action of the armature reactions 
m a generator and motor. 
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CIIACTER IX- 

I'm-: Polyphase Circuit. 

Generation of 2- and 3-phase Currents. — Tn ihe anuaturc of 
ail alternating-current generator, the electromotive force generated 
in conductors wdiich are situated in similar positions wdth regard 
to the poles at any instant will be identical in phase, while con- 
ductors situated in intermediate positions will have induced in 
them electromotive forces which are intermediate in phase. As 
already explained, it is usual to connect in series coils which are 
formed of conductor's lying in several slots, and which are, Ihere- 
fpre, not identical in pha.se, although differing but slightly. Since 
it does not add much to the output of a generator to connect in 
series conductors which are not approximately in pha.se with each 
other, the armature winding of a single-phase alternator is com- 
posed of groups of conducUus, the groups being so s])accd as to 
have the .same pitch as the poles. There are thus portions of the 
armature between these groups vvhich cannot be advantageously 
wound with conductors connected to the .same circuit. 

Two-phase Current.— Let an armature be wound with con- 
ductors situated in slots having a pilch equal to that of the poles. 
The electromotive force in all the conductors will have the same 
phase variation. If an exactly similar set of conductors is wound 
in the intermediate positions between the first set, and these are 
independently connected together, they will give an alternating 
electromotive force similar in voltage and periodicity to that 
induced in the first winding, and only differing from it in phase. 

An alternator having two armature windings with the con- 
ductors of one winding situated in advance of the other by half 
the pitch of the magnet poles, i.e., the coils of one exactly half-way 
between the coils of the other, will supply a 2-phase current at 
the four terminals with which the armature is then provided. 

Thus, a 2-phase circuit gives two independent alternating 
currents, each carried by conductors forming a separate circuit. 
The two circuits have the .same voltage and periodicity, and a 
fixed relative difference of phase of a quarter period, so that one 
current pas.se.s through its maximum value as the other is at 
zero and znce verm. 

The relation between the currents or voltages of the two circuits 
may be represented by two equal rotating lines at right angles to 
each other, as in Fig. 150. The lines are not shown joined together, 
since the quantities repre.scntcd by them are in two separate 
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circuits. The power supplied by the generator will be twice the 
power given to either circuit, if the circuits are equally loaded. 

Three-phase Current.— If three windings are applied to the 
armature with equal spacing between the conductors of each wind- 
ing, the phases of the electromotive forces induced in the windings 
will differ by one-third period, so that there will be a point of 
maximum electromotive force induced in each winding in rotation. 



pic. 150.— Itolalion between Voltages Flc. 151. -Jlolation Iwtwotn Voltages 
in (V 2 phas(.> Circuit. jii a 3-pliaso Circuit. 

If the three windings form complettdy separate circuits, the 
arnnituro will have six terminals, and the current and voltage 
relations may be represented by three rotating lines, each making 
an angle of 120® with the other two. (See Fig. 151). The power 
developed by the machine will be three times the power of each 
winding. A system of this kind is termed a S-phaM system, and 
consists of three alternating circuits, having equal voltage and 
periodicity, and a fixed phase relation of such a kind that there is 
one-third period phase difference between the voltages of any pair 
of circuits. 

From what has just been said, it appears that 2-phase currents 
require for their transmission four wires, and 3-phase currents 
similarly require six wires, and an n-phase circuit would have 
2n wires. This is true in general ; but for a 3-pha8e circuit the 
special relations existing between the currents in the three cireuits 
make it possible to employ in this case three conductors instead 
of six. The special conditions which make this possible must 
now be explained. 



Transmission by Three Wires. — Let Fig. 152 represent a 
generator supplying direct current to a distant point P, and let 
us consider the conditions governing the flow of current in the 
condu^lpr A B. 
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Current cannot flow along /I B unless this conductor forms 
part of a closed circuit connected to the generator. Hence the 
circuit must be closed at the end P, and there must bo a return 
conductor from P capable of transmitting at any moment the 
same current from C to D as is flowing from A to B. The return 
current need not flow by a single cT)rKluctor, but may How partly 
through the earth, as in the case of a tramway installation, or may 
be unequally divided between a number of condiujtors. Tlio only 
absolutely essential condition for the flow of a current from A to B 
is that the same amount of current shall flow at the same moment 
from C to D. This condition applies to any kind of current, whether 
direct or alternating. 

Let A A\ B B\ C (Fig. 153) represent the six conductors 
carrying a 3-pliaso current, each of the dotted lines representing 
a conductor forming the return wire for the current caiTiod by 
the conductor just above it. 

A 

Ai 


Bi 


Cl 


Fig. 153. 

Then the current in A^ is equal and oppositely directed to the 
cun-ont in A at every instant, and similarly for the remaining pairs. 

It will bo shown later that the special characteristic of a 3-phase 
system is that the sum of the currents in any two circuits at any 
instant is equal and oppositely directed to the current in the third 
circxiit. Thus, the sum of the currents in B and C is always equal 
and opposite to the current in A. Consequently, if a suitable 
connection were made between the conductors A, B, and C, the 
conductors B and C might, without any change in the current 
flowing in them, provide the return path for the current in A. 
That is, the ciuront supplied by the generator to the circuits B 
and C may be looked upon as being the return current of the 
circuit A. Thus the conductor A ^ might be dispensed with, without 
the current in A being affected. 

Similarly, the conductors A and B carry an equal and opposite 
current to that in the conductor C, and the conductor may be 
dispensed with without altering the current in C, if A and B are 
so connected to G that they can form the return path for the current 
in it. 

-In this way no circuit requires a separate return' conductor, 
and the 3-phase currents can be transmitted along three conductors 
instead of six. 
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The simplest way of showing that the sum of the currents in 
two circuits is equal and opposite to that in the third is to draw 
curves representing the simultaneous values of the currents, inis 
has been done in Fig. 154. Taking at random any instant repre- 
sented on the curve, it will be seen that the algebraic sum of the 
ordinates of two curves is equal to the height of the ordmate oi 
the third, and is opposite to it in sign. 



FlO. 154.— Curves of Current in a 3-pliAso Circuit. 

The mathematical proof of the proposHion is simple when the 
quantities are represented by vectors, as in Fig. 155 where 0 1^, 
0 U,0 h show the three currents. 

the angles referred to are plainly marked. I is the common 
maximum value of the currents. , • j i, i ■ 

The instantaneous values of the currents are obtamed by, hori- 
zontal projection. It should be remembered that the cosine oi 
an angle is equal to the sine of its complement. 


i 



(\) 0 = I co9(j> = I sinO. 

(2) 0 = I cos (120 — ^). 

= I (cos 120 cos (f> + sin 120 sin <j>), 

_ I cos 120 sin 0 + / sin 120 cos 6 (a) 
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(3) 0 1 cos (120 4- (j)). 

— I (cos 120 cos fj) ~ sin 120 sin 0). 

= I cos 120 sin 0 - I sin 120 cos . . (b) 

Therefore, from, equations (a) and (b) above we get 
0 = 2 1 cos 120 sin d. 

— — 2 1 \ s\n 0 = — I sin 0 — — 0 xV , . 

Evidently, also, this equality is independent of the value of 0 
and is true throughout the cycle. 

Methods of Connection for S-Phase System. — In the pre- 
ceding paragraph it was assumed that eacli conductor was connected 
to the other two, so that they should form the return path for 
its current. The method of connection between the circuits must 
evidently fulfil two conditions ; (1) It must bo symmetrical ; (2) 
the current must flow through the resistances or machines forming 
the three load circuits. 

There are two methods of connecting the load circuits fulfilling 
these conditions, both in general use. They arc indicated in the 
diagrams, Figs, 156 and 157, and arc called respectively the /tta/r 
and the delta or mesh connections. 


A' A /Vi a 



B- 8 C. ■ ■■ C 


Fig. — Star Connocaion. Fio. I.'57.-- Mesh Cormectioti. 

In the star connection. Fig. 156, the three load circuits are 
connected with one end to a common or neutral point, the free (mds 
being joined directly to the supply lines. 

In a mesh -connected system. Fig. 157, the load circuits are all 
joineti end to end in scries, so as to form a closed circuit, and the 
supply conductors are joined to each junction point. 

Connection must bi^ made between the three windings or 
phases with which the alternator is wound. This can eitlier be 
done in the machine it.self, so that it has three terminals for con- 
nection to the three transmission lines, or the alternator may have 
six terminals, and these may be interconnected, so as to supply 
current of the right character to the line. In eithei ease there 
are available only the two alternative, methods just described, and 
the three windings of the armature must be connccti'd in one of 
the ways shown in the diagrams. Figs. 156 and 157, in star or mesh 
connection. The three zig-zag lines in either diagram will then 
represent the phase windings of the alternator armature. The 
effect of this inter-connection of the phase windings upon the 
voltage of transmission must now be discussed. 
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Star-connected Alternator. — Let the throe spirals, Fig. 
158, represent the 3-phase windings of a star-connected alternator, 
while the vectors e,„ represent the voltages generated in 

these windings. Then the voltage between a pair of terminals 
c, a is due to the two windings c o, o a. These windings act in exactly 
the same way as two alternators giving equal voltages and coupled 
together at such an angle that they dilTer in phase by I period or 
120°. The resultant voltage due to these alternators tnight be 
found as in Experiment I., and would bo represented in magnitude* 
and phase by the diagonal of the parallelogram of which the separate, 
electromotive forces are draum to form the sides^ 
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The voltage between the terminals c. and a is the sum 6f the 
voltages generated in the windings c to 0 and 0 to a (s(^o Fig. 158). 
It is most important to notice that this is not the same as the sum 
of the voltages 0 to c and 0 to a. Let the voltage induced in the 
phase from 0 to a bo represented by e„,, in the vector diagram 
Fig. 158, and the voltage induced from 0 to c by e,„. The voltage 
acting from 0 to c is equivalent to an exactly opposite voltage 
acting from c to 0. The voltage between c and a is, therefore, 
the sum of the two voltages c,.„ (= -- c,„) and e„.,. We may write 
this 

w ■“ "b 

the signs indicating the vectorial addition or subtraction. 

The voltage which is the resultant of e,„ and is that marked 
in Fig. 158. This is the terminal voltage of the alternator 
From the diagram its value is seen to be 

t/3 

E,.,^ = 2 c,,,, cos 30° 2 c,,,, ^ — v3 


The voltages between the other terminals are shown as vectors 
E\„.. Each of these is the resultant of two phase voltaps, 
and would be obtained by a similar construction to that just 
given. 
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Stated generally, in a star-connected alternator, the terminaJ 
voltage ^ voltage of oiw phase x VT. 

Evidently from the diagram the current supplied to any circuit 
is the same as the current in each winding of the armature. 

Mesh - connected Alternator. — Tho phase connections and 
corresponding vector diagram for this ease are 8ho^vn in Fig. 159. 
As before, the phase-voltages are first drawn as three vectors making 
angles of 120° with each other. These phase-voltages are c^,,> 
e,,,. Tho three phase- currents ^ are three vectors each 

lagging behind the corresponding voltage vector by an angle 
The current given out at tho terminals is in each case the sum of 
the currents conveyed to any terminal along the two adjacent 




Fig. 159. — Mosh-conuoctod Pha-ses. 


phase windings. Thus the current /,, is the sum of the currents 
flowing towards b along the paths c b and a b. This may be stated 
briefly 

■^1. — hi, + hh ~ hi, “ h,a- 

Hence the current must be obtained vectorially by the addition 
of the vector and the vector i,,* reversed). This addition 

is sho^n in the vector diagram (in Fig. 159). The vectors /«, 

/,. obtained in this way sliow the magnitude and phase of tho 
terminal currents given by the alternator. Thus wo have in a 
mesh -connected circuit a terminal current equal to 2 cos 30° 
(= V 3 = l‘'i^3) times the phase-current. 

The terminal voltage of a mesli-cohnected alternator is seen 
to be the same as the phase-voltage. 

The results of the preceding sections may be summarised as 
follows : — 

Let 7, £' be respectively the current in the line and the 
voltage between each pair of conductors, and 
i, e tho current and voltage of each phase winding 
of the generator armature. 
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For star-connected armatures 
I = i, 

E = V s e. 

For mesh -connected armatures 

/ - V3 i, 

E^e. 

The formula; just given also apply to the case of motor armatures 
supplied from the line, i and e representing the current and pressure 
in each phase winding of the motor. Similarly, for any resistance 
or other form of load circuit supplied from the line, the above rule 
applies if i and e are taken as the current and voltage of each branch, 
when the branches are connected either in star or me.sh connection, 
and / and E are the current and voltage in the main circuit. 

Use of Neutral Wire. — In the case of circuits supplying 
a mixed load of motors and lamp^, it is not unusual to employ 
a fourth (or neutral) wire connected to the star-point of the generator 
or transformer. Three-phase motors are connected to the 
3-line conductor in the ordinary way, while lamps and other 
small loads requiring a single-phase current are connected to 
one lino and the neutral wire. Evidently, the voltage applied 

to the lamps is only • ^ or 0-578, of the line voltage, which is usually 

an advantage, as the motors can be run advantageously at a higher 
voltage than the lamp. The lamps are arranged to make as equal 
a loading as po.ssible and, in combination, they form a load star- 
connected to the circuit. 


Power of S-phase Circuit.— Still employing the symbols just 
given, it is easy to sec what the power transmitted by the S-phase 
circuit is. 

First, take the case of non-inductive load 
The power given to each branch load circuit is i e watts. Since 
there are three such branch circuits, the total power tran.smitted 
by the line to the branch circuits is 3 i e watts. 


In the star connection i — I and c — — - , hence in this case 
V 3 
E 

total power ~ Z i e ~'3 1 — — y/ Z 1 E. 

• V 3 

In the mesh-connected system i = and e~E, consequently 
V 3 

powfir of system — Z i e — ^- -E = 1 E. 

V^3 

Thus in either case the power is the same, and is equal to 
\/ Z 1 E watts. 
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The relations just given should bo verified by means of the 
following experiment : — 

Experiment XXXVI. —Determination of the Power 
Transmitted by a 3-phase Circuit (Load Non-inductive). 
Diagram of Connections. 




Fio. 1 60. 

M^, Mj Terminals supplied with 3-phaso alternating current. 

R^, R^, R^ Equal non-inductive resistances.* 

^ A^, A. i Ammeters. 

Fj, Fj Voltmeters. 

Instructions. In order to verify the formulae for both star 
and mesh connected systems, the connections should bo made 
in turn according to both systems, as indicated in the diagrams, 
shown above. 

The diagrams sulliciently indicate the connections to be made. 
It is to be noted that in the case of the star conne<tion a single 
ammeter measures both the current in the lino and in the branch 
circuit. With tlic mesh connection a single voltmeter measures 
both line and branch voltage. 

For each of the connections indicated in the dia^am, take 
readings of the lino current and voltage, and the current and voltage 
of one of the branch circuits This should, if possible, be repeated 
for two or three values of the resistances. Li each case the values 
(*f all these resistances should bo equal. Enter the results in the 
form shown below, and note that the two values of the power 
entered in the last two columns .should be the same. 

Comparison of Power in Main and Bran(ui Circuits. 


Line. i Branch. ; Total Watts. 


C'uirent 

1. 

Voltage ' Current 

= E. 1 i. I 

Voltege ^^sric. 

3 t e. 


I 

J 

i 

\ 

I 



* Hanks composed of equal number of similar incandescent lamps form A suitable non 
inductive load. A still niore convenient form of 3-pliase resistance is a liquid form with three 
symmetrical blades capable of being dipped into the solution simultaneously to any desired 
extent. 
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Power in Inductive Circuits.- -If tlie load is partly inductive 
the phase-current and voltage will not be in phase with each other. 
In this case the power in each branch circuit will be i e cos (f) instead 
of i e watts. If the angle of lag in all the branch circuits is the 
same (= (^), the expression for the pow(!r in the line becomes 

Power = 3 » c cos ^ or V" 3 I E cos (f), 
which is the general expression for the power transmitted by a 
3-phase lino with equal loading on all phases. 

It is most important to remember that 0 is the phase angle 
between current and voltage in the branch circuits, and not between 
line current and lino voltage. Also, the power-factor of a balanced 
3-pha8o circuit is the power-factor of the three load circuits 8up])liod. 
In general, the measurement of. the power of a 3-phaso sy.stem 
necessitates the employment of a wattmeter when the load is partly 
inductive, as the methods in which only ammeters and voltmeters 
are employed become very complicatcHl. 

There are .sev(»ral methods of (.“otinecting tlio wattmeter to the 
circuit, the mo,st usual of which arc now to be described 


Ai A 



Fig. 1(»1. -Comioction of Waltmotor in Branch Circuit. 

Wattmeter Measurements in Three phase Circuit. — Method 

I.—Ono obvious method of measuring the power given to or 
taken from a balanced 3-phase circuit is to connect the watt- 
meter in one of the throe branch circuits, as indicated in Fig. Ibl. 
If .the power given to the circirit is to be measured, the wattmeter 
would bo so connected as to indicate the output of one phase of 
the generator. If the power measured is that given to a motor, 
transformer, or other set of branch circuits, the wattmeter would 
measure the power in one branch circuit. A.s explained in the 
preceding section, the total power of the systwn — 'Me (M)s (j) where i 
and e are the current and voltage in one branch of the star or mesh . 
Thus the WTittmeter will read one-third of the total pov\er, and 
the reading must b(^ multiplied by three,, unless this use of it has 
l)(!en foreseen and allowed for in the calibration of the instrument. 

Method II. — What would at first sight appear an equally 
simple method is to connect the wattmeter so as to read the product 
of current and voltage of the line, in the manner shown in Fig. 162 
(page 2.56). A wattmeter connected in this way wiU not, however, 
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indicate the power of the circuit, because the lino current / and 
lino voltage E are lud. in phase with each other, even in a non- 
inductive circuit. Kef erring to Figs. 158, 159, it will be seen that 
for both star and mesh connections, E and 1 differ in phase by 
an angle equal to SO"' :|- 0. Hence the niading of the wattmeter 
comiectcd as sho\\Ti in Fig. 162 will read the product IE cos 30® 
\/ 3 

— 1 E when there is no lag or lead in the circuit, i.e., when 


the power-factor is unity. 

If the load is inductive, so that the branch current i is not in 
phase with the voltage e, but has an angle of phase difference 0 
(see Figs. 158, 159), then the phase difference between the current 
and voltage in the line will not bo 30° but 30° -J- <ji. 

Imagine the series coil of a wattmeter to be inserted in one 
line, carrying the cuiTcnt L, (Ffg. 158), for instance. Suppose 
also that the volt coil of the wattmeter is connected so as to read 
the voltage between the same lino and one of the others, say 
The wattmeter reading will then bo E^..^ X cosine of angle be- 
tween and that is I E cos (30° + <f)). Now imagine the 

volt coil thrown over to read the voltage between the line in which 

the current flow's and the other line, that is The watts road 
v.'ill now bo A’,,., X cosine of angle between and E^,^ or 1 E 
cos (30° — 0). Thus the two readings of the wattmeter will be 
respectively I E cos (30° -f (/>) and IE cos (30° — 0), 

i.e., I E (cos 30° cos cf) — sin 30° sin ^) 

and / E (cos 30° cos (jy -(- sin 30° sin 0). 


The sum of these is 2 I E cos </> cos 30° — V 3 / A cos 0, which is 
the value in watts of the power in the circuit. 

It will not be diflicult for the student to deduce a similar result 
for a mesh -connected eircuif, from the diagram Fig. 159. 

Wo have, thendore, the following rule for determining the power 
in a balanced inductive 3-phase circuit. Connect the wattmeter 
with its current coil in one of the line wires, and join the volt ter- 
minal alternately to the other tw'o line wdres. The sum of the 
two readings thus obtained gives the total pow'er on the circuit. 
The load and power-factor on the three lines are, of course, assumed 
equal. • ’ 

Incidentally, it is worth noticing that the difference between 
the two wattmeter readings when divided by the line voltage gives 
tin; idle current directly. 

The difference of the readings is 2 / E sin 30° sin </x 
~ 2 1 E \ sin (/) ~ E. / sin efy, 
and I sin 0 is the w^attle.ss current in the line. (See page 72). 

If the circuit is so highly inductive that ^ is greater than 60°, 
the value of cos (30° -f ^) becomes negative. The wattmeter is 
then deflected in a reverse direction, and in order to obtain readings 
it becomes necessary to reverse the connections to two of its ter- 
minals. The reading obtained under these conditions must be 
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looked upon a.s negative, and the total power of the circuit will 
be the difference, between the readings of the 2 wattmeters. 

Also the power-factor of the circuit may be arrived at from 
the relation 

-W — Wo 

tan^= 

Whore Wy and are the two readings of the wattmeter. 

Instead of altering the connections of the volt coil of the watt- 
meter in order to obtain the total power by means of a single watt- 
meter, it is often preferable tr) throw the current coil alternately 
into 2 of the main circuits. The sum of the readings then gives 
the total power independently of equal loading of the ciicuits. 
This method is practically that described on page 258 when 2 watt- 
meters are employed. 

The following experiment illustrates Method IT. given above. 

Experiment XXXVII.— Determination of Power and 
Power- FACTOR in a Balanced Three-phase Line 
Diaoram of Connections. 



O'-- ■ .O 

Ml r/ii 

Fm. 162 . 

M j, Mg, M 3 Source of 3-phasc alternating current. 

7 n,, wig, m 3 Points connected to a balanced partly-imluctive 
load. 

If Wattmeter. 

A Ammeter for measuring line current. 

V Voltmeter for measuring line voltage. 

Instmctiwig. -Connect three conductors from the source of 
3 -phase alternating current to a partially-loaded transformer, 
induction motor, or other inductive resistance. 

Insert in one line wire the current coil of the wattmeter and 
an ammeter. Connect a voltmeter between one pair of wires, 
and connect the free end of the volt coil of the wattmeter alternately 
to the two wires not containing its current coil, i.e., alternately 
to Mo m 2 and M 3 m., in the diagram above. 

Make sure that the voltage between each pair of line wires is 
the same, and then take readings on the ammeter, voltmeter, and 
two readings with alternative connections of the wattmeter for 
several values of the load on the circuit. 
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Enter the results of the readings thus 


Determination op Power-factor in Three-phase Circuit. 


Line. 

Wattmeter Readings. 

Power- 

Factor 

W, -f W. 

\/3 / X y 

Idle . 
Current 

W, - If, 

V ■ 

Corrent 

/. 

VolU 

V. 

S 

k 

!> 


•o 

a 

3 ; 





i 





The method just given, although simple in use for occasional 
measurements, or when arranged with a throw-over switch, has 
the disadvantage that two readings have to be taken and added 
together. It is therefore not a direct reading method suitable 
for switch-board use. 

By the use of the next method of connection the power is recorded 
directly. 



(a) Circuit with neutral point (b) Wattmeter connected t.o 
available. artificial neutral point. 

Fio. 163. — Wattmeter Connections in S-phase Circuit. 

Method lU. — Three non-inductive resistances are connected 
together to form a “ star point,” the potential of which will remain 
constant. The wattmeter is then connected so as to read the 
current in one line, and the voltage from this point to the same 
line. (See Fig. 163b). The voltage applied to the volt coil of 
the wattmeter is consequently the same as would bo generated in 
one phase of a star -wound generator (= e). Also the current 
coil carries the same current as would be carried by the winding 
of the generator in the same case {— i). Hence (employing the 
previous notation) the reading of the wattmeter will be i e cos (f), 
or J the total power of the circuit. 

Usually a wattmeter intended for permanent connection to a 
circuit in this manner would have its scale so calibrated that the 
readings would be three times the power actually producing the 
deflection. In this case the power of the circuit would be registered 
directly. 
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If the neutral point of the generator winding, or the neutral 
point of the motors or branch circuits supplied, is available, the 
resistances shown in Fig. 163b are not necessary, and connections 
are then made as in Fig. 163a. The resistances are only required 
in order to create a neutral point when this is not otherwise available. 

Measurement in Unbalanced Circuit with Two Wattmeters. 

—In cases where the load on the three wires is not balanced, 
the usual way to determine the power of the system is to insert a 
wattmeter in each branch circuit. The readings of the three watt- 
meters must then be added together to give the total power of 
the circuit. 

Two Wattmeters connected as shown in Fig. 164 suffice to 
measure the power in an unbalanced 3-phase system. The sum of 
the readings of the two instruments is equal to the total power trans- 
mitted. Sometimes the two volt coils are mounted on a single 
spindle, and the two current coils act on their respective volt coils 
in a single instrument. In this way the deflection of the needle 
is the sum of the deflections due to each pair of coils, and the in- 
strument then reads the total watts of the circuit directly. 


C 



Fici. 164. — Measurement of Power in i^n Unbalanced Circuit. 

The proof that the sum of the readings of wattmeters If j and W ^ 
in Fig. 164 gives the true watts of the circuit may be stated as 
follows. 

Referring to Fig. 164, it is desired to measure the power delivered 
to the three branch circuits, a, 6, and c. 

Let the symbols represent the instantaneous values of the 
various quantities, as follows : — 

= the voltage.s of the branch circuits respectively. 

^i,) »c = the currents in the same circuits. 

^ the voltages between the lines. 

L) i: ~ the currents in the line conductors. 

Also consider the directions indicated by the arrows in the figure 
to be positive directions, in order to give definite meanings to the 
signs to be -employed. 
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The power to be moasiired 

- W = i, + €„i; + e,i. (1) 

At the given instant it is evident from an inspection of the figure that 

+ e ' . (2) 

also i, = -f i,, .......... (3) 

and i, ~ i — iu (4) 

The reading of wattmeter at any moment 

= i = e, (i., -V i,) == i, -f e, f,, 

Substituting from equation (2) 

+ *1. (Ci, + e. ) “ I’a + «i, h, + h ’ (5) 

Similarly the reading of wattmeter Wj 

= ^2 = e, i, = c, {i, - i,,) = e,. i, - e, i,. . . (6) 

Adding equations (5) and (6) 

4Kj + 1^2 — h 4- «i, h e,i,= W . . . (7) 

Since the wattmeters in each case read the moan of the product of 


current and volts, the sum of the readings will be the moan value 
of the watts IF as given in equation (7). 

The proof just given is based on the distribution of currents 
and voltages in a mesh-connected circuit. A similar proof may 
be obtained for a star-connected circuit. This is, however, hardly 
necessary, since from the method of connecting the wattmeters, 
it is evident that they will read the power transmitted by the line 
quite independently of the manner in which the branch circuits 
may be connected. Thus the circuits a, 6 c, in Fig. 164, might 
equally well bo connected in star, instead of mesh, and the sura 
of the readings of the tw'o wattmeters would still give the total 
power passing in the lines. 

In the present case, as in the Method II. of measurement by one 
wattmeter given above, it is to be noticed that the common terminal 
of the wattmeters is connected to the source of supply. Under 
these conditions wattmeters of the usual construction will read 
in the correct direction. If it is found that the reading of the 
instrument is reversed, the shunt coil connections should be inter- 
changed and the readings of the wattmeter considered negative 
and must be subtracted from the value recorded by the positively 
reading wattmeter. 
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CHAPTER X 

The Rotary Converter. 

The Rotary Converter. — The currents induced in the con- 
ductors of a direct-current generator are actually alternating cur- 
rents which have given to them a single direction in the external 
circuit, owing to the action of the commutator. Thus, an alterna- 
tor with rotating armature is essentially the same machine as a 
direct-current generator, except for the substitution of simple 
collecting rings directly connected to the armature winding, in the 
place of a commutator of which the segments are connected to a 
great number of separate conductors. 

A closed circuit armature may be provided with both commu- 
tator and slip rings, and may then be used alternatively as a direct 
or alternating-current generator. It may also be used to give 
simultaneously direct and alternating currents. A more frequent 
application of a machine constructed in this way is to drive it as a 
motor by means of current of one kind, and to lake current of the 
opposite kind from the armature winding. In this way the 
machine acts as a motor-generator, with the important difference 
from the true motor generator, that the same armature winding 
receives the driving current and gives out the generated current. 

As in the case of direct-current motor generators, the fact that 
both generator and motor currents circulate round a single arma- 
ture core renders the resultant armature magnetic reaction very 
small. This is due to the motor and generator currents being in 
opposite directions, and consequently exerting magnetising forces 
which approximately neutralise each other. 

In the rotary converter a further advantage is secured by the 
fact that the individual conductors carry only the difference 
between the two currents which they receive as motor conductors 
and give out as generating conductors. 

Ratio of Transformation. — The armature voltage of a multiple- 
circuit direct-current machine is given by the following formula : 

N nF p 

60 X 10 * 

R — Armature voltage. 

N ~ Number of armature conductors. 
n ~ Revolutions per minute. 
p ~ Pairs of poles. 

F = Flux per pole. 
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This voltage will be the maximum value obtained between 
two slip rings connected to the same armature. The virtual alter- 
nating volts will therefore be 

iVnf p 1 
60 X 10« 

assuming the wave form to be a sine curve. ^ 

Hence, if wo neglect the losses in the armature conductors, the 
ratio of direct to virtual alternating single-phase voltage is 

1 : U., 1 : 0-707. 

Thus, if the rotary converter is supplied with 100 volts direct 
current, it will give out 70-7 volts alternating. If supplied with 
100 volts alternating, it will give out 141-4 volts continuous current. 
In either ca.se, the maximum value of the alternating voltage is the 
same as the voltage at the commutator, and the virtual value is the 
maximum value -t- y/ 2, if the wave form of the alternating current 
is a sine curve. 

With a power-factor of unity on the alternating side, the ratio 
of direct to alternating current is tho inverse of the ratio of the 
voltages. This follows from the fact that the input and output 
watts must be equal (except for tho incidental losses in tho machine), 
and hence, if wo postpone tho consideration of tho effect of lagging 
or leading currents. 

Volts (direct) x amperes (direct) = volts (alternating) X am- 
peres (alternating). 

But it has just been shown that 

Volts (direct) = volts (alternating) x 1-414. 

Hence, 

Volts (alternating) x 1-414 x amperes (direct) = volts (alter- 
nating) X amperes (alternating) ; 

Or, 

Amperes (alternating) = 1-414 X amperes direct, 
t.e., tho (virtual) alternating current (with .sine wave form) is 
nearly 1 1 times tho value of tho direct current supplied to, or taken 
from tho commutator. 

With a power-factor of cos ({> it is evident from the equality of 
input and output that the alternating current for a given output 
will be greater than the value just given. In this case. 


. . 1*414 

Amperes (alternating) ^ X amperes (direct). 


Multipolar Rotary Converter.— A single-phase 2-poie con- 
verter will have two slip rings (;onnected to conductors situated 
at opposite points on tho armature. If the machine has a number 
of poles, the slip rings will each have as many connections to the 
conductors as there are pairs of poles. Tho angular pitch between 
two successive connectors to one ring will be equal to the angle 
between one N pole and the next N pole. The total number of 
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connections from the armature will thus be the same as the number 
of the poles. 


Polyphase Converter — Assuming the case of a 2-polo con- 
verter fed from the direct-current side to give a single-phase alter- 
nating current, the armature will have two connections to the slip 
rings which will twice in every revolution receive the full voltage 
given to the commutator. The value of the alternating voltage 
produced will consequently have a maximum value equal to the 

direct-current voltage, and a virtual value of - or 0-707 times 

V 2 


this voltage. 

In the case of a 2-pole 3-phase converter the conductors con- 
nected to slip rings will bo situated 120° apart. 



Fio. 165.-' Voltage of Three-phase Coiivortor. 


The maximum voltage between two rings will occur when the 
conductors joined to the rings are in such a position as the con- 
ductors a b shown in Fig. 165, since the conductors between a 
and b will then be moving‘ino.st nearly in a direction at right-angles 
to the lines of the field. In this position the flux being cut by the 
conductors will be less than the maximum flux, which would be cut 
by the conductors between A and B in the ratio of ab to AB, if we 
assume the armature to rotate in a uniform field. 

Since the angle aOb — 120°, the length a c = 0 a sin 60° = 
0 A sin 60°. Thus the line a b — A B sin 60°. 

Hence maximum alternating voltage = V„ sin 60°, where 
F„ = direct-current voltage of the convertor. 

The virtual value of the alternating voltage 


1 1 y 3 

= - maximum value — - sin 60° F„ == „ 

V “ V ^ - V 

= -612 Fb volts. 

It may be .stated generally that in a rotary converter with m 
rings, if the electromotive force between the direct- current brushes 
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is and the virtual alternating pressure between two adjacent 
rings 

i\ = -iF„ 8 in^ ( 1 ) 

2 w 

The relation between the direct and alternating currents is 
best obtained by equating D C and A C powers. 

Thus, if /„ and i, are the direct and virtual alternating currents 
of a converter having m rings, i.e., arranged for an m-phaso alter- 
nating current, 

Direct current power = F„ /„ 

If i* is taken to be virtual current in the armature conductors, 
and the virtual current at the slip ring, the alternating current 
power per phase = cos (j), and the total A C power = m i 
cos (f). 

^0 = b. cos 

or substituting the value already obtained for y*, 

Vi> fj. = ■ / ■- sin - cos 6 
\/ 2 m ^ 

_V 2 

.7t .... ( 2 ) 

m sih - cos 0 
m ^ 

It can be shown that 

/* = 2 sin - I 
rn 

2 \/ 2 /„ sin - 


JT , 

m sin — cos 6 
m 

2 \/ 2 I, 

( 3 ) 

m. cos ([} 

In a non-inductive 3-phase circuit 

' 3 sin 60° 3v/3 “ 

and ' - /„ - 0-943 

The ratios of direct and alternating currents and voltages may 
be conveniently tabulated in the following manner, the power- 
factor of unity and a form-factor equivalent to that of a sine wave 
being assumed. 

The influence of the pole-width in modifying, these values is 
referred to on page 270. 
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Direct 

Curreot. 

Single 

Phase. 

S-phase. 

4-riDg, 

S-phase. 

3-ring. 

5- phase. 

6- ring. 

in- ring. 

Volts between slip 
rings 

1 

•707 

•707 

•612 

•354 

n 

sm — 
m 

Amperes at slip 
rings 

1 

1-414 

! 

•707 

•943 

•472 

VT 

2 y/J 
m 


Heating of Converter Armature. — The rotary converter, 
when run from the alternating-current side, acts simultaneously 
as an alternating-current synchronous motor, and as a continuous- 
current generator. Since the machine has only a single armature 
winding, the currents flowing in the conductors of the armature 
are always the algebraic sum of the currents which the armature 
would carry if it were considered to bo alternately (1) an alternating - 
current motor armature, and (2) a continuous-current generator 
armature. On the whole, the currents which would drive the 



armature as a motor are opposite in direction to the currents which 
would be generated in the armature of a generator. In general, 
therefore, the armature conductors carry currents which are less 
than those flowing in the armature of an alternating-curront motor 
of the same output. 

The magnitude of the direct current flowing in the armature 
conductors is constant in amount (for a given load), but changes 
in direction twice in each period. During each period, the alterna- 
ting current passes through all its values, positive and negative, 
in succession. The exact relation which the alternating and direct 
curremts bear to one another in phase is different for conductors 
situated at various points in the armature. In order to illustrate 
this, Figs. 167 and 168 have been drawn for conductors situated 
respectively midjvay between the slip-ring connections and adjacent 
to the .slip rings of a single-phase converter. 
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Referring to Fig. 166, it will be evident that the conductor A, 
situated midway between the slip-ring connectors, will pass under 
the brushes B (and will in consequence have the direct current 
in it reversed), when the voltage between the slip rings is zero. 
Assuming a power-factor of unity, we see that the direct current 
in conductor A will undergo reversal at the moment when the 



Fio. 167. — Current Variation in 2-rmg Rotary Converter.. 
Conductor Midway between Rings, 


alternating current in it is zero. This condition is shown in Fig. 
167, where the values of the direct and alternating current are 
shown by dotted lines, and the resulting current in the conductor, 
which is obtained by addition of the ordinates of the dotted curves, 



Fig. 188. — Current Variation in 2-ring Rotary Converter. 

Conductor Close to Slip Rings. 

In a similar maimer. Fig. 168 shows the current fluctuation in 
a conductor situated adjacent to the slip-ring connectors. This 
conductor experiences a reversal of the direct current at the moment 
when the armature is carrying its maximum of alternating current. 
The summation of the two curves of current, resulting in the curve 
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which bounds the shaded area, will be readily followed. It is 
evident that in this case the average current is far higher than in 
the conductor illustrated by Fig. 167. We have, in fact, chosen 
the two conductors in the armature which carry respectively the 
least and highest average value of the current, so that the con- 
ductors in intermediate positions will carry currents which are 
intermediate also in value. 



Fio. 169. — Current Variation in 3-riug Convertor. 
Conductor Midway between Rings. 


It will be seen that the maximum value of the alternating 
current is exactly double the value of the direct current, this being 
the condition for a single-phase converter. The maximum resultant 
current in’ Fig. 168 is three times the continuous current in value. 



Fig. 170. — Current Variation in 3-ring Converter. 
Conductor Close to Slip Ring. 


For purposes of comparison, Figs. 169 and 170 are given to 
show the current variation for the corresponding conductors in a 
3-ring converter having the same direct-current output as the 
previous .single-phase converter. The first curve (Fig. 169) resembles 
the cori'esporiding curve of Fig. 167, except that the value of the 
alternating current is 77 per cent, of its former value. The second 
curve (Fig. 170) is, however, somewhat different from the previous 
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one. Referring to Fig. 171, it will be. seen that the voltage between 
the connectors A and /i has a maximum value at the instant 
represented on the diagram. A conductor situated between A 
and B immediately adjacent to A will pass under the brush B 
one-twelfth of a revolution after the position shown, i.e., one- 
twelfth of a revolution, or 30“, after the maximum alternating 
current flows in it (again on the assumption of unity power-factor). 
The currents in the conductor adjacent to .4 will therefore have 
to bo added in the manner shown in Fig. 170, so that the reversal 
of the continuous ciu'rent occurs 30"’ from the point of maximum 
alternating current. 

On comparing Figs. 167 and 168 for the single-phase converter 
with Figs. 169 and 170 for the 3-phase converter, it is at once evident 
that the average currents carried by the conductors in the latter 
are of less value, and that the heating of the armature for the same 
output must be considerably less. Also it is at once evident that 
in Figs. 167 and 169 the average actual current is much below 
the value of the direct current. 

The heating of the conductors will be proportional to the average 
value of the square of the current, and will evidently be very un- 
equally distributed in the armature of a converter! The greater 
the number of slip-rings employed, the more evenly will the heating 
be distributed, and the more nearly will the continuous and alter- 
nating currents neutralise one another. The following table is 
of interest as showing how an increase in the number of slip-rings 
with a given armature will increase its output when employed as 
a rotary convertor as compared with a direct-current generator. 
T'he power-factor is assumed to be unity. 



Fia. 171. — Throo-ring Converter. 


Power Rating for Same Average Heating. 


Coiitinu()U.s 

Current 

Cenerator. 


0-85 


1-32 


1*62 • 


1'92 


100 
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Magnetisation Curve or Open-circuit Characteristic of 
a Rotary Converter. — In order to ascertain the magnetic pro- 
perties of the converter, and the most suitable excitation, this 
curve should be obtained, as in the case of a direct or alternating 
current generator. 

If it is possible to drive the machine by external means, the 
test' should be carried out exactly as described in Experiment 
XXIX. for an alternator. The machine is driven by a belt or 
coupling at a constant speed, and the excitation, which should 
bo supplied from an external source of direct current, is gradually 
increased from zero to a value eonsiderably above the normal. 
Voltmeters should be connected to both alternating and direct 
sides of the armature, and must be read for each value of the excita- 
tion. After a similar series of readings has been taken with de- 
creasing values of the exciting current, the mean curve should 
be plotted with amperes or ampere-turns horizontal, and direct 
and alternating voltages vortical. 

If it is not possible to drive the converter mechanically, it 
must be driven electrically from the direct-current side. The 
experiment is then carried out as' follows : — 

Connect the direct-current side of the machme to a source of 
direct current in series with a variable resistance. Supply the 
held windings with direct current, through a variabh; resistance 
and ammeter. Coimcct a voltmeter to the alternating .side of 
the armature. 



FlO. 172. — Diagrani of Connections for taking Magnetisation Ourvfv. 

I 

The connections will then be as shown in Fig. 172. 

Begin by giving the magnets their full excitation, and start 
the machine, gradually cutting out the armature resistance until 
full speed is attained. Read the excitation and alternating and 
direct-current voltage. Slightly decrease the field, and increase 
the resistance in the armature circuit, so as to obtain the same 
speed as before. Repeat the readings and take a succession of 
such oltservations with decreasing values of the excitation. 

When plotted to give tiro magnetisation curve, the terminal 
voltage on the direct-current side will bo higher than the true 
voltage, which should bo considered to bo the voltage transformed 
into alternatiiVg volts on the A.C. aide, by the amount lost in 
armature drop and armature reactions. If the armature drop 
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(= current X arnacaturo resistance) be subtracted from each D.C. 
ordinate of the curve, a curve which is practi(!ally the true 
magnetisation curve of the machine will bo obtained. 

Fig. 173 shows the magnetisation curve or no-load characteristic 
of a 2 1 kw. rotary converter obtained by driving the machine by 
a separate motor and varying the excitation. Curve I. shows 
the readings of a voltmeter connected to the direct- current side, 
and Curve II. shows similar readings obtained on the alternating 
side. 



0 l '2 -3 4 -5 -6 •? -8 a 10 M 12 

Amperes Excitation, Curves I. and II. 

0 10 20 30 40 50 00 70 80 »0 100 110 IJO 

Direct-current Volts, Curve III. 

Fio. 173. — No-loaU Characteristic of Rotary Converter. 


Curve III. shows the relation between the direct and alternating 
voltages. The ratio is seen to be constant over the whole range of 

1 1.1 alternating volts . 

readings taken, and to be - = "675. This value 

direct volts 


is less than the theoretical value of -707, which would have been 
found if the wave form of the alternating voltage generated had 
been sinusoidal. The wave form in a rotary converter is affected 
mainly by the shape of the poles, since the armature winding is 
a distributed one, and consequently does not influence the form 
of the wave. The width of the poles is consequently the chief 
factor in modifying the wave form produced, and its effect is usually 
stated in terras of the ratio of the width of polo to the pitch of the 
polos (i.e., the distance from centre to centre of the poles). 


This ratio consequently largely determines the virtual value 
of the alternating voltage (its maximum value is determined by 
the direct-current voltage) and the ratio of transformaiton of a 
rotary converter. The following table shows the influence of the 
pole width upon the ratio of transformation of a single-pliase rotary 
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converter. In a polyphase converter the ratio of transformation 
is altered in, the same proportion. 


! 

Polar arc 
Foi^ilch 

0-8 

1 

0-76 1 

i 

!' 

0-7 

Sinusoidal 

field 

j 0-1)6 

0-6 

0-55 

Alternating volta 
Direct volts. 

0-67 1 

1 

0 69 1 

0-71 

071 

0-7 :i 

0-76 

0-77 


In the case for which the curve, Fig. 173, was drawn, the polar 
arc was rather more than *75 of the pole pitch, and the normal 
ratio of transformation, without armature drop, &c., was therefore 

•675 instead of or 0-707. 

V2 

Experiment XXXVIII.— Determination oe Characteristic 
and Efficiency of a Rotary Converter. (1) When Run 
FROM the Direct-current Side. 

Diagram of Connections. 



Fig. 174. 

il/j, Mi Source of direct current. 

R C Armature of rotary converter. 

F Field windings. 

Ammeter reading direct current supplied to armature. 
Ai Ammeter reading alternating current given out by 
armature. 

A 3 Ammeter reading exciting current. 
l\ Voltmeter reading direct voltage applied. 

Vi Voltmeter reading alternating voltage given out. 

SS Starting switch. 

Variable non-inductive resistance in load circuit. 

Ri Shunt regulating resistance. 

S Switch for breaking load circuit. 

Instructions. — Connect the brushes of the direct-current side 
of, the converter to source of direct current. Connect also the 
field windings to the same supply in scries with an ammeter and 
regulating resistance. Connect -the terminals of the alternating 
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side to a variable non-inductive resistance in series with an 
ammeter and switch. Connect voltmeters to the terminals of both 
the direct and alternating sides. 

Start the machine in the same manner as an ordinary direct - 
current motor, with the switch in the alternating circuit open. 
When running at normal speed and with normal excitation, read 
the voltage at both direct and alternating terminals, and also the 
direct current supplied to the armature. Keeping the direct- 
current voltage at the armature terminals and also the excitation 
constant, close the switch in the load circuit. For a scries of 
increasing values of the load current take readings on both volt- 
meters and ammeters. The power in each circuit should be cal- 
culated and the results entered in tabular form as indicated below. 

From the results the following curves should he plotted on a 
load base: (1) Direct current supplied, (2) ratio of transforma- 
tion, (3) efficiency. 

It must be remembered that in all rotary converter experiments 
the position of the brushes affects the voltage ratio very much. 
The brushes should be kept fixed at the neutral position. 

Load CfTARACTKRiSTTC OF Rotary Converter, 

Rotary converter No Type 

Alternating voltage Current 

Fxcitation Speed revs, per minute. 


Direct t.'iniTiit .'Mtcinaliiif; Current Ratio .AlteriialiiiK 

t<» Direct I'.lliei- 


Vdlts .'Viiips Watts Volts .Amps Watts Volts Cnrreut 


The efficiency is calculated by dividing the A.C. watts given 
out bv the D.C. watts supplied. It must be remembered that the 
excitation losses should be added to the input watts to give the 
total efficiency. Since the load circuit is non-inductive, the output 
may be taken as the product of current and voltage on the A.('. 
side. 

Figs. 17.S and 176 show the results of such test, which was 
carried out on the same 2-pole machine for which the magnetisa- 
tion curves in Fig. 173 were drawn. The curve in Fig. 175 shows 
the ratio of voltage transformation, the voltage on the direct- 
current side being constant at 100. The curve is seen to droj) 
fairly rapidly at first, but afterwards to become practically a 
straight line. The loss of voltage indicated by the curve is due to 
the same causes as tho.se producing the drop in a separately excited 
generator, although the armature reactions and loss due to arma- 
ture resistance will both be smaller in the rotary converter. 
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Fig. 176, which shows the relation between the primary direct 
current and the output alternating current, is also a straight line, 
but does not pass through zero. The ratio of current transformation 
appears consequently not to be a constant. 

The explanation of this apparent want of proportionality in 
the ratio of transformation is that the machine required 2-5 amps, 
to drive it when the alternating output was zero, as indicated by 
the point at which the curve cuts the vertical axis. As the power 
required to drive the converter when giving out current on the 
alternating side will bo at least Vlual to the current taken to drive 
it at no-load, there will always bo at least 2-5 amps, of the direct 
current supplied which are not converted into alternating current, 



0 2 4 6 8 10 12 
A.C. Amperes, Load. 

Fio. 176.— External Charaoterietic of Rotary Converter Driven from D.C. 

Side. 

D.C. Volts = 100. 

but which pass through the armature from brush to brush on the 
commutator, and are spent in overcoming the frictional losses, so 
as to maintain the revolution of the machine. Thus, if the power 
spent in driving the machine were a constant, the true ratio of 
current transformation would be obtained by subtracting the 
constant no-load current from each reading of the direct current 
supplied. This can most simply bo done on the diagram by drawing 
a horizontal line through the point where the curve cuts the vortical 
axis, and taking this as the horizontal axis from which to measure 
that part of the direct current which is converted into alternating 
current. Proceeding in this way we find the ratio of transformation 
with a power-factor of unity to be 

alternating current _ 18 _ 
direct current ~ 12'4 

We can calculate from the true voltage ratios obtained from 
the open-circuit characteristic (Fig. 173) what the ratio of current 
transformation should bo, since 
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volts 

D.C. watts = A.C. watts, and — r- == -675 as already 

D.C. volts ' 

measured, hence 

should be-r-^ = 1-48. 

D.C. amps. 0*675 

The difference between the ratio 1*45 actually observed and 
the true ratio of 1-48 is due to the slight increase in driving (iurrent 
required to overcome the increased iron losses when the machine 
is loaded. These losses are probably chiefly due to eddy currents 
in the pole faces and to increased hysteresis losses in the armature 
core In Fig. 176 the dotted line drawn just below the curve 



(12 4 fi 8 10 12 11 16 18 20 

.A.C. Amperes. 

Fig. 17G. — Ciirronf. Charaoterietic of Rotary Convertor Driven from D.C. Side. 

indicates the theoretical ratio of current transformation. The 
vertical distance between this line ,and the curve actually obtained 
is therefore a measure of the inci*eased current taken in driving 
the machine when loaded on the alternating-current side. 

Referring again to Fig. 175, showing the ratio of voltages, we 
can now separate to .some extent the loss of voltage into its con- 
stituents. There will bo a certain loss of voltage due to the direct 
current driving the converter, equal to (no-load current x armature 
resistance). In the present instance this was 2-5 amps. X *145 
ohm = *36 volts. At no load this will be the only source of loss. 
As the armature begins to supply alternating current, there will 
bo an additional armature ohmic drop due to this current. The 
value of this drop will not be simply the product of either the 
alternating or direet current by the armature resistance, since the 
alternating current will not flow through the whole of the armature, 
but at certain po.sition8 of the armature will largely flow from the 
direct-current brushes to the slip-rings. The value of the drop 
may be calculated from the following figures, where k is the constant 
by which the produet (direct current x armature resistance) must 
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be multiplied to obtain the true loss of voltage due to that part of 
the current which is transformed into alternating current 

Loss OF Voltage in Rotary Converter. 

I Two-ring. | Three-ring, j Four-ring, j 

I: 

To tind the dro]i in the armature of a rotary converter due to 
any load, we must use the following formula, the value of k being 
taken from the table above : — 
e k I.. R 

Where e drop in volts, 

/, — direct current taken or sujiplied, 

R — armature resistance between bruslu's. 

The loss of voltage due to armature resistance at any load may 
be det(?rmincd in the way illustrated by the following example. 

Take the point corresponding to 12 amps. A.C. 

From Fig. 17(1 it is .seen that the direct current taken by the 
(loiiverter when giving this output is 10-7 amps. Of this, 2-5 amps, 
are spent in driving th(^ machine, while 8-2 amps, are (inverted 
into alternating euiTont. 

Tln^ value of the total ohmic drop will therefore he calculated 
as follows, using the constant for a 2-ring converter given' above, 
and employing the value 0*145 ohm. for the armatun? resistance. 

Drop due to 

driving current 2*5 .X 0*145 --- Olid volts, 

converted (current 8*2 x 0-145 X M75 — 1*4 volts. 

ToLil drop l*7() volts. 

It is to be remembered, however, that this calculation is based 
on the current and voltage measured on tin* input (direct eurre-nt) 
side of the converter. , 

In order to obtain the volts lost in armature resistance in terms 
of the output (alternating) voltage, the result of our calculation 
must he multiplied by the ratio of conversion of the converter. 

From Fig. 178, page 2(10, this ratio is seen to be; 0*675 for the 
2-ring converter used for the test. ILmce we get the valm- of the 
alternating voltage lost through armature resistance 
Total A.C. drop - 1*76 X 0*675 - 1*19 volts. 

It is to be noted that the machine for which the curves are 
drawn was an ex})erimental machine of small size. The losses 
duo to resistance of the armature and friction of the machine appear 
unduly liigh in consequence. In a machine of commercial size 
when working under normal load, the losses due to the no-load 
currents would be entirely negligible, and the total loss in volts 
would be obtained directly by employing the formula at the top 
of the page. , 

From Fig. 176, which sliows the ratio of current transformation, 
it is seen that the ratio is a constant one, since the curve is a straight 


1175 I 0*75 0615 0*515 

I 
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line. Tt (-iits tlH5 vortical axis at 2-5 amps., showing that this 
was the cnirront rocpiired to drive the convertor when running 
light and supplied at the normal voltage on the direet-curront side. 
The power taken und^u- these eonditions (-- 2-5 x 100 = 250 
watts in the present case) represents tlu^ ])ower r(iquired to over- 
come friction, windag(! and no-load iron lo.sses. The iron losses 
will increase somewhat under load, hut approximately the no-load 
losses -f the eop])er losses, which can b(< (calculated for any load, 
will give the total loss(‘S at any hxul. The a])proximate (cliioienoy 
of the convertor when driven^ from the direct-current side could 
therefore he calcidabcd from tin; Tio-load observation. 

Effect of Varying Excitation of Rotary Converter.— The 

(^iTect of a variation in ex(uting current is dilferent according 
to the side from which the converti;r is driven. 

When driven from the direct-curnuit side, a hfssening of the 
exciting current will cause the machim^ to run more rapidly, since 
tlie driving side h(;haves similarly to any direct-curnmt motor. 
Th(i incr(ias(; of speed will not, howev<‘r, prodmaf a corresixuiding 
incr(\as(i in voltage on the alternating skI(!, since the increase of 
s})ued is not more than enough to maloi up for the decrease in the 
strength of the ficdd in whi(;h the armatuia! rotates. The coii- 
duetors will therefore rotati; more ra'i)idly, hut in a weakened field, 
and, if tlni losses remairuxi the saim? as before, it would appear 
that th(^ voltage generated shoidd b<^ nnehang(Hl by (thango in 
excitation. It will be found in the (^xpcTiment which follows 
that the voltage is affected to some oxtcuit by changes in excitation. ' 

ExrKKiMKNT XXXIX.- Determination of Efee(;t of Variation 

OF Excitation upon Katio of Transformation of a Rotary 

Converter. (1) Converter driven from Direct-current 
Side 

Diagram of Connections, 

Same as for Experiment XXXVIlf., Fig. 174, 

Instructions.' Make connections as described in the ease of 
Experiment XXXV 111., above. 

With flu; alternating-(;niTent eireuit opcai, vary the excitation, 
and /or each value of the exciting curnMit take nxulings of the 
(linnet and alternating voltages, the curnxit spent in driving the 
machine, and the speed. The apjilied voltage should be kept 
constant during tin; test. 

The alternating circuit should tluui be closed and a similar 
series of readings taken with one or two values of llu' load current. 
For each set of readings the resistance! in the load eireuit should 
Ik! varied so as to maintain tho current at. a constant value. 

The readings should be entered in e-olumns as shown for Experi- 
ment XXXVIII. 

Chirves showing the variation in secondary voltage should be 
plotted on a base of exciting current, each e nrve corresponding to 
a definite value of the altcrnating-enuTent output. 
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Fig. 177 shows a set of six curves obtainod on the same machine 
as tiiat employed for the results sKbwn in the previous Figs. 173-170 
The direct voltage applied was maintained constant at 100, 
so that the alternating voltage gives directly its percentage value 
in terms of the direct voltage. 

It will be scj'U that there is one value of the excitation which 
gives the maximum ratio of voltage-conversion, and further, that 
this value varies for different loads. The inclined dottecl line 
passes through the maximum point of each curve, and shows the 



Amperes lixiiUtion.* 


D.C. Volts - 100 

Curvo I. — 0 Amperes load. 

M. - I 

III. - 2 .. 

IV. -4 

V. - 8 „ 

VI. - 14 „ 

Fig. 177. — llotary Convertor Driven from D.C. Sida 
Relation between A.C. Volts and Excitation. 


variation of oxciting current which would be necessary in order 
that the converter should give the maximum voltage ratio for 
varying loads. 

Fig. 178 shows tlic values of the direct current observed during 
the same experiment, at the same values of the alternating current. 
It is seen, as might have been expected, that within the limits 
taken the (uirrents decreased as the strength of field was increased 
and as the speed of the converter became less. Less power was 
consequently required to drive the converter with higher excita- 
tions. Within the limits taken in the experiment, the efficiency 
consequently increased with the excitation. 
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If the eonvovtor aupplios an inductive cncuit the effect upon 
ile ticld wiU be similar to that in the c^ of an alt,.rnatmg.curront 
gLrator. A lagging current will tend to weaken the held, whde 
fwing armature current will strengthen it. A change »l ,.uwcr^ 
factor will tend to produce a change m speed, and a consequent 
change in the frcqiuiucy of the A.O. outi>ut. 

On short-circuit, or on a highly-induotiy., load, the held may 
be so much weakened that the speed may become e.vceas.vc On 
accent of this danger, it is usual hi the case ol mver ed rotaries 
Tc converters driven from the D.C. side) to excite the he ,1 from 
1 SIK-Cial exciting machine couplcxi to t lo rotary converter. 1 
this is done, any tendency for the speed to increase, duo to the 



KIG. 178 .— Rotary Convertor Driven from D.C. Side. 
Relation between Current and Excitation. 


dernasTiietising effect of the armature currents, is chocked by the 
increased excitation given by the exciter, whose speed vanes with 
that of the rotary. 

Rotary Converter Driven from Alternating-current Side.- 

When used to convert alternating into direct currents, the 
converter is driven from the alternating side as a synchronous 
motor, and generates direct currents which are supplied to the 
load circuit from the commutator. This is the most usual apjilioa- 

tion of rotary converters . i • i 

The field wmdings must be supplied with direct cunvmts, whic.h 
may conveniently be obtained from the I)C. side of the converter 
itself. 
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Experiment XL— Determination of Characteristic and 
Efficiency of a Rotary Converter. (2) When Run from 
THE Alternatin(;-cl'rrent Side. 

Diacram of Connections. 



.^1/j iUo of altornatiug current. 

m, m.> Source of direct current. 
li C Armature of rotary converter 

F Field windings 

A I AmmetcT in alternating supply cir<’uit. 

A 2 Ammeter in direct-current load (ireiiit. 

A^ Amfneter m Held circuit. 

Voltmeter reading alternating supply voltug<;. 

V.^ Voltmeter reading direct-current voltag(i. 

If Waitnuder reading power .supplied. 

*S'i *S’.^ Switches. 

fj Synchronis(‘r. 

Variable resistance in load circuit. 

Fi('ld-r(‘gulating resistance. 

Instructions. Omiicct the alternating side of the inachim^ 
to the source of alternating currcait in sciries with an amnuder, 
series winding of a wattmeter and switch. A synchroniser of 
some hind nui.st also he ])rovidcd. Connec t a voltmeter and the 
volt coil of the wattimder to tiu^ alternating terminals of the (;on- 
verter. Coniuat tlu^ ti(‘ld winding to a supply of direcd curirnt 
tiiiough an ammeter and regulating resistance. Connect, the 
dirc(d-(auTeut machim^ terminals, to a variable load resistance in 
series with an ammeter and switch. 

Kii’st excite the held windings, tlnai run up to spcHul and syn- 
chronise the rotary conveder with the alternating suppl\', after 
adjusting the excitation, so that th(^ voltage is th(^ same as tliat 
pf the supply. Usually the most convenient method of running 
the machine up to specal will be to use the D.C. side as a motor 
and to drive from a sotirce of direct current. In order to do this, 
break the load cir<aiit, shown on the left of the diagram Fig. 179, 
and join the two fre<^ ends of the circuit thus obtained to the dirc'ci- 
curivnt supply. On closing the switch A',„ tlm variable rt'sistanre 
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Ri may be made to serve the purpose of a starting resistance, and 
the speed of the machine may be regulated by varying this and 
the field-regulating resistance. If the direct and alternating 
sui)ply voltages are not of suitable values, difficulty may be 
experienced in getting both speed and voltage on the alternating 
side to the correct value for synchronising. In such cases it is 
often best to run the motor up to a speed which is considerably 
above synchronism, (hen switch off the direct-current supply and 
switch on to the alternating circuit when the motor has slowed 
down to the correct speed. In this case exact voltage on switching 
in will usually not be of importance. 

After synchronising, cut out the connection to the D.C. supply, 
then adjust the excitation until the motor takes the minimum 
current, and complete the direct-current load circuit. 

First for no load, and then for a succession of increasing loads, 
take readings of the alternating and continuous currents and 
voltages, apd also the power supplied as registered by the watt- 
meter. The speed should al.so be observed; it should, of course, 
be constant. 

The results should be entered in tabular form, the power- 
factor being calculated for each set of readings by dividing the 
watts supplied by the volt-amperes. 

Several .sets of readings should be taken : first, one or two sets 
each with constant excitation, and then a set with the excitation 
varied to give the minimum current on the A.C. side. 

Te.st of Rotary Converter Driven from A.C. SidI'. 

Rotary converter No Type 

A.C. supply volts amps. 

D.C. out|)tU volts amps. 

Excit.-i- Altern.'iting 

i ' Volts Amps Watt 


Fig, 180 shows .some curves taken on the same machine from 
which the previous curves were obtained. 

d'he curves O and lA, drawn as continuous lines, show the 
variations of alternating current supplied, and direct voltage given 
out, for various outputs of the converter, the field being adjusted 
throughout .so as to give a mimum current. Under these con- 
ditions the power-factor was found to be unity, except when the 
converter was working at no load, when the power-factor was -9^). 

The curve marked “excitation” shows the excitation supplied 
in order to maintain the.se conditions. • 

The dotted curves marked G and fA show the primary current 
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and secondary voyage for ^tpaTisontT^het trvet 

constant . Dronortv of rotary converters, which will 

fTirt^niuded to in cm^ctL with the compounding of con- 
bo “^"rve V, shows that if the power-factor of 

■n oVto maintam " 

with a co!Lnt exciting current, although the current 
“PS 'to ft armature is much larger, the variatmn m voltage 



Fici. 180.— Kotary Converter Driven from Alternating Gutreut Side. 
Primary VoUh .58. 

Full-line curves-Excitation for riiax.mum 

Dotted curves— Constant excitation of . P 

i« much smaller It is thus found that although the efficiency 
!s Trier Ih the excitation arljustrf ^ 7^"! 

voltage. 7helc^Sn fs™to°’iJtcreaso the'mrLiion of voltage. 
‘‘“rc7a dthutt in exoil^^^ with increase of load produces 
an Ireoaed 

result, ms reasoning 
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is supported by facts, and the idea is usually carried out by adding 
a series winding to the field so as to increase the ampere-turns on 
the field automatically as the load increases. This matter is 
further discussed on page 285. 

Effect of Variation of Excitation. — In the case of a rotary 
converter driven from the alternating-current side, it is evident 
that no change in speed can follow from an alteration in exciting 
current, since the machine must continue to run synchronously 
at a speed depending only on the frequency of the supply. It 
would at first appear as if the direct voltage generated in the 
armature should vary approximately in the same proportion as 
the excitation, since the conductors always rotate at a constant 
speed in the field. This will be found from the experiment which 
follows not to be the case, for reasons given later in the discussion 
of the curve obtained from the results. 

When driven from the alternating-current side, a rotary con- 
verter behaves in most respects similarly to a synchronous motor. 
Thus, variation in the excitation will produce changes in the phase 
relations between the current and terminal voltage of the machine. 

Experiment XLI.— Determination oe h>FECT of -Variation 
OF Excitation upon Ratio of Transformation of a Rotary 
Converter. (2) Converter Driven from Alternating 
.Side. 

Diagram of Connections. 

Same as for Experiment XL., Fig. 179. 

Instructions. — Connect up and start the machine as described 
in the case of Experiment XL., page 278. 

, With the direct-current circuit open, vary the excitation, and 
for each value of the exciting current take readings of both direct 
and alternating voltages and the current supplied to the arma- 
ture. The voltage and frequency of the alternating supply should 
be kept constant. 

The direct-current load circuit should then be closed, and a 
similar series of readings taken for one or two values of the load 
current, which should be kept constant during each complete 
series of readings. 

The results should be entered in tabular form, as shown in the 
case of Experiment XXXVJTL, page 271. 

Curves should be plotted .showing excitation measured horizon- 
tally, and primary voltage, primary current, primary watts, and 
power-factor vertically. 

Figs. 181, 182 and 183 give some curves obtained in the manner 
just described on the same converter as that already experimented 
upon. 

In Fig. 181 are shown the curves of alternating current supplied, 
and power-factor for no load and for a load of 4 amperes, equal 
to about a quarter full load. The smaller the load on the converter, 
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tho greater is the ouiTent variation produced by a change in ox* 
citation, and tlio more stoop and pointed at the bottom does the 
curve become. , At heavy loads tho current curve is comparatively 
Hat and rounded, showing that the permissible variation of excita- 
tion is then much greater. 

The power-factor curves show somewhat similar features, 
although tho curves are inverted, since an increase of primary 
(jurront corresponds to a decrease of power-factor when tho load 
is maintained constant. The no-load curve is very steep and 
pointed, whereas with heavy loads the curves become flat or well 
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Amperes, E.xcitatioii 

Fio. ISl. -Rotary Convertor Driven from A.O. Side. 

Curves of Current and Power-Factor. 

Curves I. no loa<i. 

Curves IL 4 ampores load. 

Primary volts = 58. 

rounded at the top. When the converter is loaded, the power- 
factor curves will generally rise to unity, as shown in Curve II. At 
no load, on the other hand, it is not generally possible to obtain 
a point when tho machine works non-inductively. This is duo 
to variations in tlie wave form of the current which occur under 
these condition.s. 

The similarity of tho curves in Fig. 181 to those already obtained 
with a synchronous motor is at once apparent. As explained in 
connection with the motor curves, the conditions to the left of 
the point of maximum power-factor correspond to a lagging current, 
while points to the right indicate leading currents in the supply 
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circuit. In the present case it is apparent that with less tiian about 
•6 amperes excitation the converter works with a lagging current, 
while with more than this excitation the current begins to lead. 
The importance of these V-curves in connection with compounding 
and automatic regulation of converters will bo mentioned later. 

In Fig, 182 is shown the ratio of voltage transformation at 
various excitations, at no-load and with a load of 4 amperes. 

Curve 1. shows this ratio at no load, and Curve II. at about 
quarter load consisting of 4 amperes. 

The first thing that will be noticed in connection with these 
curves is the wide divergence they show from the true ratio of 
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Amperes, E,\citation. 

Fig. 182. Rotary Converter Driven from A.C. Side. 

Relation botwoon Jiatio of Tmnaforrnation and Hxcitation. 

Curve II. load 4 amperes. 

Curve I. no load. 

Primary volts = 58. 

transformation, which was seen in Fig. 173 to be *675 for this 
particular machine. 

It must, however, be remembered that the volts lost due to 
the driving current are not simply the product of current and 
armature resistance, as was the case Avhen the converter was driven 
from the D.C. side. The volts lost are now the product of current 
and armature impedance. Also the phase of the volts thus lost 
will be more nearly opposed to the applied voltage when the power- 
fa< tor of the circuit is low and the current lagging. There is thus 
a very great armature drop at low excitations, both on account of 
the comparatively high armature current and also on account of 
the low power-factor and lag in current. 

Referring to Fig. 181 the power-factor is. at its maximum value 
at an excitation of -61 amperes, the power-factor then being *99. 
Under these conditions the current taken by the machine is 2-8 
amperes. The armature drop is then almost entirely due to arma- 
ture resistance, and will be nearly in phase with the applied volts. 
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Thus the drop will be 2-8 X -145 volts = -41 volts, the armature 
resistance being -145 ohms. The A.C. volts actually converted 
are therefore 58 — -41 = 57-59, and the ratio of conversion 

== .7 (approximate), 82-3 being the actual voltage on the 
82-3 

D.C. side. . ^ 1 ^ 

In calculating this ratio we have not taken account of the fact 
that cos <f> is not exactly unity. The difference between -7 and 
the ratio of transformation -675 previously obtained is to be 
attributed U) this, to armature magnetic reactions, and the fact 
that thb wave form of the alternating current supplied was 
considerably more “peaky” than the form of wave given by the 
converter when driven as a generator. 
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Fig. 183.— Rotary Converter Driven from A.C. Side. 

Primary and secondary watts and primary current for constant load of 4 amps. 

It is important to notice that the direct voltage continues to 
rise with increase of excitation after the point of maximum power- 
factor is reached. This is due to the impedance voltap in the 
armature now becoming more nearly in phase with the impressed 
voltage, instead of the generator back voltage, as the current now 
leads the voltage in the supply circuit. 

In Fig. 183 are shown the primary and secondary watts and 
primary current observed while the converter was supplying a 
constant direct current of 4 amperes. 

The very great variation of primary current and considerable 
variation in primary power taken are shown very strikingly in 
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contrast to the nearly constant power output. The secondary 
watts increase slightly on account of the rise in the r.^tio of 
voltage transformation. 

Compounding Rotary Converters. — It has been shown (see 
Fig. 180) that the most cmistant ratio of transformation is not 
obtained by maintaining the power-factor of the circuit constant, 
as the fall in pressure on the secondary side is considerable in that 
case. If a constant and not a maximum ratio of voltages is 
required, it would be possible by altering the power-factor of the 
circuit to produce a lagging current at light loads, and thus reduce 
the secondary voltage, and to make the power-factor unity at full 
load, so as to get a maximum voltage in this case which might be 
equal to, or even higher than, the voltage at no load. 

It has been shown by the results of the experiment just 
described how the power-factor of the supply circuit is altered by 
change of excitation — an increa.se of excitation produces an in- 
crease of lead in the current. 

It would consequently be possible, by increasing the excitation 
of the converter in the correct proportion to the load, to obtain 
an approximately uniform ratio of conversion from no load to 
full load. 

The principles governing the compounding of a rotary converter 
depend, in the first instance, on the behaviour of a synchronous 
motor supplied with varying excitation, as di.scussed on pages 
238 and 242. 

In any synchronous motor (or rotary converter) supplied from 
a constant voltage there are two sources of excitation, viz., 
ampere-turns of the field winding and reaction ampere-turns of 
the armature. To balance a constant applied voltage the sum of 
these two excitations must remain constant.* If the ampere-turns 
in the field winding are less than necessary, a current circulates in 
the armature in such a manner as to assist the field in magnetising 
the armature. On the other hand, if the ampere-turns of the field 
winding are more than sufficient to produce the constant voltage 
required to balance the applied voltage, a current circulates in the 
armature in such a manner as to oppose the magnetising action of 
the field winding and to reduce the magnetic Induction. 

The actual current in the armature may thus be regarded as 
being composed of (a) the useful current driving the machine and 
enabling it to give the required output at the commutator ; this 
current depends only on the load ; and {h) a magnetising current, 
which will be a lagging or leading component, determined by the 
amount of excitation supplied to thfe field magnets. 

The resulting field thus remains constant and unaffected by 
changes in exciting current supplied to the field. The only effect of 
varying the excitation is to change the pha.se relations of current 
and voltage in the armature, but to maptain the generated voltage 

* The point of view here adopted i.s that the armature ri’actance m^y be neglected 
and that, armature currents produce reaction only. See p. 242. | 
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at a practically constant value. It is for this reason that it is not 
possible to vary the commutator voltage directly by regulation 
of the field current. 

The effect of change of excitation may be shown in diagram 
form, as in Figs. 184 and 185, where the vectors might be taken 
to reprpisent either voltages or ampere- turns. 

In Fig. 184 the voltages are shown for the case of a converter 
in which the excitation is adjusted so that the terminal voltage 
and current are in phase, i.e., when cos <i() = 1, a c is the voltage 
spent in overcoming armature impedance, a d is the terminal 
applied volts, c d is the generated voltage which determines the 
direct-current voltage at the commutator. 


APPLIEO VOLTS 




a 

— 


Fig. 184. — Cos «/» — 1. 



Fig. 185.— Current Lagging. 



Fig. 186. — Reactance Added. Co8</> == 1. 



Phase Diagrams Illustrating C.>mpounding of Rotary Converter. 

If the oxpitation is diminished, the condition becomes that 
shown in Fig. 185, where the current vector is seen to lag behind 
the applied voltage vector a d. 

In Fig. 185 the voltage c d is seen to be slightly less than in 
Fig. 1 84, chiefly because of the reactance voltage a 6 of the armature. 
The effect on the voltage in an actual machine, if changing from 
the conditions of Diagram 1 to those of Diagram 2, would be very 
small, since the sides of triangle abc would be very small compared 
with a d, OT c d. 
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By increasing the reactance of the circuit {^.g., by the insertion 
of a choking coil), we have the means of producing a considerable 
cliange in tlie drop in the reactance and converter, as illustrated 
in the next two diagrams. Figs. 186 and 187. 

In these diagrams a reactance has been introduced of such 
magnitude as to require a voltage h gXo send the current through 
it. The applied voltage (measured outside the converter and 
inductance) is a d, as before, while the generated voltage in Fig. 
186 is / d, which lags behind the current in phase by the angle 
d f I, and has a greater value than in Fig, 184. The excitation of 
the motor in Fig. 186 is, in fact, greater than in Fig. 184. In 
Fig. 186 the leading current due to the over-excitation of the field 
is 'just sufficient to compensate for the lagging current due to the 
reactance introduced into the circuit. 

In Fig. 187 is shown the cflfcct of reducing the field excitation 
and thus producing a lag of the current. It is there seen that the 
generated voltage f d is considerably decreased, as compared with 
that in Fig. 1^. If the excitation were .still further increased 
beyond the value it has in Fig. 186, a further rise in the generated 
voltage f d would occur. 

It is thus seen that by inserting a reactance in scries with the 
converter, and maintaining a constant voltage at the terminals of 
the combination, it is possible to vary the continuous-current 
voltage by alteration of the field current. This voltage variation 
is not primarily due to change of field, but is due to the change 
of power-factor which accompanies the change of excitation, and 
which produces a variation in the effect due to the voltage lost 
in the reactance. 

'Phis action is made automatic, so as to compensate for drop in 
the feeders and armature due to load, in the following manner : — 

The fields arc provided with a scries winding, through which the 
direct-current load passes, in addition to the usual shunt winding. 

•At no-load, when the shunt windings act alone, the fields are 
iinder-excited, so that a lagging current is produced, as shown in 
Fig. 187. The voltage at the commutator has then its least value. 
.\s the load on the converter increases, the excitation increases 
and gradually raises the power-factor to unity at, say, three- 
quarters of full load, when the conditions arc tho.se shown in Fig. 
186. At full load, the current is made to lead the terminal volts, 
and a further increa.se in the generated volts is the result. The 
reactance in scries with the converter and the degre of compound- 
ing adopted for the fields may be adjusted to maintain the com- 
mutator voltage -constant at all loads, so that the drop in the 
armature and alternating-current circuit only are compensated 
for. It may also be arranged, by choosing a higher value of react- 
ance and greater number of scries turns, that a predetermined 
rise in voltage at the commutator .shall occur at full load. 

The necessary reactance is u.sually provided by adjustment of 
the magnetic leakage of the transformers supplying the converter, 
so that no extra expense is incurred to produce it. 
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CHAPTER XL 

The Polyphase Induction Motor. 

Production of a Rotatii^ Field— Lot the diagrams in Fig. 
188 represent a ring-shaped iron core with two separate windings 
upon it in positions at right angles to each other. The two windings 
are each wound in halves on opposite sides of the ring. For brief- 
ness we will call the winding composed of the top and bottom coils 
the “ vertical ” winding, and the other the “ horizontal ” winding. 
A current sent through either winding will have the effect of 



Fio. 188. — Production of a Rotating Field by 2-pha3o Currents. 

magnetising the ring, producing north and south polos at points 
in the ring half-way between the two coils composing the winding. 
Imagine a magnet needle to be pivoted in the centre of the iron 
ring so as to be free to rotate in the plane of the ring. This is repre- 
sented by the long arrow in the centre of the ring. 

If a current is sent through the horizontal winding only, as 
indicated in Diagrams I. and V., the ring will be magnetised with 
a north pole at the top or bottom, according to the direction of 
the current, and the needle will set itself at right angles to the 
luics of this page, as shown. If the same current is sent through 
both vertical and horizontal coils (Diagrams II. and VI.) the needle 
will take up a position 45° from its previous direction. It will 
occupy this position whatever the strength of the current may be, as 
long as the same current pa.s8ea through both coils ; consequently, 
if the current in the two coils is an alternating one, the field will 
always be lormed along this axis, but the sense and strength of 
the magnetic field will undergo the same changes as the cunenT<. 




THK POLYPJIASK INDUCTION MOTOR. 


289 


The magnet would in this case tend to set itself in the direction of 
the held, with its axis along a fixed line, but with the relative 
position of north and south poles rapidly reversed, d'he magnet 
would consec|uently not rotate (unless given an initial rotation by 
hand), but would receive rapijl impulses in the nature of alternate 
pulls and pushes in the direction of its axis at every reversal of 
the current. 

If the currents in the two coils do not vary simultaneously, 
hut alternate one after the other, the result will be that the magnet 
will tend to rotate in the manner illustrated by the six diagrams 
in Fig. 188. 

Thus, suppose ( Diagram I.) the current flows from left to 
right, through the horizontal coil, the needle will point down- 
wards. On a current being .started downwards in the vertical 
coil (Diagram II.) the needle is detlected to the left. If, now, the 
current in the horizontal coil ceases (Diagram lit.), the needle 
will point horizontally to the left. As a current is .started in a 
reverse direction, i.e., from right to left, 'the needle inclines up- 
wards (Dia. IV.). And so the changes may be followed further. 

A step-by-step motion of rotation would thus be mainl.iinCd by 
such a .sequence of changes in the currents. The cycle of changes 
just suggested would be e.xperienced if a 2-phase current were 
supplied to the windings, one phase being connected to the vertical 
coil, and the other phase to the horizontal coil, except that in this 
case the changes would occur gradually, in.stead of step by step. 
It will he shown that the resultant held produced by a 2-phase 
current flowing in two windings situated perpendicular to each 
other is constaiil in strength, and that its direction changes gradu- 
ally and uniformly from the axis of one coil to the axis of the 
other. A 2-pha.sc current thus produces a rotating magnetic field 
of constant strength, w'hich would make one complete revolution 
of the field formed within the two coils in the time of one period 
of alternation of the current. 

.\ similar effect may be produced by means of three coils, 
situated at an angle of 120" apart, and supplied each with current 
from one phase of a d-phase system. In this case, also, the current 
in the several coils will attain its maximum value successively, 
and the magnet would he attracted into a position normal to each 
coil in turn. The magnetic field in this case also makes one revo- 
lution in the time of one complete cycle of the current. 

The rotating field is employed in the case of all polyphase 
induction motors, and the ])rinciplc of its production is the same 
as that just described. The method of winding the wire upon the 
iron magnetic circuit of a motor is necessarily somewhat different 
from that shown in Fig. 188. 

In an actual induction motor a laminated ring-shaped core is 
employed as typified by the ring in Fig. 188. In place of the 
pivoted magnet, however, a cylindrical iron core is used with con- 
ductors embedded in slots in its circumference. The nature of the 
magnetic field produced in the ring and inner core is illustrated 

K 
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by Fig. 189, where a single winding only is shown carrying current. 
Exactly the same magnetic field would be produced by applying 
the winding to the ring in any other position, -so long as the winding 
embraces the lines forming the magnetic flux. Thus, in Fig. 190 
the winding is shown as embracing the magnetic flux at the point 
where it comes to the air gap and passes from the ring to the inner 
core. 



The advantage of putting the winding in the position shown 
in Fig. 190 is that the coil can bo wound complete, and then applied 
to the inside of the ring, the projecting end connections of the 
winding being bent over, as indicated in the diagram. 

Proof of the Constancy of the Rotating Field.- The simplest 
method of proving generally that a constant rotatijig field is 



Fio. 190. — Field in Induution Motor. 

produced by a polyphase current flowing in equally spaced coils 
is to resolve the field due to each phase into two components in 
two fixed directions at right angles to each other. The component 
fields in each of the two directions are then added together, and the 
resultant of the two fields thus found is calculated as the square root 
of the sum of the squares of these two mutually perpendicular fields 
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The method is generally applicable to currents having any 
number of phases ; it assumes that the distribution of the field 
due to each winding is sinusoidal. The fact that this condition is 
only imperfectly fulfilled in an actual motor accounts for a certain 
amount of fluctuation which occurs in the strength of the field in 
practice. 

The following calculation applies to a 3*phase circuit. 

In this case there are three coils, situated at 120° from each 
other, and carrying varying currents, which are assumed to produce 
fields proportional at any moment to the strength of the current 
in the coil. Also the strength of tho field due to each coil is taken 
as varying sinusoidally round the air-gap. 

Let /i, /a, /a = tho number of lines induced in tho three coils 
L, II., and III., at the instant under con- 
sideration. 

F — max. value of tho number of lines induced in 
each coil. 

Fr ~ number of lines forming tho resultant field. 

The values of the fields due to the several coils may be written 
in the form F sin 6, since they vary harmonically in the same 
manner as the current, and attain a maximum value F. 

Hence, at the instant imder consideration, they will have values 
as follows, whore d can be chosen to have any value from 0 to 
360°. 

/, = F sin 0 in the direction 0 Fj in Fig. 191. 

/a = F sin (^ — 120) in a direction 0 F^- 
/a = F sin (0 -j- 120) in a direction 0 F^. 

Resolve each of these fields in two directions respectively parallel 
and perpendicular to the direction of the field of coil I. 



Fig. 191. — Three Magnetic Fluxes due to 3-phase Current. 

From Fig, 191 it is clear that the components are 

Horizontal. Vertical. 

for/i, . . . 0 Fj and zero 

„ A, . . 0 P „ P F„ 

. . OP „ pf; 
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the polyphase INaUCTION MOTOR. 

US first evaluate the horizontal components 

i-.* 

addition we get : 0 0 Pi- 0 P 

^ F sin 0 - i sin (0 - 120) - i sin (/? + J 20 ) 

-= {sin 0 - J[ 3 in (/? i- 120).+ sin (0 - 1-0)1 , ^ 

F {sin U — 1'2 sin 0 cos 120 ) 

F {sinf^ + i sin 61} 

-4" 

evaluating the vertical components wo get 
p }\ = 1 ^ 0 F 1 (— sin 00°) — — F sin {0 -- 120) 


P = 0 F. 


sin 00° — + F sin {0 + 120) 


Adding, 

0 _[_ p F^ + P ^ I ~ 1 2 

^ p y_ ‘I 2 cos 0 sin 120 
^ F ^ ^ 2 

== 4 

The tlireo fields are thus equivalent to two fields at right angles 
to each other, whoso values are : 

4 F sin 0 and 4 ^ 

The resultant field formed of those two w dl bo . 

- o V sin ^^0 + cos 2 « = 2 " 

.3 

Hence the resultant field is constant in value and equal to ~ 

the maximum value of each field taken singly. 

Further, if a is the angle which this resultant field makes with 
the vertieal 

-^F sin 0 

sum of horizontal components _ ^ tan 0 

tan a - — vertical components | ^ q 



TIIK P0LY1‘HASK INDUCTION MOTOR. 


293 


licnce a~d, and the angle of the resultant field will vary at the 
same rate as the phase of the separate fields, and the resultant field 
will complete one revolution in the time of one period of the alter- 
nating current, rotating with constant angular velocity. 

It may be shown that if the system is that of an in-phase cur- 

m 

rent, the magnitude of the resultant field would be— X maximum 

2 

strength of each individual field. 

With regard to the direction of rotation of the field, it is evident 
that it will revolve in the direction in which the current in the 
successive coils attains its maximum value. For instance, if after 
the coil 1. has its maximum current, the current in coil II. in- 
creases to its maximum value, the field will rotate in the direction 
from I. to II., and then to HI., &c. If,, on the other hand, the 
current in coil HI. reached its maximum value next after coil 1., 
the direction of rotation would be L, 111., II., &c. Thus by inter- 
changing the connections of coils II. and III. the direction of the 
rotation of the field is reversed. Consequently in a 3-phase motor 
siiiiplied with current at three terminals, the direction of rotation 
will be reversed by interchanging the connections of any two ter- 
minals to the supply circuit. 

Rotation of Rotor of Induction Motor. — It has been explained 
in the previous paragraph that the effect of polyphase currents 
passing through a polypha.se winding on a circular magnetic field 
system is to produce a rapidly rotating pole, .so that the result is 
similar to the rotation of a permanently magnetised ring with poles 
produced at fixed and equal intervals along the circumference. 

In an induction motor, the field system surrounds an armature 
consisting of an iron core carrying a number of conductors round 
its circumference. These conductors are usually all connected 
, together, so as to form a number of complete electrical circuits. 
The lines of force produced by the windings on the ring pass into 
the armature or rotor, and complete their path to the nearest 
magnet pole of opposite polarity, as indicated for the case of a 
single pair of poles in Fig. 190. In pas'sing from ring to arma- 
ture, and again from armature to ring, the lines of force cross the 
layer of armature conductors. If the armature remairTs station- 
ary, the revolving poles will generate a rapidly-alternating electro- 
motive force in the armature conductors in the same way as the 
revolving field of an alternator induces currents in the conductors 
of its armature. 

If an alternator armature carries no current there is no torque 
between the armature and field. When the armature circuit is 
closed, so that the conductors have a current formed in them, a 
force is at once set up tending to retard the revolving field and 
opposing the relative motion of armature and field. This force 
increases in direct proportion to the current carried by the arma- 
ture conductors. * 

In the induction motor exactly the same action occurs, and, if 
the electromotive force generated in the armature conductors is 
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allowed to produce a current, this current will produce a force 
acting on the rotating field opposing the relative motion of the 
field and armature, and tending both to retard the rotating field 
and to cause the armature to revolve with it. 

Since the field always rotates at a fixed speed, depending only 
on the frequency of the current supplied to it, the force cannot 
retard the field, but the field will drag the armature round with 
it at a speed depending upon the ease with which the shaft can be 
turned. The force producing the motion of the armature of an 
induction motor is, consequently, essentially the same as that 
which is sustained by the stationary armature of a revolving-field 
alternator, and its value is calculated in a similar manner. 



Thus the torque of the motor is proportional to the product 
(field strength) X (armature current).* 

In an induction motor the armature is usually called the rotor, 
since it is the rotating member, while the circular field system is 
called the stator, since it forms the stationary part. These terms 
will in future be used. 

Production of Current in Rotor Winding.— The diagram 
(Fig. 192) indicates the outline of the stator and rotor of an induc- 
tion motor, a few conductors being shown to indicate the rotor 
winding. The diagonal, arrow indicates- the position of the rotating 
field at the moment under consideration, and the curved arrow 
shows the direction of its movement. 

Applying Fleming’s rule for the production of a current (see 
Fig. 1, page 14), it will be seen that the direction of the current 
in the conductors in the upper part of Fig. 192 will bo away from 


* Phase difference between these quantities is neKlected in this statement. 
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the reader (as indicated by the crosses), while in the lower con- 
ductors the current will flow towards him. . The direction of the 
lines of force set up in the immediate neighbourhood of the con- 
ductors by these currents is shown by the small circular arrows. 
The direction of these arrows shows that immediately in front of 
the rotating lines of the main field the induced field in the rotor 
is in the same direction as, and consequently repelled by, the main 
field, whil(^ behind the main field the lines are oppositely directed, 
and are attractive. 


The strength of the current in the rotor conductors is given 
by the usual rule : — , 

„ , K.M.F. 

Current 

Impedance 

F M F — cutting lines of rotating field 


The impedance depends upon the resistance of the conductors, 
the method of connecting them together, and the self-induction 
of the rotor winding. 

If the rotor is stationary, the lines of each pole of the rotating 
field will cut each of the conductors / times per second (where 
/ = frequency of current supplied to the motor). If, however, 
the rotor rotates in the same direction as the field w times 
per second, the flux under each pole will only bo cut / — n times 
per second by each conductor. ' 

Consequently, with a constant rotatmg field the electromotive 
force induced in the rotor conductors is proportional to the difference 
in speed of rotating field and rotor. 

The difference between the revolutions p(^r second of the rotor 
and of the rotating field of a 2-pole motor is called the slip of tho 
motor. 

Thus in a 2-polo motor : slip*—/ — n cycles per second. 

where / = periodicity of current 

— revolutions per second of rotatmg field. 
n — revolutions per second of rotor. 

Tho slip of a multipolar motor is f — np cycles per second 
where p — number of pairs of poles, and the synchronous speed 

f 

(i.e., tho speed of tho rotating field) of such a motor is ^ revs, per 
second. 

It is important to notice that, according to tho definition of 
slip just given, the slip is equal to the periodicity of the alternating 
currents induced in the rotor. 

The electromotive force induced in tho rotor conductors by 
a constant rotating field is a maximum when tho rotor is stationary, 
i.e., with a slip equal to /, and is zero with the rotor revolving 


• Sometimeg (,ho slip is defined as being equal to ^ i.e., the rape of the difference of 

speeds. to the frequency. This would l)e better defined as the "fractional slip," or, whea 
multiplied by 100, as the " percentage slip.” 
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synchronously, i.e., at the same rate as the field, when slip = 0. 
The curve representing the dependence of induced rotor voltage 
upon slip is a straight line, as in the case of an alternator or direct- 
current dynamo. 

The wave-form of the voltage induced in the conductors of 
the rotor must depend on the distribution of the magnetic field in 
the air-gap between stator and rotor in which the conductors rotate. 
Usually, the field is so di.stributed that no serious error is introduced 
by assuming that the electromotive force produced is sinusoidal, 
i.e., the curve representing its variation is a sine curve. 

If the effect of magnetic leakage could be neglected, we might 
say thajt this electromotive force would give rise to a current given 
by the fraction 

E.M.F. 

resistance of rotor winding 



Fin. 103 . -lUilation between Slip and Torque and Currents in Motor witliout 

l4eukHg(\ 

The cfm’ent would consequently increase in direct proportion 
to the .slip, producing a turning moment also proportional to the 
slip. Wo shall find later that this simple relation is modified by 
the rotor magnetic leakage or self-induction. 

The ndation.s which would exist between slip, torque, and 
current in the ideal motor without magnetic leakage are indicated 
in Fig. 193. The stator current would he proportional to the rotor 
current except for the no-load current, which is indicated by the 
height at which this curve cuts the zero ordinate. 

Effect of Magnetic Leakage— The leakage occurring in an 
induction motor is of two kuids, viz., that in the stator and that 
in the rotor. 

The stator leakage field is formed of magnetic lines which do 
not enter the rotor, but pass across from tooth to tooth of the stator 
core without crossing the air-gap between stator and rotor, and 
so do not affect the rotor conductors. 

Similarly, the rotor leakage lines are formed in the rotor core, 
and do not pass into the stator. 

The leakage field thus consists of all the magnetic lines which 
do not form part of the rotating field. The leakage in either stator 
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or rotor is increased by making the slots nearly or entirely rlosed, 
since it then becomes relatively easier for the lines to pass from tooth 
to tooth in the same core rather than to pass twice across the air 
gap into the opposite core. The path of the leakage lines is illus- 
trated in Fig. 194. 

The effect of the stator leakage is that a certain number of the 
linos formed by the stator current have no effect upon the rotor, 
and that a portion of the applied voltage is spent in overcoming 
the back electromotive force set up by this portion of the field. 
In other words, the leakage field of the stator forms the self-induc- 
ti(m of the stator winding. It does not produce any waste of power, 
but diminishes the output of the motor, suice it lowers the amount 
of useful voltage applied to the machine. 

The effect , of the magnetic leakage in the rotor is somewhat 
more complicated. The leakage lines do not pass into the stator, 
and are consequently not neutralised by the stator field ; but 



I'lo. 104. — Leakage Linos in Stator and Rotor. 

they give rise to a back electromotive force of self-induction in 
the rotor winding, and produce an increased apparent resistance in 
this circuit, and a lag in phase of the rotor current behind the 
induced voltage. 

The voltage induced in the rotor conductors will consequently 
be spent in overcoming the reactance (due to this self-induction), 
as well as the resi.rtanco of the conductors. The voltage relations 
in the rotor may bo represented by a triangle, as in Fig. 195. 

Here 0 A is the voltage induced in the rotor conductors, pro- 
portional to the slip of the rotor, 0 B is the component of this 
voltage overcoming resistance and proportional to the rotor current. 
B A the idle voltage overcoming reactance. The value of the 
reactance is not constant, but varies with the frequency of the 
currents in the rotor conductors. This frequency has already been 
stated to bo equal to the slip. The reactance is consequently 
expressed as 2 r, s L^, where s is the slip of the motor in cycles per 
second and is the coefficient of self-induction of the rotor 
winding. 

As the slip of the motor increases, the total induced rotor 
voltage will increase in the same proportion. The totor current, 
therefore, also rises, but in a less ratio, because of the increased 
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reactance. Also its phase will show an increasing angle of lag 
behind the voltage, due to the same cause. 

The angle <j> in the diagram is the angle of phase difference 
between the current in a rotor conductor and the air-gap flux 
in which the conductor is situated, because the induced elec- 
tromotive force 0.4 is proportional to the flux cutting the con- 
ductors at any instant, so that 0 A shows the phase of the flux 
cut by the conductor. 

Thd current, therefore, lags behind the flux in phase. This is 
of importance, because the torque of the motor is due to the action 
of the rotor currents on the flux in the air 'gap, and its magnitude 
is reduced by this phase difference between the two quantities. 
The triangle shown in Fig. 195 forms the basis of further discussion 
on page 312. 



Fro. 196. — Voltages in Rotor Circuit. 


Measurement of Slip. — Since the slip of a motor is only a 
small percentage of its speed, it cannot be accurately measured 
by a tachometer of the usual type, as the readings of such an instru- 
ment cannot usually be read with a closer approximation than about 
1 per cent, on account of the large range of the scale. Even this 
degree of accuracy can hardly be relied upon when two; belt-driven 
tachometers are employed — one on the generator and one on the 
motor. As the slip of an induction motor is only about 2 to 6 per 
cent of its speed, it is evident that more exact methods of measure- 
ment must be employed. 

The simplest method is to apply simultaneously a speed counter 
to the shaft of both motor and generator for one minute. If both 
machines are in the same room, two observers can easily signal to 
each other, so as to obtain exact coincidence in the times of reading. 
If the generator is at a distance, it is often possible to run a tempor- 
ary pair of wires for a signal beU or lamp from one to the other. 
In such a case a code of signals for “ ready,” “ on,” “ready,” 
“ off,” must be arranged, the warning “ ready ” before either 
applying or removing the counter being essential for reliable 
worl^g. 

If and py are the revolutions per second and number of pole 
pairs of the generator, and and p^ are the revolutions per second 
and number of pole pairs of the motor, the slip in cycles per second 
is given by , 

5 = - W2P2, 
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or, when stated as a percentage of the supply frequency, . 

8 per cent = 100 

In some cases it may be possible to arrange a gong on the shaft 
of the generator and a hammer on the shaft of the motor in such a 
way that the hammer strikes the gong each time the generator 
shaft makes one revolution more than the motor. If the two 
machmes have the same number of poles, the number of blows per 
minute divided by 60 X p equals the slip of the motor in cycles. 
If the number of poles is not equal, the method is not applicable, 
since the sounds would be too rapid to bo distinguishable. 

Instead of a bell and hammer, discs may be fixed to the shafts 
of the machines with sectors cut out of them, bearing a definite 
rafto to the number of poles. By viewing the discs in line with one 
another, the number of times one disc makes one more resolution 
than the other can be seen. 

Another simple method is to insert an ammeter in one of the 
phases of the rotor circuit. The needle of the ammeter will be 
deflected by the slowly varying currents in the rotor. The number 
of deflections may be counted, and will equal the number of half- 
cycles of slip of the rotor. By employing a moving- coil direct- 
current ammeter, the number of vibrations will be equal to the rotor 
slip, since the needle will only respond to currents in one direction. 
It is consequently easier to count the vibrations than when an 
alternating-current instrument is used, which gives a deflection 
for the currents induced in both directiohs. It is hardly possible 
to count much more than 160 vibrations per minute, which, with a 
frequency of 50, corresponds to a maximum slip of 5 per cent, if a 
C.C. ammeter is used. 

If the rotor is of the squirrel-cage typo, an ammeter cannot be 
inserted in its circuit. In this case a revolving contact maker may 
bo employed. Any form of contact maker described in Chapter IV. 
might be employed, but a small stud on the rim of the motor 
coupling will serve the purpose. In this case one of the mains is 
connected to the shaft of the motor, and another to a light spring 
(which is touched by the stud as it revolves) in series with a dead- 
beat voltmeter. The voltmeter will then show a full deflection 
each time the moment of contact coincides with a maximum voltage. 
If there are as many contact points as there are pairs of poles, 
the deflections of the voltmeter in one direction will equal the 
slip. If only one contact is employed, the deflections must be 
multiplied by the number of pairs of poles. 

Another method of determining the slip when this is not great 
is to employ an alternating arc lamp or metal-filament incandescent 
lamp. This lamp is supplied with current from the same source 
as the motor, and the light given out by it will flicker with the 
velocity of the alternation of this current. If alternate white and 
black sectors are painted on the motor pulley, or on a piece of card 
attached to the motor shaft, these sectors will rotate with a speed 
slightly less than that of the flickering of the arc. At each pe’’'od 
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of maximum illumination the sectors will consequently be slightly 
behind the position which they occupied at the last time of illumina- 
tion. The sectors will thus appear to rotate slowly backwards, 
and, if the number of white segments is equal to the number of N- 
poles on the motor, they will make the same number of apparent 
revolutions as the revolutions lost by the motor. 

The time taken by one dark segment to take the place of the 
next dark segment, corresponds to the duration of one cycle of slip. 

A very simple device which may bo employed to measure the 
slip in an induction motor provided with external starter is a small 
pivoted compass needle. 

This needle is placed immediately above, or below, one of the 
connections to the rotor starting resistance, this wire being placed 
in such a direction piat the needle normally points along the wire, 
so that the alternating currents induced in the rotor will deflect the 
needle. Thus, as in the case of an ammeter in the rotor circuit, the 
number of deflections in either direction gives the value of the slip. 

Another method, often adopted in works, is to connect a sensitive 
galvanometer to the terminals of h coil of many turns (e.gr., the 
field winding taken off a shunt motor), and to place the coil near 
the motor. After moving the coil by trial into the best position 
for the purpose, it will bo found that the galvanometer will give a 
kick in one direction for each period of slip of the motor. This 
method has the advantage that it is applicable to any kind of 
polyphase induction motor, and may be used even with a totally 
enclosed motor havmg a fquirrel-cage rotor. 

Calculation of Slip from Rotor Resistance. — The slip at 
any load can bo approximately predetermined without actual 
measurement from a know ledge of the rotor current and resistance, 
as given in the following formula for a motor having a 3-phaso 
rotor ; 

s __ 3 fj,- r .2 

f + 3 /g" ^2 

the symbols having the following significations : — 

.s — Slip in cycles per S(icond. 

/ — Frequency of supply. 
p = Pairs of poles. 

? 2 = Current in rotor winding per phase, 
fg = Kesistanco of rotor wmding per phase. 

W = Output of motor in watts, including frictional losses. 

The above formula may be arrived at from the following con- 
siderations (SCO page 327) 

watts output 

The torque on a generator armature = , ■ - . 

speed relative to field 

The watts generated in tho rotor armature are 3 ’'s. and hence 

^ i 1 3 ^2 V 

torque on motor shaft — ' — — 

2118 
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Also torque exerted by the rotor is equal to 
output of motor If 


speed of rotation of shaft 'lit n 


Hence torque — - ^ - ~ 

2n s 2 - n 

Adding the two ratios together wo obtain 
If + 3 To 3 »2" ^2 P 


when n = revs, per sec. of rotor. 
If 


2 .-; 


/, 


(>*+;) 


or since n -f - wo obtain 
P V 

s 3 I's" 
j II 1' ^ * 2 “ ^2 

as in the equation above. 

Measurement of Resistance of Windings. -The measure- 
ment of the resistance is usually carried out by sending a measured 
direcit current tlirough the windings, and noting the drop in voltage. 
In 3-phaso motors the resistance per phase will not bo obtaim^d 
by this method. In a star-connected stator there will bo two 
\vindings between each pair of terminals, and the resistance 
measured will bo twice the resistance per phase. In the case of a 
mesh -connected winding, there will be two paths in parallel between 
the terminals, one having the, resistance of one phases and the other 
of two phases in series. The measured resistance will in this case 
be two-thirds of the resistance of one phase. 

If the system of connection is not known, the copper loss may 
bo obtained as follows : — 

The resistance botwe(m each pair of terminals is measured, the 
three resistances'so obtained being then added together ; the result 
when divided by two is sometimes called the “ equivalent ”* 
resistance of the winding. It is evident that for a star-connected 
stator the equivalent resistance 

where r = re.sistance of each phase winding. 

In the case of a mesh-connected winding 

3 3 2 


r 


The special convenience of this equivalent resistance is that 
when multiplied by the square of the current supplied to the motor 
terminals it gives the copper losses in watts directly. 

Thus in the case of the star winding, losses = 3 r, and since 
line current = current per phase and Zr — R, 

3^ PR. 


• The term " equiTalout” as here employed must not be confused with its more general 
use in connection with transformers, Ac. (see p. 1.0). 
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Similarly, with mesh connection, phase current current, 

and losses = 3 (:^ ) ^ 'r = 

And since in this case r = iJ, 

We have watts lost in resistance = / ■«• , « . 

In the case of large Aotors, eddy currents will have the ettect 
of Lreasing the resUtanoe of the conductors, as mentioned on 
page 193, in connection with alternator armature wmdmgs. 

No-load Cunrea of an Induction Motor.-No-load “urvea 
may be obtained on an induction motor under eith 
ditLs, viE. : (1) with the armature shaft « ‘o, 
the motor runs (except at very low vol^e at »lmort tte sp d 
of synchronism, and (2) with the rotor rigidly clamped, so that it 
remains stationary and the slip is 100 per cent. 

Experiment XLII.-No-load Test op an Induction Motor 
AT Vabyino Voltages. 

Diagram of Connections. 



M M Mi Source of 3-phase alternating current. 
‘ *Jlf Induction motor. 

Ammeter in supply circuit. 

A 2 Ammeter in rotor circuit. 

V Voltmeter reading supply voltage. 

If Wattmeter. 
ass 3-pole switch. 

D 8 2-way voltmeter switch. 

8 S Motor starting, switch. 
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the rotor windings to the usual starting switch after inserting an 
ammeter of low resistance in one of the phases. The starting 
switch and resistance may be dispensed with, and the rotor may be 
short-circuited directly through the ammeter if the motor is always 
started at a reduced voltage. If the motor is of the squirrel-cage 
type, of course no starter or ammeter can be employed. 

Means must be provided for varying the primary voltage 
through a considerable range. This may be done either by insert- 
ing a variable 3-phase resistance in the primary circuit, or prefer- 
ably by varying the voltage of the alternator supplying the circuit 
by means of its shunt regulator. In cither case the periodicity of 
the circuit is to be kept constant. $ 

A wattmeter must be inserted in the supply circuit in order In 
read the input watts. This may be a single-phase wattmeter con- 
nected in one phase, and so reading ^ of the total power.* It 
may be a 3-phase wattmeter reading directly the total power, or 
it may be a single-phase wattmeter arranged for the volt coil to 
be thrown over from one main to the other. This is indicated in 
the diagram in Fig. 196. 

It will probably be found necessary to add a reversing switch 
for the shunt coil of the wattmeter, as indicated in the left-lyrnd 
lower corner of Fig. 196. This necessity is owing to the fact that 
in throwing over the shunt coil from one main to the other the 
reading of the wattmeter will be found to be reversed in some 
cases, although not in all, since the relative direction of the read- 
ings will depend iipon the value of the power- factor. (Sec page 
255.) If the reversing switch has to be thrown over l)etwcen ihe 
readings on the two mains, one value observed must be considered 
negatkv, and must be subtracted from the other to give the total 
watts supplied. In other cases the sum of the readings gives the 
total watts. I f a 3-phase wattmeter is employed, it reads the power 
of the whole circuiit directly without any throw-over switches. 

In the case of an unloaded motor, it is not usually necessary to 
take special precautions to guard against want of symmetry in the 
three circuits of the motor, as the current is small, and the power 
depends on the iron circuit, rather than on the resistance of the 
windings. 

Instructions. — After .starting the motor in the usual way, light 
and with belt off, adjust the primary voltage to the full working 
pressure of the motor. Take readings of the stator and rotor 
currents, watts supplied (by readings on the wattmeter with the 
shunt coil connected first across one pair of mains and then across 
the other). Observe also the primary voltage and the .slip (by 
any of the methods described on page 298, e.g., by counting the 
swings of /Is.) 

Repeat the readings for gradually decreasing values of the 

* See Method HI. for reading power, p. 257. 
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primary voltage, the periodicity of the supply being maintained 
constant. 

Readings should be continued in this manner until a point is 
reached when the motor speed falls rapidly. 

From the readings of the wattmeter and primary ammeter and 
voltmeter, the value of the power*f actor cos 4 > should be calculated. 
The power in a 3-phase circuit = \/ 3 / JB? cos ^ where I and E 
are the line current and voltage as measured on and V. Con- 
sequently the power-factor is calculated from the formula 

, true watts. 

cos d> = — 

^ V Z. I X E 

0 The following table shows a few sample readings from a test on 
a 6 h.p. Electrical Company’s motor, and illustrates the manner 
of entering up the results. The readings are plotted on the curves 
shown in Fig, 197. 

No-load Test of 3-phase Induction Motor. 


Motor No 'Type : Electrical Company’s 4-pole. 

Output 5 h.p., at 1,460 revs, per Ininute. 

Voltage 200. Frequency 60 cycles per second. 




Speed 

Revs. 

turn. 


Primary Watte. 



Primary 

Volts 

- B 

Primary 
Current 
» /. 

Second- 

ary 

Current. 

Volt 
Coil 
Phases 
I. (fell. 

Volt 1 

I.&III. 

Apparent 
Watts 
V ijEi 

Power 
factor 
CO* <p 


Volts decreasing from Maximum Value. 


234 

81 

1460 

1-2 

1000 

-496 

‘504 

3280 

•153 

124 

3-8 

1450 

2-3 

300 

- 7 

293 

817 

■359 

25 

60 

1260 

60 

144 

+ 84 

228 

260 

•878 



Volts i 

ncreasing from 

Minimvr. 

n Value 



20 

11-5 

20 

16-7 

210 

- 20 

190 

398 

•478 

30 

17-4 

107 

251 

500 

- 70 

430 

89.') 

•482 

36 

210 

600 

30-3 

780 

- 100 

680 

1310 

•519 


In Fig. 197 it will be noticed that there are two completely 
separate cutves for each of the quantities plotted- one portion 
to the extreme left of the diagram and another more extended 
portion to the right. We meet here for the first time with an 
illustration of the two conditions under which an induction motor 
will run. It is found in many experiments that under certain con- 
ditions the motor will run at either of two speeds one of these 
speeds being more stable than the other In the present case, 
for instance, at 30 volts (see Fig. 197), the motor would run either 
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' *J(XlOq-IO,toOJ 

stJiKlray ^ ^ 

i I S 

.000 

*Wdll ^ >2 


Fig. 197. — No-Load Teat of Induction Motor. 
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at 1,320 revs, per minute, as indicated on the upper curve, or at 
110 revs, per minute, shown on the lower curve. Corresponding 
to either speed is found a set of internal conditions of currents, 
watts, &c., quite distinct from those existing at the other speed. 
The external condition, i.e., the nature of the voltage applied, was 
identical in the two cases. At points where the two sets of curves 
overlap, the curves corresponding to the higher speed in all cases 
represented the stable conditions — i.e., the motor after running a 
short time at the lower speed would generally speed up until the 
conditions of the right-hand curves were reached. The unstable 
curves are not of practical value, since they do not represent the 
usual running conditions. To obtain them, the voltage was raised 
very gradually from zero, readings on the instruments being taken 
as rapidly as |X)ssible at points where the motor tended to increase 
its speed to the values of the upper curve. Jn order to get the 
overlapping part on the. higher speed curves, the voltage was 
gradually reduced, care being taken to avoid sudden changes of 
any kind, which would result in the speed of the motor falling to 
its lower value when nearing the lower end of the curve. 

The most important characteristics of the curves taken on the 
motor on no-load may be briclly summari.sed : — 

(1) Speed remains practically constant until very low voltages 
are reached. Unless heavily loaded, the speed of an induction 
motor is affected very litttle by fluctuations of voltage. The slip 
de[)cnds under normal conditions only on the load, and will be 
found in the later experiments to vary almost in a constant ratio 
with the load within the working range. 

(2) Rotor current is small, and falls almost uniformly over the 
greater range of voltages. The torque being nearly constant, the 
rotor current varies in an inverse ratio to the strength of the 
rotating field {i.e., to the stator voltage), in order that the product 
of rotor current X flux may give the required torque. 

(3) Stator current rises gradually on account of the increase in 
magnetising and iron-loss current required to produce the stator 
flux, which, in turn, hears a constant ratio to the applied voltage. 
The component of the stator current which provides the ampere- 
turns balancing the rotor ampere-turns will steadily diminish as 
the rotor currents decrease. The increase in the magnetising com- 
ponent is, however, more than sufficient to balance this decrease. 
At very low voltages the induction is so low that almost the whole 
of the stator current is employed in balancing the rotor currents. 
At normal voltage the rotor currents reiiuire only a small propor- 
tion of the stator currents to balance them, and the higher satura- 
tion of the magnetic circuit requires a much stronger magnetising 
current to maintain the air-gap flux. This gradual change is well 
indicated by the next curve. 

(4) P Giver- factor. As just explanied, the magnetising component 
of the stator current becomes larger as the voltage increases. 
This accounts for the continuous fall in the curve of cos^. It 
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is to be remembered that the friction losses of the motor are 
practically constant, since the speed variation is so small. At low 
voltages there is very little magnetising current, but almost the 
normal amount of energy current to overconje friction losses. With 
increased voltage both magnetising and iron-loss current.'^; will 
increase, but since the iron losses will at first be only a small frac- 
tion of the total no-load loss, the proportion of magnetising to 
energy current will increase, producing a decrease in power-factor. 

(5) IVatts. The curve of watts is a curve of total no-load loss, 
and includes watts spent in overcoming bolh iron and friction 
losses. As already stated, the friction losses are nearly constant at 
all voltages, or until the motor speed falls rapidly, while the iron 
losses continue to increase with the induction in the iron circuit. 
By producing the watt-curve to the left, until it cuts the ordinate 
of zero voltage, when there can be no iron loss, we may make a 
rough estimate of the power spent in friction and windage, by 
measuring the height of the point of intersection. In the curve of 
Fig. 197 the power lost in friction thus appears to be about 220 
watts. Assuming this value to be correct, we should take the total 
no-load losses of the motor at the normal voltage of 200 to be 42S 
watts, of which 220 are due to friction and windage, and 208 due 
to iron losses in hysteresis and eddy currents. Obviously, the 
decrease in the speed of the motor at low voltages makes this 
method of determining the friction losses not a very accurate one. 

(6) . RaHo of Transformation. This should be measured by 
applying normal voltage to the stator, and measuring the voltage 
at the slip rings when open-circuited and with the rotor in the 
position' giving a maximum voltmeter reading between the rings. 
This ratio is of importance in calculating the value of the rotor 
currents from the known value of the stator current at any load ; 
also in calculating the magnitude of the starting resistance neces-, 
sary to reduce the currents to any desired value at starting. 

It is important to remember that the ratio of stator to rotor 
currents in an induction motor does not give the ratio of trans- 
formation, becau.se of the large magnetising currents taken by 
the stator. 

Experiment XLIII. — Test of Locked Induction Motor. 

Diaoram of Connections. 

As for Experiment XLIL, Fig. 196, page 302^. 

Connections. — These will be the same as for the previous 
experiment (see .page 302), except that the. ammeter and watt- 
meter must be suitable for the larger currents to be employed in 
the present test. 

Instructions. — Tie or clamp the rotor shaft in such a way that 
it cannot rotate. Apply first a low voltage, and then gradually 
increasing voltages to the stator windings with the. rotor short- 
circuited, until a current about 50 per cent, above the normal 
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the resistances of the ^ rent iJ, the currents 

produce a considerable ^ j ’ ^r[\\ therefore, 



P,„, ,ss. .c,.,ve. o, suao. a., .^.or C„rr„o« anH W»u. i„ SuUonar, 

Tl.e curves given in Fig. 198 "we taken on the same 5 h.p.^ 
motor as was employe'l tor the P"'®''™® ® [ almost entirely 

The power taken V «>® The current. Th^e 

due to c»PP®J ‘Si evL at the maximum voltage shown 

fn Fi?'l98 sLe this’ corresponds to an iron saturation much below 

‘^'Cr'cInS'tL which the curves showm in Fig. 198 
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were taken, viz., with stationary rotor, the raot')r is practically 
a static transformer, the stator and rotor forrajng the primary 
and secondary windings. The test is consequently simiJar to 
the curve taken on a short-iarouited transformer in order to 
separate the copper ktsses (see Fig. 72, page 13f>). 

Tt will be noticed im comparing the two curvea that the shape 
of the watt curve, showing the copper losses, is similar in the two 
cases. 

The current curves are straight lines. In the case of the rotor 
this is easy to understand, since the current will naturally increase 
in proportion to the increased voltages induced in it by the trans- 
former action. The primary current increase's in proportion to 
the secondary current, as m a transformer, in ord<T to counteract 
the demagnetising action due to the rotor currents. Practically 
the only field which the stator winding.s can maintain (with sta- 
tionary short-circuited rotor) is a leakage feld between tho teeth 



i) m 20 30 • 40 iiO 

Kotor Aiiiperos. 

Fio. 199. — Katio of Currents. 

Full lino — Full voltage, motor running undor load. 

Dotted lino = Motor clamped, vollago varied. 

of the stator core, since any flux entering the rotor is at once 
neutralised by the rotor currents which it induces. The experi- 
ment represents, consequently, the condition of maximum magnetic 
leakage. 

In Fig. 199 the values of the currents shown in Fig. 198 are 
plotted in another way, viz., as tho ratio of stator to rotor current. 
Tho partly-dotted straight line passing through zero is tho curve 
referred to, and shows t hat the ratio of tho currents is almost con- 
stant when the motor i.s stationary. . This curve is similar to the 
curve of ratio of primary to secondary current in a transformer, 
and gives the ratio of tran.sformation of tho induction motor when 
considered as an alternating-current transformer. 

It is interesting to note that the ratio of the two curn'iits 
approximates to tho dotted straight line, even when tho motor is 
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running, no matter what may be the load, primary voltage, or 
resistance in the rotor circuit, since these do not affect the ratio 
of transformation of the two windings. 

As a result of this experiment it would always be possible to 
calculate the value of the rotor current from a curve of stator 
currents obtained in a load test. This might be useful as it is not 
usual to measure the rotor current when carrying out a test. 
The fulMine curve in Fig. 199 shows the ratio of primary to 
secondary currents when the motor works at full voltage (as in 
the next experiment), and shows that when fully loaded the ratio 
of the currents approximates to the theoretical ratio of trans- 
formation. This ratio would be maintained at all loads if it were 
not for the considerable no-load current of the motor when work- 
ing at normal voltage. 

The special practical applicalioh of the two measurements just 
described will be further alluded to later. 

Circle-law of Stator Current. — The following test, although 
not of a commercial nature, is introduced in order to enable the 
student to prove for himself the important fact that the current 
taken l)y an induction motor may be represented approximately 
by vectors drawn from a fixed point to the circumference of a 
circle. 

Fxi’krjment XLIV.—Detekmin.viton ok Variation in Current 

AND I’OWER-I'ACTOR OF AN INDUCTION MoTOR UNDER LoAD. 

Diagr.am of Connections. 

Same as for Experiment XLll., Figc 196, page 302, except that 
no ammeter is re(|uired in the rotor circuit. 

Connections.- -These should be made as described on page 302, 
except that the ammeter in the rbtor circuit may be omitted. A 
brake should be arranged to act on the motor pulley, or the motor 
may be made to drive a generator or other load. It is not necessary 
that the pow'er thus exerted should be measured. 

Instructions.— In order to obtain as wide a range readings as 
possible, it will be well to employ a voltage considerably below 
normal— say, one half the usual working voltage of the motor. 
.Start the motor unloaded, and take readings of the volts, amperes, 
and watts supplied to it. Keeping the same voltage and frequency 
of supply, vary the load on the motor through, a wide range, taking 
readings on the ammeter, voltmeter, and wattmeter in the stator 
circuits for each load. The power exerted need not be observed. 
Ily keeping on the load for short intervals, just sufficiently long to 
en<il)le readings to be taken, it will be possible to obtain values of 
the current much beyond the normal working range without over- 
heating. 
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Readings should bo entered in tabular form as shown bolow, 
nud curves of stator current and cos ^ should bo plotted, as in Fig. 
200. If the motor output is not observed, the curves may be 
plotted on a base of watts input. 



0 10 20 30 40 50 60 70 80 90 100 110 

Total Kw. Output. 

Fig, 200,— Variution of Current and Power-factor with Load. 


The values of the current per phase taken by the motor should 
then be drawn as vectors from a common point 0, as shown in 
Fig. 201, which shows the method of dratving them from the values 
obtained in a test on a 4-pole 0 h.p. British Thomson-Houston 
motor, as shown in the curves Fig. 200 and the table given below. 
The angles of the current vectors may be mea.sured olf from the 
vertical line 0 E by the constniction given on page 81. The centre 
of the circle F B D must be found by bisecting chords, such as F B 
by a lino drawn at right angles to the chord to cut tin; horizontal line 
0 D at the point /, which is the centre of a circle passing through 
F and B. Several trials should bo made in order to find the circle 
passing most nearly through all the points. 
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Variation of Stator Current in 3-Phase Induction 
Motor. 

Output— 6 h.p at 1,500 r.p.m. Voltage 200 50 
Stator star connected. 

Voltage maintained constant at 200. 


stator Current. 

Total 

Watts Input. 

Total 

Watts Output. 

Cos (p 

5-5 

1250 

1010 

•656 

10 

2860 

2480 

•825 

15 

4700 

4110 

•904 

28 

9100 

7440 

•94 

63 

17500 

9400 

•8 


In order to explain the significance of the results of this ex])ori* 
raent, we must consider in greater detail the influences producing 
tlie ciiange in power-factor of the rotor currents. 



bCAuC OF amperes 


Fig, 201. — Vectors of Stator Current. 

Variation of Rotor Current with Slip— Wo have seen that 
the electromotive force induced in the rotor conductors varit^s in 
the same ratio as the slip. The frequency of this voltage is equal 
to the slip, and, therefore, the reactance of the rotor conductors 
{— 2 7 c L 2 s) bears a constant ratio to the slip. It follows that 
as the slip increases, a greater current will be sent through the 
rotor circuit, but will lag behind the phase of the induced voltage 
by an increasing angle on account of tho increasing reactance of 
the circuit. 

Let 0 B "A (Fig, 202) be the triangle of rotor voltages for a 
particular speed of the motor, being the same triangle as 0 J5 4 (Fig, 
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196, p.(298) The effect of a decrease in speed, t.e., an increased 
slip, will be to increase the induced voltage c, representd by 0 .4 
to 0 4^ The current will be increased as a result, so that 0 B will 
have the value 0 J5*. The length of 5* 4^ will, however, increase 
in a greater ratio, since both current and reactance have become 
greater. The triangle of voltages for the greater slip will therefore 
resemble 0 4*, the angle of lag (f> having increased to The 

vector 0 B may be taken to represent the rotor current in magnitude 
(since rg is a constant resistance), and also in phase relatively to the 
vector of induced voltage 0 4. It is evidently important to ascer- 
tain the law governing tho value and phase of the current vector 
0 5, as the slip varies. We shall find that the path of B is the circle 
0 B D, having 4 0 as a tangent and the vertical line 0 D a,8 dia- 
meter, tho length of this diameter being tho maximum value of e, 
i.e., its value at standstill. The proof of this statement is given in 
a separate paragraph. 



Proof of Circle Law. — We have said before that the rotor may 
bo regarded as the armature of an alternating -current generator, 
being acted upon by tho rotating field. The speed with which the 
field cuts the armature eonductor.s depends on the dip of tho motor. 
The motor may therefore be regarded as a variable-speed alternator 
having constant resistance and inductance in tho armature circuit, 
and constant field strength. The fVe(pieney of the induced armature 
currents will then be the same as the slip of the motor. " 

The alternator induced voltage e will be directly proportional 
to tho speed. 

Let X, R be the total reactance and resistance of the load 
circuit (in this case the rotor circuit), and I the current produced 
by the voltage e. * 

Then e = I Vli- 
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Since both e and X are directly proportional to the speed, we may 
write « = A: X where k is some constant 

^ kX 

“ ''V'WTTi 

X being proportional to e for any given excitation within the 
limits of saturatioa 

Draw 0 D, 0 B dX right angles (see Fig. 203), and make 0 D 
equal to (= reactance at full speed), 0 B equal to R 

As the speed falls, the reactance X will assume a sraalleV value 
X represented by 0 

Joining 5, the line B = \/ x x®. 

The current in the circuit has been shown to be proportional to 

a: . , OD^ . , 

— .. I.e., to-Trrr; or sin 9- 
+ D^B 

Now a line drawn from 0 perpendicular to 5 will mark off a 
triangle 0 A B similar to the triangle D' 0 B. Also, as changes 



B R 0 


Fio. 203. — Proof of Circle Law. 

in position the triangle 0 A B will always be a right-angle triangle 
described on the constant hypotenuse 0 B, so that the locus of A 
will bo the semicircle described onO B. 

0 A 

Also sin 0 0 Bis constant, we have 

/ « sin ^ a 0 A, 

whence 0 A can bo taken to represent the current in the circuit in 
magnitude. It will also represent it in phase relative to the voltage 
(shown by 0 D^), since the angle A 0 — angle B 0 — 

That '<!> is the angle of lag in the circuit is seen from the fact 
that 

K 

As already stated, the height of 0 is proportional to the total 
generated volts, and may thus be taken as representing the voltage 
induced by the rotating field in the rotor circuit. 
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We have thus ]U'Ove(l the statement made on p. 313 that the 
locus of the point B in Fig. 202 is a circle. Note that 0 D is equal 
to the maximum value of e, i.e., 0 D represents the rotor voltage 
at standstill. 

Relation between Stator and Rotor Currents.— Having 
consid(‘rcd tlie variation of the rotor current, wo must now find how 
the stator current varies with change of speed. 

The connection botwwin stator and rotor currents may best bo 
studied by regirding tiio motor as a transformer in wliic h the stator 
winding forms the primary and the rotor the secondary. lii order 
that the rotating field may have a constant value, the stator will 
take a certain no-load current which is just sufficient to produca 
this field and to overcome the iron losses, a.s in the transformer * 



, Fkj. 204, — Eolation botwoon Slator and Eotor Curronts. 

When th(^ motor is loaded, tin; rotor currents which are formed are 
balanced by an equal and opposite increase in the ampere-turns in 
the stator, and the vectorial difference between tlie total stator 
and rotor ampcriviurns gives the samti magnetising ampere-turns 
as on no-load. 

The stator curnuit is thus always equal to tlio 
(rotor current f ral.io of transformation) + no-load current. 

This is the same law as for the static transfoi mer. 

If we no4v shov/ the connection between the ^uiTcnts as in th<i 
transformer diagrams (s(to page I GO), wo may draw the rotor current 

• Tlie no- load current of the induction motor has also a comiioneut overcouiing the fric- 
tional losses due to the rolation r.f the motor. Thi.s current i.s ho cover balanced by a corres- 
ponditiB current in the rof or, and is best regarded as part of the load current. 
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0 i ^2 as moving in the s(}iui-<-ircle 0 D. The stator current mtU 
then be obtained by drawing the wo-lotd current 0 f (see Fig. 
204), and adding to it vectors ec^ual and opposite in phase to 0 
The vectors F B, representing the variable current in the stator, 
will evidently be chords of the semioircle F B A described on a 
diameter F A equal to 0 D. The vectors of stator current will 
therefore bo lines drawn from 0 to points on the circumference 
of this semicircle foi all possible values of the slip or load. 

The verification of this iipportant law for the variation of the 
current of an induction motor forms the subject of Experiment 
XLIV., previously given, the circle F B A being the same as that 
obtained in Fig. 201. It is usual to draw this semicircle with its 
diameter horizontal, as shown in Fig. 205 and subsequent diagrams. 

Dispersion Coefficient. — Tlui circle diagram gives at once the 
coefficient of magnetic dispersion of the motor. We have abeady 
stated that magnetic leakage exists both in the stator and rotor. 
The total leakage of the motor is the sum of both leakages. 

In the diagram Fig. 205, 0 A represents the motor current when 
the rotor is stationary, while 0 F represents the current when the 
motor runs at synchronous speed. This diagram is drawn on the 
assumption of no losses, so that 0 F A is a horizontal line. 

E 


OF A 

Fki. 205. —Simple Circle Diagram. 

So long as the same voltage is maintaine<l at the stator ter- 
minals, the flux linked with the stator winding is the same in both 
cases. With locked rotor there- is no resultant flux through the 
rotor, and the flux is entirely leakage flux. At syntihronism there is 
no rotor current, and tlie stator flux is free to enter the rotor. 
Hence 0 A represents the ampere turns necessary to drive this flux 
across the leakage paths, while 0 F is the ampere-turns required to 
send the same flux through tno useful path and leakage path in parallel. 

Tims 0 A is proporticnal to the reluctance of leakage paths, 
and 0 F is proportional on the sanu; scale to the joint reluctance of 
the useful and leakage paths. 

Putting these statements in the form of equations, and employing 
the term permeance to represent the inverse of reluctance, 

0 A __ l eluctanco of leakage path 

0 F joint reluctance of useful and leakage paths 
__ ])enncance of leakage path h permeance of useful path 
perm(;anco of leakage i)ath 
‘ ^ pj'i’neance of useful path 
permeance of leakage patli 
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permeance of useful path 

Now the ratio _ - — will be the same as the 

permeance of leakage path 

, . useful flux ^ ^ 

ratio — if the same ampere-turns act upon both magnetic 

paths (as at no load). 

OA 

of' 

OA_ 

of' 

F A _ useful flux 
'OF 


Hence 


Also 


^ ^ useful flux 
^ stray flux 

- ^ „ 
OF~ 


FA 

OF 


stray flux 

The leakage factor of any magnetic circuit 
total flux useful flux -f stray flux 


useful flux 


= 1 + 


useful flux 
OF 


1 + 


stray flux 
useful flux 


FA 


Among writers on induction motors the letter t has been adopted 
to represent another leakage ratio, usually termed the “ dispersion 
coolflcient.” 

Behn-Eschenberg uses for the disper-sion coefficient 
_ leakage flux OF 
total flux 0 A 

whilst Hobart and others take another coelTunent, 
leakage flux OF 
useful flux F A 

Adopting Behn-Eschenborg’s coefficient, wo have 

OF 


dispersion coefficient - 


OA 


Employing another usual symbol for the quantity employed by 
Hobart, 

0 F 
F A 

we obtain the leakage factor as first defined 
: 1 -f V 
OF 


^ FA 


I + 


OA-OF 


- 1 d 


1 


wliich gives the relation bctw'eon the forms usually adopted for the 
leakage factor and dispersion (ioefficient.* 


* A full discuasioii of the various eoclflciciits and their relation to the reactance and self- 
induction of a motor is given in Cranii) and .Smith's Vectors and Vector Diagrams, Longmans 
and Co. 
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The actual values for v or may be obtained by various for- 
mulse from the shape of the core teeth and width of air ^^ap, or 
more directly by actual measurement of the open-circuit and 
short-circuit tests on the completed motor in the manner already 
described. 

Experiment XLV. — Load-test of an Induction Motor. 

Diagram of Connections. 

(Same as for Experiment XLIL, Fig. 196, page 302.) 

Instructions. — The instruments and connections re(|uired will 
be the same as those given in the connections for F.xperiment 
XI Jl. In this case, however, both voltage and periodicity of the 
supply are to be maintained constant. The motor must be provided 
with a brake on its pulley, or must be coupled to a generator which 
has been previously calibrated, so that it may serve as a brake or 
absorption dynamometer. The power given to a generator em- 
ployed as load in this way will be the measured output of the 
sgenerator divided by the efficiency of the generator at this output. 

The test is carried out by observing the primary amj)eres taken 
by the induction motor, the watts supplied, and the slip, first at 
no-load, and then for a series of increasing values of the load up 
to about 25 per cent, overload for an ordinary commercial test, or 
up to the point of stoppage of the motor in the case of a more 
complete experiment. 

. The results should be entered under headings similar to those 
shown below, ;md curves plotted with either watts or horse-power 
output horizontal, and primary current, slip, efficiency, and power- 
factor and watts absorbed vertical. 

It is not the general practice to measure the current in the rotor 
circuit, as its exact value is not of first importance in the behaviour 
of the motor, and its approximate value can be deduced from the 
other quantities ob.scrved, as .already explained on page 309. 

Load Test of 3-iniASE Induction Motor. 

Motor No Type 

Output h.p., at revolutions per minute. 

Voltage Frequency 


Current Vohs 


Slip .Apparent 

Watts ' per ; Rotor Watts Pownr- Effi- 

— - — — cent. '■ Current Supplied F.aetor cieufy 
I). Total ' 


Supply 
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The three columns for watts are to be employed when readings- 
are taken in two phases, so that their sum gives the total power. 
WJiere a S-phase wattmeter is employed only one column will be 
required. 

The nature of the curves to be obtained from this experiment 
may be judged from Fig. 206 taken from tests of a h.p. S-phaso 
Oerlikon motor ruiming at a frequency of 50, and having a syn- 
chronous speed of 1,500 revs, per minute. 



0 loot 2000 31HtO 4000 5000 

Watts Output. 

Il’io. 206. — Load Curves of Induction Motor. 


As a further illustration, some additional curves obtained in 
another experiment in a rather different manner are shown in 
Fig. 207. The motor employed in this case was a 5 h.p. Electrical 
Company’s motor with slip rings, having a synchronous speed of 
1,500 revs, per minute on a 200- volt 50 cycle circuit. These curves 
are given as an illustration of a simple method of obtaining load 
curves of a motor by coupling it to a direct-current generator. 

The test was carried out with a voltage supply of 120 volts 
instead of 200, in order that the motor might bo loaded beyond the 
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pull-out point without overheating. The load on the motor shaft 
Avaa a direct-current generator driven by a belt, and excited with a 
constant current. The currents plotted horizontally in tig. 207 
are the current.s geruirated by the direct -current machine t- the 
no-load current required to drive both machines at each speed. 
In this way the horizontal scale is a scale of torque, but measured 
in terms of the armature current of the direct-current geiuTator. 
Assuming the g(?ncrator bold to remain constant for all currents, 
during the experimcait, the armature current would be pioportional 
to the amperes thus plotted. In order to makci this as nearly true 
as possible, the excitation of the generator was carefully adjusted 
to a constant value, and the brushes were bxed in the neutral 
position to avoid weakening of the bold due to armature reactions. 



Fig. 207.— Load Tcet of Jiuluction Motor Coupled to Diroot-cuin iit G('n(!i ator. 


Some weakening of the field due to magnetic distttrtioii must have 
taktai place ; but as the machine was not worked u]) to its maximum 
output this was probably not seriotis. This asstim])tioii was made 
after testing the proportionality bctwiMMi speed ami voltagi^ of tlu; 
generator, when on open circuit and wlum fully loaded, and finding 
tliat the observt'd loss of voltage determined w ith the heaviest 
armature current at the reduced speiid was nearly all accounted for 
by the r(‘sistaiu;e of armature and brusluis. In any experiment 
carried out in the same manner this point should be similarly 
tested. 

The method of obtaining tin; curves in Fig. 207 was briefly as 
follows 

The motor was connected to the siqiply of .‘i-phase current as 
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described in the instructions given above. A direct-current 
generator was coupled to the motor by a belt, and its armature 
was connected to a variable resistance in series with an ammeter ; 
a voltmeter was connected -to read the terminal voltage. The 
generator was separately excited, the excitation being kept constant 
by means of a regulating resistance. The motor was supplied at a 
constant voltage of 120 throughout the test, and the generator 
was allowed to send gradually increased currents, so as to increase 
the load on the motor. For each value of the load on the generator, 
watts supplied, rotor and stator currents, speed and generator 
voltage were read. 

The final readings, at and near tlie point of ‘stoppage of the 
motor, were taken by .supplying the direct-current machine arma- 
ture with current from an external source in series with a resistance, 



0 200 400 000 800 lOUO 

r(«voIution8 per minute. 

Pig. 208.— .Mo-Loa<l Current taken by D.C. Machine. 

I, Driving Induction Motor by Belt. 

II. Belt thrown off. 

and reversing the fields, .so as to make it tend to drive the alter 
nating-current motor in a reverse direction. By this means the 
armature current corresponding to the torque at stand -still was 
obtained 

A test on’ the direct-current generator was then made to ascer- 
tain the current equivalent to the frictional and other losses at 
various .speeds. The machine was run as a motor at the same 
excitation as before, and the current taken by the armature at 
various speeds was noted, both with the belt coupling it to the 
motor and with the belt thrown off. The readings taken with the 
belt on included the friction of the induction motor and belt as 
well as of the direct-current generator. 

The results of this test are shown in Fig. 208. In plotting the 
curves of Fig. 207 the no-load current required to overcome the 
total losses of both machines (as shown on the upper curve) were 
added to the current actually given out by the generator. The 



322 


THE POLYPHASE INDUCTION MOTOR. 


frictional losses of the induction motor itself are thus counted as 
torque exerted by the rotor. 

In order to determine the relation between the horizontal scale 
of amperes in Fig. 207 and torque, measured in lb. -ft. or kg. cm., it 
is only necessary to observe the voltage generated in the direct- 
current machine when running unloaded, and its speed. In the 
present case the no-load voltage at 1,320 revs, per minute was 210. 

Thus, at an output of 10 amperes, and the speed observed of 
1,160, the power generated including armature copper losses was 

^ X 10 watts. The no-load driving current at this 
1 ,360 * 

speed is (see Fig. 208) 3-4 amperes. Thus the power developed by 
the motor was 


1 

This power is equivalent to a torque of 15 lb. -ft. 

This may be arrived at as follows : — 

ijT> j 1 A 2,480 

H.P. developed = 3-32 


Also, H.P. = 


27inT 

33,000 


where 7’ = torque in lb. -ft. 

and n = revolutions per minute 

_ H.P. X 33.000 3-32 x 33,000 

Hence torque - T = ^ 2 X 17160 

= 15 lb. -ft. approximately 

Wo may briefly point out the characteristics of the experimental 
curves shown in Figs. 206, 207 . 


Primary Current.— The current supplied to the stator is 
determined by two factors, as in the case of a loaded transformer. 
It has, firstly, to siipply the almost constant magnetising current 
required to maintain the rotating field, corresponding to the no- 
load current of a transformer, which we may call the no-load com- 
ponent. Secondly, the current has a component which produces 
a field equal and opposite to that formed in the stator by the rotor 
currents, corresponding to the component of the primary trans- 
former current which overcomes the demagnetising action of the 
secondary circuit. This we may distinguish as the load component. 

The primary current of an induction motor is consoquMy 
in most ways similar to that in a transformer. There are two 
respects in which it differs. On account of the air-gap in the 
magnetic circuit of the induction motor the magnetising current 
is much largef than in a transformer, and the no-load current is 
in consequence usually from one-quarter to one-third of the full- 
load current. This is clearly shown by the curve in Fig. 206. 
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The relation between primary flux and primary voltage is given 
by the same formula as that on page 116, for the transformer 
e^^i‘44fFT^ 10-8 
When F = maximum flux produced 
/ = periodicity. 

Ti — turns in winding, 
e, = primary voltage. 

The flux depends only on the number of stator turns and the 
voltage applied, and is independent of the load.* 

In a 3-phase motor it has been shown on page 292 that current 
in each phase winding must produce a flux equal to two-thirds of 
the total strengtli of the rotating field! The value of the” no-load 
current, or magnetising current, will be given by applying the 
same formula as that given for the magnetising current in a trans- 
former, account being taken of the fact that the current in each 
phase is that required to produce two -thirds of the rotating flux. 

The load component differs from that in a transformer because^ 
its angle of lag relative to the appUed voltage varies in a definite 
manner with the load, obeying the law explained on page 312. 

At heavy loads the primary current increases in a higher ratio 
than the load on account of the rapidly-falling power-factor. The 
cuiTcnt c\irve is thus made to bend upwards at heavy loads, instead 
of approximating to a straight line drawn through the origin, as 
with the transformer. 

Power Absorbed and Efficiency.— The losses occurring in 
the motor are practically of throe kinds : (a) The loss in the stator 
and rotor windings ; (6) iron los.ses in stator and rotor cores , 
(c) frictional losses. 

(a) In a S-phasc motor the watts lost in the stator winding are 

equal to 3 fj, where is the primary current per phase, and 
r, is the resistance of the winding per phase. If the rotor winding 
is a short-circuited 3-pha.se winding, the watts lost in the rotor are 
3 r^, where the symbols i^, denotes the current and resistance 

per phase of the rotor winding. 

(b) The iron losses in the stator will depend on the saturation 
of the iron and the frc(piency of the magnetic changes. It haa 
already been shown that the strength of the primary field is con- 
stant at all loads, depending only on the supply voltage. The 

rotating field makes — revs, per second when / = frequency of 
V 

supply and p — number of pairs of poles. Thus the iron of the 
stator passes through a complete magnetic cycle / times per second. 
This source of loss is consequently independent of the load. 

The iron losses in the rotor will bo proportional to the slip, 
since the polarity of the rotor core will change p times for each 
rotation of the rotating field relative to the rotor. The slip under 
ordinary working conditions is so small that the maximum rate of 
magnetic reversal is only about 5 per cent, of the specd«of the rotating 


* This is neglecting the loss of voltage in the resistance of the primary winding « t,r,. 
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field. The iron losses in the rotor may consequently be safely 
neglected in comparison with the other losses. 

(c) The friction losses consist of bearing friction and windage 
Since these depend almost entirely on the speed, which is practically 
constant, and not appreciably on the load, they may be taken as 
being constant for any motor. 

From the consideration just given, we see that the friction and 
iron iosscB are practically constant at all loads, while the no-load 
copper losses are very small (not more than 1-2 per cent.), but 
increase in proportion to the square of the current taken by the 
motor. 

If we group together the useful output of the motor and the 
power spent in overcoming friction and iron losses and denote 
their sum by Wi, calling the power supplied to the motor IF,, we 
may write 

IF, = IF, + 3 tV r, + 3 rj. 

If there were no copper losses, we should have 
W, - IF„ 

and the curve showing the relation between total watts output 
and watts supplied would be a straight line passing through zero 
and inebned at an angle of 45° to the horizontal, if the same hori- 
zontal and vertical scales are chosen. The effect of the copper 
losses is to make the watts supplied increase more rapidly at higher 
loads, the increased power being proportional to the square of the 
load, so that the line will bend upwards in a curve 

Referring to Fig. 206, we see that the curve of watts agrees 
with the statements just made. The line does not appear to pass 
through zero, because the horizontal scale is vseful output only. If 
the curve were prolonged backwards to meet the horizontal axis, 
the distance to the left of the vertical axis would measure the power 
spent in overcoming friction and iron lo.s8eH at no-load. This 
distance is the same as the height of the point where the line cuts 
the vertical axis, since the line is inclined at 45°, as may be seen. 
In the present case, therefore, the iron and friction losses may be 
taken to be 270 watts.* 

By drawing a tangent to the watt curve inclined at 45°, we might 
measure the pow er spent in copper losses at any load by determining 
the vertical distance between this tangent and the curve 

The curve of efficiency is of the usual shape If the copper 
losses arc neglected, the equation to the curve would be 
„ watts output 

e cie cy / watts output -f constant losses. 

This would represent a hyperbola approaching its asymptote i] ~ \ 
more nearly as the load increases. Owing to the copper losses 
the curve fails to reach this value and begins to bend downwards 
at higher loads, thus departing from the shape of the hyperbola. 
The curve should reach its maximum value at normal load, and 


^ * These losses are not aceuraUly coootant at all loads, but sulBciently nearly so for most 
practical purposea. 
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being very flat near this point, the efficiency does not vary much 
between three-fourths and five-fourths of full load. 

^ The Power-factor. — The power-factor is very low at no-load, 
on account of the large magnetising current taken to maintain 
the flux in the afl*-gap of the motor. 

The shape of the power-factor curve is similar to that of the 
efficiency curve, but does not pass through zero. The general 
shape of the curve follows from the curves of power and stator 
current, already discussed. 

It is one of the characteristic disadvantages of induction motors 
that they always work with a power-factor loss than, unity. In 
order to increase the power-factor of a motor, there are two ways 
which it is possible to adopt, both of which diminish the no-load 
currents. These are, either to increase the number of windings 
of the primary, or to reduce the reluctance of the magnetic path 
by reducing the air gap. The first method has the effect of 
increasing the resistance of the winding, and, consequently, 
diminishing the efficiency of the motor. This disadvantage is 
not possessed by the other method of improving the power-factor. 

It is therefore usual to find the air gap of induction motors 
smaller than in any other type of electrical machine. In practice 
the air gap is only limited by the clearjmee necessary for mechanical 
safety ^ 

Relation between Slip and Torque. — One of the most interesting 
curves in connection with an induction motor is the slip-torque 
curve. The characteristic shape of such a curve is shown in 
Figs. 212 and 213. 

With low values of the slip, the rotor behaves as if it were 
practically non-inductive ; slip, torque, and rotor current conse- 
quently all increase in the same ratio. The slip-torque curve is, 
therefore, a straight line for speeds near synchronism (e.f. Fig, 193, 
p. 296). As the slip and the frequency of t^e currents in the rotor, 
increase, the rotor reactance { — 2 re s L^) increases, and causes an 
increasing lag in the rotor currents. Finally, at low speeds^ the 
reactance preponderates over the resistance, and the current lags 
nearly 90° behind the flux in phase. 

These changes may be followed out in Fig. 202, which indicates 
the circle voltage diagram of the rotor. The torque is proportional 
to /g cos (f), i.e., to the line B N. 

Evidently this line has a maximum value when B is on the 
circle exactly half-way between 0 and D, i.e., when B D — 0 B, or 
when 2 7t s Ln = /g or resistance and reactance are equal. 
This is the condition for maximum torque in an induction motor. 
The angle of lag 0 in the rotor circuit is seen to bo 45° under these 
conditions. 

A further important result follows, viz. : With a constant 
rotating field (a constant length of (7 2) in Fig. 202) the maximum 
torque is independent of the rotor resistance, but » will occur at a 
different speed of the motor (a different value of s) for each value 
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of this resistance. So long as the value of the rotor resistance 
does not exceed the maximum possible value of the reactance 
2 ffSjL 2 ( = 27r / Lj), the maximum torque which the motor can 
exert will be independent of the resistance. 

The ratio of maximum torque to the full-load torque is called 
the overload capacity of the motor. This overload capacity refers, 
of course, to torque capacity alone, and not to output capacity, 
which is sometimes referred to by the same term. 

We rnay regard the slip-torque curve as consisting of two por- 
tions — a straight line in which resistance of the rotor is greater 
than the reactance, and a hyperbolic portion in which reactance 
overpowers the resistance. These two parts merge into one another 
when reactance and resistance become equal at the point of maxi- 
mum torque. 



Fig. 209. — Construction for Finding Relation between Slip and Torque of 
Induction Motor without Losses. 


In order to show how the special shape of the slip-torque curve 
of an induction motor arises, the diagrams in Figs. 209, 210, have 
been drawn. In Fig. 209 the triangle of voltage for the rotor 
(similar to Fig. 202, page .313) has Wn drawn for a number of 
speeds. This triangle consists of all such triangles as I) if 0. No w , 
0 A is proportional to the slip of the motor (see page 313), and 
B M is proportional to the torque (sec page 325) ; hence, by plotting 
the relation between lengths such as 0 ^4 and the corresponding 
length of B M, we obtain a curve similar to the slip-torque curve 
of the motor. This has been done (with a change of scale) in 
Fig. 210. The student will find it an interesting example to plot a 
curve of this kind for one or two values of rotor resistance and 
inductance. 



THE POLYPHASE INDUCTION MOTOR. 


327 


Torque, Output, and Rotor Efficiency— Tho torque of an 
•induction motor may be expressed in terms of power and speed in 
three different ways, and the three expressions so obtained are very 
useful in showing the relation between other important factors. 

We shall express the three values of the torque briefly thus : — 

(а) Torque *= output of rotor > speed of shaft. 

(б) Torque = losses in rotor — speed of slip. 

(c) Torque = input to rotor :• speed of s 5 mchronism. 

(a) Tho torque is to be taken as tho total mechanical torque 
exerted by the rotor, including that overcoming friction. The 
watts mitput of the rotor are equal to the watts supplied to it, less 



Fio. 210. — Ilcifttion between Slip and Torqne of Induction Motor. 


the losses in resistance. Calling the watts supplied to the rotor 
(c.f. p. 324), the watts usefully exerted will bo w„ - yn r.^, 
Wh('n 7n number of rotor phases. 

^2 - rotor current per p!iHH(>. 
r.^ — rotor resistance per phase. 

Hence our first value for the torque may be written 



n being the revolutions per second of the shaft. This relation 
follows directly from the ordinary laws of mechanics. 

(6) We may regard the induction motor as an alternating - 
current generator in which the rotor forms tho armature, and the 

poles rotate relatively to this armature with a speed of - revolu- 
tions per second. 

The torque on the rotating member of an alternator rtjtating 
at a speed of n revs, per second, when giving an output of IK watts, 
W 10’ 

- T = -T dyne cm. or ab.solute units. 

2 n n 


• The torque as here given is not reduced to tho ordinary system of units. Wlieii given 
iu watts and revs, per second, the various products on the right of the equations give the torque 

10 ’ 

in units equal to those of tho absolute C.G.S. system X . Wheu the power is given in watts 

2 TT 


and the .sneed is given as a fraction of the maximum or synchronous spt^ed. the torqne hccoiiips 
nunicrically equal to the “ watts at synchronous spwl " which this torque would produce (see 
also page 339). 
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in terms of the special units used above. 

The same expressions may bo employed for the torque of an 
induction motor if we substitute for 1^ the power developed elec- 
trically in the armature, t.e., the watts spent in heating the rotor 

conductors, and in place of n,-~the revs, per second of the field 

relatively to the rotor conductors. 

In a motor with m-phase rotor, q 

T = ( 2 ) 


This is the mathematical form of our previous equation (6). 

(c) The third value of the torque follows directly from tlie 
previous two, from the application of the rule in proportion that if 
a c,, a c a + c 

b~ d ’ ""T" 6 + d 


Applying this rule to equations (1) and (2), 


n -f 


- 

/ 


(3) 


V 

The torque expressed in these terms is independent of the rotor 
losses. The rotor losses determine the slip of the motor, and the 
motor would run synchronously if the rotor losses were nil. 

From our three definitions of the torque, we can see the following 
relations : — 

Power given to rotor : power exerted at shaft : rotor losses : 

speed of synchronism : actual speed of motor : speed of slip ; 
or, expressed in symbols, 

u>Q : w : r^ \ : / : p n : s 

w being the output of the motor (including work done against 
friction). 

Further, the rotor efficiency 


w P ^ _ 1 5 

Whence it is evident that for high efficiency the value of s must be 
small, i.e., the motor must work near synchronous speed 

The relation between slip and rotor losses has been given on 
page 300. It follows immediately from the consideration just 
given. 


Effect of Increase of Resistance in Rotor Circuit.-— The 

next point to be considered is the effect of increasing the resistance 
of the rotor circuit. This is best studied by using a motor with 
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wound rotor and slip rings, so that equal variable resistances can 
be put in series with the phases of the winding. For the purpose 
of the experiment, the usual 3-phase starting resistance may be 
conveniently employed, provided that its carrying capacity is 
sufficient to prevent its being over-heated by the heavy currents 
induced in the rotor when the motor is overloaded. 


Experiment XLVl. — Determination of Starting Torque of 
AN Induction Motor with Varying Kotor Resistance. 

Connections. 

(These will be the same as for the locked test, 
Experiment XLIII., page 307. 

Instructions.— The motor pulley should have a lever and spring 
balance attached to it, or a rope may be attached to the pulley, 
and after being wound round it, may be attached to a spring 
balance, so that the torque exerted by the shaft can be measured. 

1 he test is then carried out by applying a constant voltage to 
the motor terminals, and taking observations of the currents and 
watts supplied to the stator, and the torque exerted by the shaft 
for 11 series of different values of resistance in the rotor circuit. 

It will usually be found advisable to choose the voltage consider- 
ably lower than the normal working voltage of the motor, so 
as to reduce the currents to values which will not overheat the 
motor. * 

If Ti is the torque observed at a voltage Fi, then the torque 
1 ' at normal voltage F will be practically 

7-.r,xg); 

A practical difficulty may be met with in carrying out this ’ 
test, owing to the torque varying with the relative position of the 
rotor and stator windings. In order to avoid variations in the 
readings of torque due to this cause, the rotor should be kept in 
the same position throughout the test, the point of suspension of 
the spring balance being adjusted in order, to correct for the 
alteration in the length of the spring balance which occurs as its 
deflection alters. 

Values of stator current, power- factor, and torque should be 
observed, and plotted in the form of curves with rotor resistance 
as a base. 

Some results of such a test carried out on a 3 h.p. Oerlikon 
‘motor are shown in Fig. 211. It is seen that there is a definite 
value of the resistance, for which the starting torque is a maxi- 
mum. 'With greater or less values of the rotor resistance the 
starting torque will be less. The explanation of this follows from 
the form of the slip-torque curves obtained in the next experiment. 
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Attention may be called to one further point in connection 
with the starting curves, Fig. 21 1 . For a given value of the starting 
torque there are evidently two possible values of the rotor 
resistance. In designing the starting resistance, the greater 
value of the resistance should be chosen, since this corresponds 
to a smaller starting current. Consequently the rotor will start 
upon the flatter right-hand limb of the torque curve (Fig. 211). 
It will run when at full speed on the sleeper limb of the running 
curves shown in Fig. 213. 

Usually the value of the starting resistance to be u.sed is deter- 
mined by the permissible rotor current, and not by the desired ^ 
torque. If e is the voltage between the slip rings when the motor 



•5 10 1-5 

Ohms. 

Fio. 211.— Relation between Starting Current and Torque and Rotor 
Resistance. 

is stationery, and full voltage is applied to the stator, and / 
is the greatest starting current allowable, the value of a star 

e 11 

coiinected starter may be taken to be since the 

e 

voltage acting on each leg of the resistance will be This 

calculation obviously neglects the effect of the rotor impedance, 
which is usually small compared with the resistance of the starter 
but which may be allowed for if necessary. 
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Experiment XLVII.— Test of an Induction Motor with 
Variable Resistance in the Rotor Circuit. 

Diagram of Connections. 

As for Experiment XLIL, Fig. 196, page 302. 
Instructions.— The experiment may be carried out exactly 
as in Experiment XLV., but with a series of different values of the 
resistance in the rotor circuit. 'Phe series of curves are then plotted, 
each for a different value of the rotor resistance. From these 
curves a fresh curve may then be obtained, showing the variation 
of the primary current, torque, cfliciency, and power-factor with 



U 10 20 30 40 .'ll) 60 70 80 90 100 

Ffr rent of full speed, 

0 50 100 150 200 250 300 350 

Ampefes. 

Fig. 212. — ('iirves of 'J’orqiie, Speed, und Current with Varying Rotor 
Ro.si8taiice. 

lor the particular purpo.se of determining the* effect of the rotor 
re.sistance on the behaviour of the motor, it is, however, sufficient 
to take measurements only of the stator and rotor currents, slip, 
and torque, for each of a scries of values of the rotor resistance, 
(.'ompletc sets of readings of each of these quantities should be 
taken and entered up as shown for the load test, curves being then 
plotted on a torque or load base. 

Fig. 212 shows several curves of torque and slip obtained with 
different resistances in the rotor circuit of the salnc motor, to 
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which the curves in Fig. 211 apply. It will be seen that the effect 
of increasing the resi.stance is to make the curve slope upwards 
less steeply on the right, .so that for small values of the torque the 
slip is increased. All the curves reach ultimately the same maxi- 
mum value of the torque, .so that the maximum torque exerted by 
the motor is not affected by the rotor resistance. The maximum 
torque is, however, reached with a different value of the slip in 
each case. 

d'he point at which the curves cut the vertical line, corresponding 
to a slip of KX) per cent., gives the turning effort of a motor when 
started from rest. Evidently the greatest .starting torque will be 
ol)tained by .so choosing the rotor resistance that the curve has its 
maximum value on this vertical line. In the case of the motor for 
which Idg. 212 is drawn, this resistance of rotor winding and 
starter per phase is seen to be about T8 ohm. A resistance greater 
than this would give a maximum torque at a slip of over 100 per 
cent. -that is, with the motor rotating in a reversed directioa. 
Kesistances less than 18 ohm enable the motor to exert its greatest 
turning effort at speeds intermediate between .stand-still and syn- 
chronism. P.y suitably choosing the successive steps of the starting 
resistance, and moving the .starter handle over at the correct rate, 
as the motor increases its speed, it is po.ssible to en.sure that the 
motor is started and got up to speed under the most favourable 
conditions. 

When the starting torque is plotted as a function of the rotor 
resistance, as in the la.st experiment (.see Fig. 211), the value of 
the resistance giving a maximum starting torque is seen at once, 
being the resistance corresponding to the peak of the curve. This 
would correspond to the value of the resistance giving the curve of 
■18 ohm. in Fig. 212. The points to the right of this are lower, 
because the maximum turning effort is only reached with a slip, 
greater than 100 per cent. Points on the curve to the left of the 
peak indicate values of the resistance, for which maximum torque 
is only reached after the motor has attained some speed. 

The lower the resistance of the rotor circuit the nearer to syn- 
chronous speed is the point at which the motor can exert its 
greatest torque. Since the greatest slip usually occurring in 
practical working is about 5 per cent, it is an advantage to have an 
extremely low resi.stance of the secondary winding. In cases 
where a separate resistance is not employed for starting- -that is, 
in the case of squirrel-cage motors — it is necessary to sacrifice 
.some of the torque which might have been attained when running 
at full speed, in order to get a sufficient torque at .starting and 
when running at the initial low speeds. 

The general effect of moderate increase in resistance of the 
rotor circuit is seen from the curves to be that the inclination of 
the straight portion of the curve is dimini.shed, and at the same 
time the hyperbolic portion is raised .so as to cut the axis at a 
greater height from the horizontal -axis. 

It is of great importance to remember that the maximum torque 
of the motor is constant and independent of the rotor resistance. 
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The value of the slip at which it occurs is determined by the rotor 
resistance. 

The starting torque is thus proportional to the rotor resistance, 
until this resistance exceeds the value corresponding to a maximum 
starting torque, as is also the slip for a given torque when ruiming. 

In Fig. 212 will he seen a dotted curve of cunent. This curve 
shows the value of the stator current (measured on the horizontal 
scale) corresponding to each value of the torque (measured 
vertically). It is possible thus to draw a single curve representing 
the relation between current and torque independently of the 
rotor resistance. This is because, for a given torque, the rotor 
will always take the same current, the slip automatically adjusting 
itself to enable this rotor current to be induced. Since the stator 
current depends only on the rotor current and the constant no- 
load current, tJiere will be a definite value of the stator current 
for each torque independent of the rotor resistance. As seen from 
the current curve (Fig. 212), there are actually two values of the 



S — lOO .por cent. Slip. S = 0. 

— . — . — , curront in rotor. 

Curve.i I. — Rotor R = - i ohm. 

II. - „ - •O.'i ,. 

lil._ „ ^ .()25 „ 

Fig. 213. — Rotor Current and Torque Compared with Slip. 

current instead of a single one, as just stated. This is because 
there are two values of the slip for each value of the torque, as 
seen from the torque-slip curves. The running conditions always 
correspond to the lower slip, and, consequently, lower current. 

The variation of rotor current with torque may be easily 
followed from Fig. 213, where rotor curront and torque are plotted 
for three different values of the rotor resistance. • 

If two points on corresponding arras of two of the curves be 
taken, and each corresponding to the same torque, e.gr., a and 6 
and the corresponding currents be noted on the current curves, 
the currents are seen to have the same value. 
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The student should read the section on the graphical method of 
obtaining the slip torque curves given on page 326, and compare 
the curves of Fig. 210 with those of Fig.^ 212. 

Determination of Losses and Efficiency.— From the tests 
already given, it will be apparent that the losses in an induction 
motor may be determined in a manner very similar to that em- 
ployed in the case of a transformer. 

Corresponding to the determination of the copper losses in a 
transformer, we have the test on the motor while held stationary, 
described on page 307. The power supplied to the motor when 
locked is nearly all /“Vi less, since the iron los.ses arc small at the 
low saturation employed. The losses due to the resitance of the 
windings are thus casilv determined for any value of the stati r 
current. 

'I'he core losses and friction losses are practically constant at all 
loads. Their value is determined from the no-load running test 
(sec page 302). The power taken by the motor when running 
light is nearly all spent in iron losses, and running friction. A 
small part will be due to copper losses in the windings, and this 
should be subtracted from the wattmeter readings to give the true 
iron and friction lo.sses. 'bhe value of the copper losses for any 
value of the no-load current may be derived from the results of 
the determination of the total copper losses. 

From the results of these tests the efficiency of the motor at any 
load can be appro.x.imalely c.ilculated, since the iron and friction 
losses remain practically constant at all loads, and the losses due 
to resistance can be obtained from the curve obtained in the locked 
test (see iMg. 19tS, page 308). 

'['he method of separating the mechanical losses of the motor 
from the other losses has already been described on page 307. 

A paper dealing with the experimental determination of the 
losses in Induction Motors, by the author, will lie found in the 
I’roc. Inst. FI. b'.ngrs., Vol xxxix., page 437 

The gra|)hical representation of the various losses at all loads 
is discussed in connection with the circle diagram, page 335 
and scq. 

Braking and Return of Power to Line. — A 3-phase motor 
is reversed by interchanging any pair of supply connections, which 
has the effect of reversing the direction of rotation of the rotating 
field. 

A reversing switch is usually made in the form of a 3-pole 
throw-over switch, the inter-connections being so arranged that 
with the switch thrown over to one side the motor receives current 
and runs in one way, and with the switch in the opposite position 
the motof runs in the opposite direction. 

If, while the motor is running at full speed, the reversing switch 
be suddenly thrown over, so as to reverse the direction of the 
rotating fiekj, the rotor will, at the moment after reversal, rotate 
in the opposite direction to the rotating field, and the slip will be 
practically 200 per cent, and large currents will be induced in the 
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rotor, since this will be running with the starting resistance cut 
out. Even with the large currents induced, the retarding torque 
is not very high. It is, consequently, not permissible to brake any 
except small motors with squirrel-cage rotors by reversing the 
field, although in case of serious danger it might be resorted to 
for larger motors. 

it is not possible to brake an induction motor by disconnecting 
it from the line and short-circuiting the terminals through a 
resistance, as is frequently done with direct-current motors. As 
soon as the stator of an induction motor is disconnected from the 
supply, the rotating field ceases to exist, and no force exists to 
retard the motor, which will continue to rotate until gradually 
stopped by the friction of the shaft or gearing. 

It is important to notice what happens if, while the rotor is 
driven by external means, the motor remains connected to the 
supply, and the rotating field con.scqiiently continues to rotate. 

If the sp^ed of the rotor is below that of synchronism, currents 
will be induced in the rotor in the usual manner, and will flow in 
such a direction that the motor tends to rotate with the field, and 
the external driving force will be less than that required to drive 
the motor without current.. As the speed of the rotor is increa.sed, 
the currents induced in it will fall until at the synchronous speed 
no currents will he formed, and the external force required to 
maintain the rotation of the rotor will exactly balance the friction 
and other forces opposing the rotation. 

1 f the speed is now still further increased, the rotor conductors 
will begin to cut the lines of the rotating field in the opposite 
direction, This will cause rotor currents to flow in the reverse 
direction, and their action will be to oppose instead of to assist 
the rotation. Under these conditions the machine becomes a 
generator and supplies current to the line through the primary 
winding. It may thus be made to act as a brake, preventing the 
speed of the rotor rising much above synchronism. 

Graphic Representation of Per'formance. 

Circle Diagrams.— In practice, it is most convenient to repre- 
•seiit the conditions in an induction motor by means of a diagram. 
By making a number of approximations it is possible to give such 
a diagram a very simple form, while retaining sufficient accuracy 
for most commercial purposes. The circle diagram affords a con- 
venient practical method of obtaining approximate v.ilues for the 
output of the motor, which is fairly reliable for normal motors 
under commercial conditions. 

Simple Circle Diagrams. — It will be convenient to summarise 
briefly the steps which led up to the construction of the .sknplc 
circle diagram shown on page 316. A voltage is produced in the 
rotor winding proportional to the slip, due to the cutting of the 
rotor conductors by the constant rotating field. 
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This voltage e produces a rotor current having the value 
. __ e 

rotor impedance 

the voltage e will have two components, one in phase with the 
rotor current equal to i x R, and one perpendicular to this in 
phase, equal to i X A', 

where i — rotor current per phase. 

R = rotor resistance per phase 
X — rotor reactance per phase. 

Now, X n s L 

where s — frequency of rotor current = slip in cycles per 
second. 

L — coefficient of self-induction of rotor winding. 

L is e ual to ^ (turns of winding [)cr phase!)- 

IS equa o . ^ 

The inductance may also b(! calculatt'd from the length and 
number of conductors and character of the slots. 

Thus the reactance i.s not con.stant, but varies in proportion 
■to the slip 



Fig. 214.- Diugram of Voltages in Rotor Circuit. 

j If the generated rotor voltage per phase be represented by 
vertical distances F Q (Fig. 214), and F B, B Q arc drawn mutually 
perpendicular .to represent the ohmic and reactive components of 
e, it has been shown (see page 314) that the point B will move on the 
semicircle F B A the value of e changes Since the resistance 
of the circuit is constant, the length F B wiU bo proportional to the 
rotor current. Thus, lines drawn from F to cut the semicircle will 
represent values of the rotor current. 

The stator current per phase, is equal to the sum of the 
stator magnetising (or no-load) current and of a current which 
produces the same number of ampere-turns as the rotor current. 
This portion of the stator current is, therefore, equal to 

number of rotor turns 

the rotor current x r — ^ 

number of stator turns 

We can thus obtain the values of the stator current by re- 
drawtng our diagram as shown in Fig 215, where the magnetising 
current 0 F (drawn perpendicular to the voltage e in Fig. 214) is 
shown combined with the current F B to give the total stator 
current per phase OB It must be remembered that since Fig. 215 
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is drawn to a scale of stator amperes, the line F B is not now equal 
to the rotor current on the same scale, but is the rotor current 
divided by the ratio of transformation of the motor. 

Fig. 215 represents the circle diagram for an induction motor 
without losses. The variou.j lines of the diagram show the following 
quantities : — 

0 F represents the no-load magnetising current per , pliase of 
the motor. 

0 A represents the short-circuit current at the same voltage. 

0 B represents the stator current under working conditions. 

K 0 B is the angle of lag at the stator terminals, so that 
cos E 0 B is the power-factor of the motor. 

0 E is proportional to the rotor induced electromotive force, and 
may conse(iuently bo taken to represent the slip. 

B F is proportional to the rotor current, and represents it to 
; the scale of stator current, i.e., its actual value is 

obtained by dividing the length of B F measured on 
the scale of amperes by the fraction 
rotor ctmdutttors 
stator conductors 

' B G — I cos ^ \ lienee B G is proportional to tlio watts suppliiKl 
to the motor. 

0 F __(r is the “ dispersion coidlicient ” of tlie motor, explained 

1) A “ on page 316. 





0 F G ’ A 

Fig. 215. - Diagrum of .Stator Gurronls. 

. When B moves lound the circle to such a point that 0 B becomes 
a tangent to the circle, wo have the conditions corresponding to a 
minimum value of i.e., a maximum power-factor. The values 
of this power-factor, and of the slip and current coriesponding to 
it, are easily obtained in this way. 

The diagram shown in Fig. 215 does not take account of the 
various losses occuring in an actual motor. 

We must next consider a more complete form of diagram, in 
which the effect of these losses is shown. ^ 

Note.— T here are two distinct points of view from which the 
rotor circuit may be regarded for the purpose of the, diagrammatic 
representation of the conditions which' exist in it. 

Firstly, the rotor may be regarded as a variable-speed alternator, 
having a voltage induced in it by the passage of its conductors 
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across the rotating field. From this point of view, both magnitude 
and frequency of the rotor voltage must be regarded as varying 
in direct proportion to the slip of the motor — as, indeed, is 
actually the case (see pages 295, 312). 

On the other hand, the whole motor may be regarded as being 
equivalent to a transformer having its primary (stator) winding 
supplied at constant voltage and a secondary (rotor) winding, in 
which a constant voltage is also induced, and which carries a 
current which varies with the load on the motor. 

The frequency of both voltage and current in the rotor must 
be regarded as constant and independent of the slip when ob- 
served from their cfifect on the stator* Consequently, when a 
diagram is constructed to show the behaviour of the rotor currents 
in terms of their influence on the stator circuit, we must treat the 
rotor currenls as b.eing of constant frequency and the rotor 
reactance aS being constant. 

This point of view is illustrated in the construction of the next 
diagram. 

More Complete Circle Diagram.- -This only differs from the 
simple diagram already given by the addition of two circles, which 
make an approximate correction for the losses in the stator and 
rotor windings. 

Although originally drawn as a triangle of currents, the triangle 
. / B F in Fig. 215 may be looked upon as a voltage triangle for 
the motor, A F reprc.scnting the constant applied voltage, F B 
the voltage overcoming reactance, and A B the energy voltage in 
phase with the current, which may be supposed for thi.s, purpose 
to be represented by A B in pha.se. The motor has a constant 
reactance, and consequently the line F B will be proportional to 
the current in magnitude, since this line reprc,sent.s the product 
of the current by the constant reactance. 

The line A B represents the total energy voltage supplied to the 
motor, which consists of three parts, viz., voltage spent in over- 
coming .stator and rotor resistances, and the induced back voltage. 
The line A B can be subdivided into these components by two 
circles passing through A and F, and having their centres on the 
same vertical centre line as the circle F B A.f 

These circles arc shown in Fig. 216, where the length B H 
represents the voltage per phase lost in stator resistance, B FI 
representing fin volts to the same .scale as the length F A represents 
the con.stant applied voltage of the rnotor.J H N is the voltage 
per phase spent in rotor resistance, A N is the energy voltage due 
to rotation of the rotor. It has been shown that B G is propor- 

* Let the rotor conductor rotate pa.st the stator windiiiRS with .a frequency n, 
The frequency of the currents in the rotor conductors themselves is equal to the slip s. 
Hence the variations in the rotor current, a.s observed from a point on the stator, have 
a frequency n H, j = /, which is the frequency of the stator supply. 

t The point H lies in a circle because the triaiiRle F H B is constant in shape for 
,'dl (lositions of D, since both // B and B F are proportional to the rotor current, and 
enclose a const.ant atiple. Hence the angle at // is constant and lies in the arc of a circle. 

: See footnote, page 341. 
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tional to the watts supplied to the stator ; U J is similarly pro- 
portional to the watts given to the rotor (the difference representing 
watts lost in the stator winding) ; the ordinate of N is the watts 
output of the rotor, i.e., the mechanical output of the motor, the 
difference in the heights of H and. N being the watts lost in rotor 
resistance. 

Now the watts supplied to the rotor are proportional to the 
torque,* hence the ordinates of the three points B, H, and N give 
respectively lengths proportional to input, torque, and output of 
the motor. The circles on the diagram are accordingly called the 
circles of input, torque, and output. 


Es 



The slip of the motor would be proportional to 0 E in Fig. 216, 
except for tlie stator losses. For speeds near synchronism this 
construction for the slip may be u.sed. A more accurate value is 
obtained as follows, the constniction being shown on Fig. 218. If 
0 is the lino of stator current with stationary rotor, the slip line 
is the line B^ T in Fig. 218, drawn from 71^ perpendicular to the 
radius A of the torque circle. The point T is whore this lino 
cuts the base A 0. For any position of B the length V T cut off 
by A jB on the slip line is proportional to the slip. The whole 
length B^ T represents 100 per cent, slip, so that the slip of the 

V T , 

motor -will bo X 100 per cent. slip. 

“ Synchronous Watts.”— It was shown in the footnote on 
page 327 that the numerical value of the watts supplied to the rotor 
of an induction motor is proportional to the value of the torque 


• -2 X n r = mechanical output of rotor (see pages 327 and 328). 

2 (T -- T = watts lost in rotor. 

-V $)T ” rotor output + losses “ input to rotor. 

or since p n -V t - f = constant. 

7' a input to rotor. 
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exerted by the rotor. The ordinates of the second circle of the 
circle diagram may thus either be measured to a scale of units 
of torque, in order to give values for the torque exerted by the 
motor, or they may be taken as representing, the power given to 
the rotor, measured to the same scale of watts as that employed 
for the two other circles. The watts thus indicated represent the 
power which would be given out by the motor if it were to run at 
synchronous speed and to exert the same torque as under the 
existing conditions. For this reason, the power given electrically 
to the rotor is sometimes called the Synchronous Watts of the 
mot(.)r. Since this quantity is numerically proportional to the 
torque exerted, a curve of “ synchronous watts is frequently 
plotted instead of a curve of torque for showing the behaviour of 
the motor. When employed in connection with the circle diagram, 
(he advantage is obtained that ordinates of all three circles are. 
measured to a common scale, viz., that of watts. 

Fxpkrimf.nt XLVT 11. -Experimental Derivation of Circle 
Di.\(;ram for a.n Tnih'Ction Motor. 

Instructions, (a) Run the motor without load at normal 
voltage and frequency. Measure the current taken by the stator 
-- /o. and the power by means of a wattmeter, as described in 
Experiment XETI. 

ih) Then make a fresh experiment with the shaft clamped so 
that it cannot rotate, and the rotor conductors short-circuited. 
Again apply the normal voltage to the stator, and measure the cur- 
rent and watts supplied. If the current taken by the motor under 
these conditions is too high for safety or convenient measurement, 
reduce the primary voltage, and multiply the current observed by 
normal volts 

the ratio in order to obtain the true static current, 

volts applied 

and multiply the watts observed by the square of this fraction in 
order to get the static watts. This is done because the no-load 
watts will be nearly all copper losses, and proportional to./*. 

{c) After these te.sts, measure the resistance of the stator wind- 
ing while still hot by passing a measured direct current through 
the windings, and observe the drop of potential in them. 

(d) Tf the motor is provided with slip-rings, measure the ratio 
of transformation by applying an alternating voltage to the stator 
and measuring the voltage between one pair of slip-rings when 
o[ien-circuited. When taking the slip-ring voltage, move the rotor 
round until it is in the position of maximum induced voltage. 
This maximum value is the voltage to be observed. The ratio of 
transformation is thus the ratio of the observed stator and rotor 
voltages. 

These measurements are sufficient for the construction of the 
complete diagram, from which the performance of the motor at 
all loads can be predetermined. 
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The method of procedure is then, in outline, as follows : — 

Let cos (f)" ~ power-factor at stator terminals when full voltage 
is applied and motor runs light. 
i" = current per phase under thesti conditions, 
cos <l>' = power-factor at' stator terminals when rotor is 
locked and sufficient voltage is applied to 
produce full-load current. 

t' = current per phase which is observed under these 
conditions multiplied by the factor 
normal working voltage 
ac^al voltage during test. 

E — normal voltage per phase. 

Referring to Fig. 216, 

Draw vertical and horizontal lines 0 E, 0 A. 

Set oS 0 to represent to scale t" amperes, making the angle 
E 0 K = 

Draw K F vortical to cut the line 0 A &t F. 

Draw a dotted horizontal line a b through K. The height of 
this line represents the power and torque taken up in overcoming 
the friction and iron losses of the motor. 

Set off 0 equal to i' on the scale of amperes, making the 
angle 0 E ~ (f>'. 

Draw the semicircle ABF through points B^ K, its centre 
p lying on the horizontal line 0 A, thus fixing the point A. 

Join B' A, and draw A /perpendicular to B^ A to cut a vortical 
line through p at /, which is the centre of the output circle A N F, 
which is to be drawn through the points A and F. 

From B^ mark off* a length B^ on B^ A such that B^ — 

I R B^ 

‘ X 0 ^1, i.e., make the ratio of the lengths the same 

as the ratio of the resistance drop per phase in the stator (= stator 
current x stator resistance per phase) to the stator applied volts 
per phase. t 

Draw the torque circle A H F through A, H\ and F, its centre 
P lying on the vertical line through p. 

The diagram is now complete, the following being the quantities 
represented : — 

Phase of terminal volts by 0 E 
No-load^current by 0 K. 

No-load magnetising current by 0 F. 

Stator current at any load by 0 B. 

Power-factor cos <l> = cos B 0 E, which is a maximum when 
D F is a tangent to the circle A B F. 

No-load power-factor cos (f)" = cos K 0 E. 


* It will usually lx* .idvisublt! to niark off the voltaRC /, /J, for some othor v&lus of the 
current 0 B because A is so steep that it is not easy to draw a circle to cut it exactly 
at any desired point. 

> * It will be noticed that 0 X is taken to represent the phase volURe, and not F A as 
staled ou page ddH. This is an arbitrary rule made to introduce an approximate correction 
^for losses in voltage not otherwise accounted for. In the eompleted diagram 0 X Is always 
'total volts per ptiase. 
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Energy component of no-load current hy F K. 

Rotor current hy F B (multiplied by ratio of transformation). 

Input to motor {I, x E x 1*73 cos <f)) proportional to B G. 

Torque of motor by line H L (maximum torque = ge). 

Output by ^ P (maximum output by h e). 

Slip of motor by 0 P (or by F T in Fig. 218). 

Starting torque by (if without added resistance). 

Starting current by 0 (if without added resistance). 

Power-factor at starting cos <^' = cos 5* 0 E (if without added 
re.sistance). 

Stator ohmic volts ( — /,/?,) by P P 

Rotor ohmic volts (= l^R^)hy H N 

Stator copper loss B G — H J watts. 

Rotor copper loss H L — N P watts. 

The .scale of watts is easily obtained for one value of the input. 
This give.s the scale for both input B 0 and output N P. 

The torque is best calculated from the speed and output at 
full-load. Thus 

^ ^ IF X 33,000 
2 t: n 

wnere IF — output in horse power, obtained fron) output circle. 
n - revs, per minute. 

T = torque in pound-feet. 

The synchronous watts may be read off directly as ordinates of 
the torque circle to the same scale as the input or output circle 
ordinates. 

The slip can also be determined as a rule from its value at full- 
load or from construction shown in Fig. 218. 

In the above description it has been assumed that the diagram 
was to be drawn from test results. In designing a motor the 
diagram has to be drawn from the calculated value of the leakage 
coefficient from which the input circle is derived ; the other por- 
tions of the diagram may be put in so as to fulfil the specified working 
conditions of the motor. 

The figures employed in the following example are taken from 
Mr. Eborall’s paper, read before the Society of Arts in 1901. 

The motor was rated to give 80 b.h.p. at 600 rev.s. per minute 
at 40 cycles and 350 volts. 

Fig. 217 gives the results of the locked and no-load tests from 
which the diagram Fig. 218 was constructed. 

The upper curve gives the relation between voltage and current 
with the rotor rigidly clamped, and short-circuited ; the second 
curve shows the, relation of no-load current to voltage, the motor 
running light ; the third curve gives the corresponding watts input, 
with motor running light. 

From the curves we see that at a pressure of 202 volts per phase 
(i.c., a terminal pressure of 350 volts with a star-connected stator) 
the curreni I, is 532 amperes with locked rotor, the no-load current 
I„ is 40 amperes, and the power absorbed at no-load is 1,680 watts 


I to same .scale as 0 A 
represents stator volts 
I per phase. 
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per phase. The power taken by the motor at rest with a current 
of 532 amperes was estimated from a measurement at a lower 
pressure to be 25.100 watts per phase at 202 volts. The stator 
resistance per phase was 032 ohm. 

From these figures, 


Cos <fi* 


1,680 
202 X 40 


- 0-218 


or 0" = 77 deg. (approx.) 
or^' = 77 deg. (approx.) 


The values of the power-factor happen> to be practically the 
same in this case for both locked and no-load tests. 

Referring to Fig. 218, take two lines at right angles 0 E and 
0 A From 0 draw a line 0 making an angle of 77® with the 



0 50 10) 150 200 250 300 

Volts. 

Fig. 217. — Xo-load Curves of Induction Motor, 

vertical line 0 E ; this line 0 repre.sents then the phase of the 
current with locked rotor and of the no-load current. Next, select 
a suitable ampere scale for the diagram, say one centimetre 
corresponds to ‘20 amperes. Make, therefore, tlie piece 0 K — 
2 ems = /,„ and make the piece 0 B^ = 26-6 cms. = /, Now 
draw the semi-circlc ABF, having its centre along the line 0 A 
(viz,, at point p), and passing through the points £\and K already 
found Through point K draw the line a b parallel to 0 A. 
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To get the output circle, the output of the motor is zero for 
the point B^, as the motor is then at rest. Therefore join this 
point to point A, and from the latter draw the line A /, so that 
the angle A J \s 90° ; the point / so found is the centre of the 
“ output ” semicircle which can now he drawn at such a radius 
that it passes through the points A arid F. The line B^ A is thus 
a tangent to the circle A N F, so that the value of the output for 
the point corresponding to the stator current of 532 amperes 
is zero. 

To find the torque circle, scale off the values B^ A and 0 A 
from the diagram, which will be found to be 6-4 and 27-5 cms. 
re8f)ectivcly ; the latter corresponds to a ()res.sure per phase of 
202 volts. Hence 

6-4 

Value of vector A ~ ^ X 202 = 47 volts. 

2/ -5 


The copper drop per phase of the stator for the current /, = 
532 amperes i.s (532 X 0 032) = 17 volts. Hence, to get the 
desired point, IF, on the torque circle, we mark off along A 
17 X 6-4 

from the point a piece equal to — 2-31 cms. Hence 


the torque circle is fixed by finding the point //‘ ; from a suitable 
centre along p / (viz., /‘) draw it through points A, H\ and F. 

Finally, to get the shp line, drop a jierpendicular from the point 
B^ on the radiu.s A p, thus getting the line of B^ T, which turns 
out to be 0-25 cms. in length, T Ix'ing the point of intersection 
with 0 A. This i.s equal to a slip of 100 jxtr cent as the rnotoi’ 
is not running ; at the load corresponding to the stator current 
0 B, torque H L, and output N P, the slip is equal to the piece 
V T cut off on the slip line T, which scales 0 25 cm. Con.se- 
quently the full-load slip is 4 per cent ; at the maximum load 
the motor will carry (150 b.h.p.) the slip is 16 per cent. 

The scale of watts for both input and output circles is obtained 
as follows : Taking the condition corresponding to a stator current, 
0 B, by mea.surcmcnt B G (— i cos <f)) repre.sents 120 amps. Hence 
at phase voltage of 202, 

Input repre.sented hy B G ^ 3 e i cos (j) — 3 X 120 x 202 - 
72-7 kw. 


It happens that the motor gives its rated output when the 
stator current “ 128 amperes, the value repre.sonted by 0 B u: 
Fig. 218 ; the lino N P in the diagram thus repressents 80 b.h.p., 
and the value of all such lines as this, now' that the value of om* 
of them has been found, is definitely knowm. 

Taking into account the known slip of the motor we could, 
from the known output, find the value of the torque vector H L, 
in pound-feet, and having one such value, the values for all the 
other lines representing torque would be definitely fixed. 

The value of the torque may bo calculated as on page 342, or 
we may avoid the use of a separate .scale of Pirquo by measuring 
the ordinates of the torque circle to the same scale as the ordinate.s 
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of the input and output circles and thus obtain its value in 

synchronous watts.” 

The complete performance of the motor is thus jjjiven by the 
diaf,mam for all loads, 

in practice the diagram is accurate enough for all practical 
purpo.ses, there being a slight error on the right side, i.c., the 
actual performance of the motor is rather better than that given by 
the diagram. There are slight errors which appear to cancel one 
another out, except for very small motors. The diagram can be 
made accurate for these also, if the line of no-load losses o b is 
slightly inclined, being drawn with a downwanl slope of about 30 
per cent, from the point K to a. 'i'his is not necessary for motors 
greater than 5 b.h.p. output, but with smaller motors than this the 
relatively greater no-load losses slightly affect the accuracy of the 
diagram and render this empirical correction advisable. 

Alternative Form of Circle Diagram. Various modifications 
of the circle diagram described in the preceding .sections have 
been developed and used. A convenient form of diagram is one 
in which the three circles of the original Heyland diagram are 
rejilaced by a single circle and two sloping lines. In this diagram 
( Fig. 21Sa), which may be taken as typical of those in general use, 
the output and torque are measured from the circle of input to 
two sloping lines, instead of from separate circles of output and 
torque to the base line. The main principles underlying the 
construction of this diagram arc the same as tho,se already dis- 
cussed ; the difference lies in the geometrical construction adopted 
for subtracting the rotor and .stator losses from the lines of power 
input given by the circle of stator current, in order to give the 
torque exerted and power output. 

The following detailed account of the construction of the 
diagram in Fig. 21<Sa from the same readings as those already 
employed for the diagram in Fig. 218, page 344. will make clear 
the method adopted in its construction. 

For convenience, the measured values employed in the con- 
struction arc repeated below : — 

No-load current 40 amps, per phase. 

,, watts 5,040 total. 

Short-circuit current 532 amps, per phase. 

,, watts 75,300 total. 

Resistance of stator 0032 ohm. per ])ha,se. 

Watts lost in stator re.sistance on short-circuit 
532’ X 0 032 X 3 = 27,180 watts total. 

I’hase volts of motor " 202 volts. 

Procedii-rc — .Select a .'suitable current scale for the current 
vectors, say 1 cm. - 20 amps, per pha.se.- 

The scale to which the ordinates of the diagram represent 
pow'er will then be given, because 

20 .'imps, per phase represent 20 X 202 X 3 watts 

~ 12.120 watts total (w'hen the 
current is in phase with the voltage, i.c., measured vertically in 
the diagram). 
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Hence the scale to which ordinates in the diagram represent 
power is 

1 cm = 12-12 kw. total power. 

Draw OE vertical and 0 A 'horizontal. 

Draw ba parallel to 0^4 at a distance above it to represt'ut 
5040 

the no-load power. This distance is y^2o 0‘41fi cm. 


With centre 0 and radius representing the no-load current 
draw an arc to cut b a in K. 

40 

This radius is — — 2 cm . 


0 K represents the no-load current per phase in magnitude 
and phase. 

Similarly, draw a horizontal line at such a distance above 0 A 
as to represent the power due to the short-circuit current, and 
draw an arc from centre 0 and radius representing the short- 
circuit curant to determine the point R*, so that 0 represents 
the short-circuit current in phase and magnitude. 

The height of above 0 A will be 


while the length of the radiiis 0 is 



We have now to find a .semi-circle which has its diametcT on 
K a and passes through the points B' and K. 

To find the centre of this circle, join K B^ and bisc'ct this line 
by a perpendicular line, cutting K a at e. The point e is then the 
centre of the semi circle to be drawn through K and B\ 

Ordinates of this semi circle .measured to the line 0 A (such 
as B 0) represent the total jwwer supplied to the motor. Ordinates 
measured to tlu; line h a (such as B L) represent the power used in 
the electrical circuits of the stator and rotor, i.e,., the total power 
after the no-load losses (friction and iron losses) have l)een 
.subtracted. 

Ordinates to the line 0 /i* repiv-sent the power of the motor 
after subtraction of the no-load losses and the stator and rotoi- 
copper losses, i.e,., they represent power developed mechanically 
as ii.seful output. 

The torque line (which gives power supplk'd to the rotor, see 
page 339) can be obtained by finding the point //* which divides 
the total copper losses on short-circuit, r<;presented by B^ lA in 
the ratio of stator to rotor losses. 

Since the stator resistance per pha.se is 0-032 ohm, the stator 
copjxT loss on short-circuit is 

532 ’ X 0-032 X 3 = 27,180 watts total. 

This is represented by a line of length 


27180 

12120 


2-24 cm. 
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Hence we mark off equal to 2-24 cm, and thus obtain the 
line of rotor input or torque. 

Ordinates from the circle to this line give the torque of the 
motor in “ synchionous watts ” (see page 339) to the game scale 
of watts as that already used. The creates such as H L give 
the power spent in rotor resistance. 

H we draw a tangent to the circle parallel to the output line 
K jBS this will give us the point for maximum output. 

Similarly a tangent to the circle drawn parallel to the torque 
line K W will give the point 5"* for maximum torque. 



Fig. 219.— Utie of Induction Motor m A.C. Booster. 

The diagram is now complete, and represents the following 
quantities ; — 

OE phase of terminal voltage (per phase). 

0 B stator current on load (per phase). 

K B rotor equivalent current on load (per phase). 

0 K stator no-load current (per phase). 

0 B^ stator short-circuit current (per phase) 

LO losses on no-load (total). 

N H stator copper losses (total). 

H L rotor copper losses (total). 

B N output of motor on load. 

B H torque of motor in synchronous watt.s. 
iV" maximum power output, 
maximum torque, 
cos </) power-factor on load. 

Use of Induction Motor as Voltage Regulator. — Brief 
reference may be made to a convenient method of regulating or 
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varying the voltage of an alternating-current circuit often em- 
ployed for instrument calibration, &c. The stator of the motor 
is connected to a supply of constant voltage, whereby a constant 
electromotive force is induced in the rotor, which remains station- 
ary. The phase of this electromotive force depends entirely on the 
position of the rotor, and by clamping the rotor in any position, 
the voltage between slip-rings may be adjusted so as to be in any 
relative phase to the voltage of the supply mains, and may be 
made to supply currents to a circuit at any phase different from 
that of the mains. Hy connecting the rotor winding in series with 
the mains and a load circuit, the rotor voltage may be made to 
increase or reduce the circuit voltage by rotating the rotor into 
any desired position. The connections for varying the voltage in 
one phase of a 3-phase circuit are indicated in Fig. 219. Evidently 
the regulation would be e(|ually simple performed in all three 
phases. 

Induction Generator.- We have seen that voltage is induced 

in the rotor of an induction motor as a result of the motion of the 
rotor conductors relatively to the rotating held. As the speed of 
the induction motor approaches the speed of synchronism, this 
relative motion becomes less, and the induced voltage of the rotor 
accordingly diminishes. If the speed of the rotor is artificially 
increa.sed beyond the .speed of .synchroni.sin, there will again be 
motion of the rotor conductors relatively to the held, but in the 
reverse direction, since the conductors wilt be moving faster than 
the held under these conditions, and will consetiuently be cut by 
the lines of the held in an opposite direction. 

It follows that the direction of the induced rotor voltages (and 
consequently the direction of the rotor currents) of an induction 
motor running above .synchronism is the reverse of that of a motor 
running below synchronism. The torque which is set up between 
the rotating held and the rotor therefore changes its sense as the 
speed rises above synchronism, llclow synchronous speed, the 
rotating field drag the conductors round with it, but the con- 
ductors rotate more .slowly than the held. Above synchronism, 
the field retards the conductors of the rotor, which revolve faster 
than the field and in opposition to its drag. Under these last 
conditions, the induction machine has changed from its operation 
as a motor into that of an inductum generator. The rotor currents 
now react upon the stator windings and induce energy currents 
which are capable of performing useful work in the alternating 
circuit connected to the stator terminals. 

'i'his action of an induction machine is closely analogous to 
that of a shunt-wound continuous-current machine. The .shunt 
machine, when connected to the supply circuit, will run below its 
“ critical ” speed as a motor. If accelerated to a speed above the 
“-critical ” value, the machine becomes a generator and returns 
power to the line from which it previously took current. 
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The induction generator is not self-exciting, so that it is neces- 
sary that the rotating field should be maintained from an external 
source. This involves the continued supply of an idle alternating 
current from the mains, which will be the same for the induction 
•generator as for the induction motor. It is the energy component 
of the current taken by the stator from the mains which is reversed 
when the speed passes through synchronism ; the magnetising 
component of this current is unaffected. 

Another important point is that the frequency of the generated 
stator current.s is independent of the speed of the rotor, both above 
and below synchronism. 'Phis becomes clear when it is remembered 
that the changes which take place in the rotor currents o^mite 
to anij fixed point on the stator have always the frequency of the 
stator supply and are independent of the speed of rotation (see 
page 33si. 

The behaviour of the induction generator may be traced on 
the circle diagram (for instance. Fig. 216, page 339) by continuing 
the circles on the lowot;sido of the horizontal line. Both “ input ” 
and torque become reversed, while the magnetising current remains 
the same as before 


Cascade Connection of Induction Motors. — Induction 
motors are said to be connected “ in cascade ” when the rotor 
winding of one motor is connected to the stator of a second, so 
that the stator of the second motor is supplied with the ])owei' 
generated electrically in the rotor of the first. This connection 
is indicated in Fig. 220. 

When 80 connected, the frequently of the currents supplied 
to the second motor is equal to the slip of the first. 

f ~ s 

Speed of the first motor — -= w, revs, per .sec, . .(1 ) 

' Pi 

Speed of second motor — — = u.> (2) 

Pi 

where are the respective slips of the two motors, and py pj. 
the number of their pole pairs. 

These speeds may have any relative value, if the motors are 
not mechanically coupled. If both are nmning unloaded, one 
motor may be brought to rest by applying a slight friction to its 
pulley ; the other motor will increase its speed to near synchronism 
at the same time. 

Under all conditions wo have the relation 
/=WlPl-l-W2P2 + «2- 

The sum of the speeds of the two motors is thus approximately 
constant, since is small. 
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Suppose the two motors to bo mechanically coupled by a belt 
so that their relative speeds are in the ratio *' 

Employing this relation between and n^, we find that the speed 
of the first motor becomes 

n 

, ' Pi i + J>2 

whUo the speed of the second motor is 

n = -L~ 

^ P.k + p, 

If the motor pulleys are equal, or if the motors are direct coupled, 
the speed of the set becomes (since it = 1) 

n = ^ - 

Pi-^P2 

which is the speed of a motor having the. same number of poles 
as the two machines together. 



Fio. 220.— Cascade Connection of Motors. 


By neglecting the losses in the motors, and consequentlv 
assuming that Sj is zero, it is easy to express their relative outputs. 

Assuming equal speeds, let = total watts supplied from 
line to first motor (see page 328). 


In motor (I) watts generated in rotor = 

^ / Pi+Pt 

This is the power given electrically to the second motor. 

Consequently mechanical output of motor (II) = Wn 

Pi+Pi 


(I) - Wj 


P) 


Pi +Pi 
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The cascade connection of induction motors has boon employed 
in traction. It is of practical value in test rooms, in order to obtain 
a supply of power at a different frequency from that cf the supply 
circuit. When two motors are mechanically coupled, it has been 
shown that the slip of the first one is a practically constant quantity. 
Its rotor may therefore bo used as a source of alternating power 
having a frequency equal to Si given in the formula above. The 
motor connected to the supply mains, and havuig a second motor 
connected in cascade, may be looked upon as a form of frequency 
transformer. 

By varying the relative speeds of two mduction motors con- 
nected in cascade, and by changing the direction of rotation, a 
large range of frequencies, both above and below that of the original 
supply may be obtained. 

The cascade connection of machines is employed in the motor 
converter for the conversibn of high-pressure alternating into low- 
pressure continuous currents. The cascade connection in this 
case has the important advantage that the converter is supplied 
with alternating currents of a lower frequency than those of the 
source of supply. 

The La Cour Motor Converter.—The motor converter 
consists of an induction motor and of a direct-current generator 
having a common shaft and mounted on the same bedplate. The 
rotor winding of the induction motor and the armature of the 
direct-current generator are connected in “ cascade ” 

Fig. 221 indicates the connections of a S-phaso motor convertor. 
S is the stator winding of the induction motor, which is connected 
direct to the 3-phase supply. R is the rotor windbig, the phases 
of which are connected to equally-spaced points on the generator 




•^srsr^l 




[ Wwienr* — -I ' 


Fio. 221. — Diagram of Motor Converter. 


armature 0. C is the commutator, and F the field winding of 
the gtaierator, which is made self-exciting. R iB a 3-phaso starting 
resistanco connected to the rotor in the usual way through slip 
rings. 

Lot us first assume that both mbtor and generator have the 
same number of poles. If this is the case, the motor will imn at 
exactly one-half the speed of synchronism, and the currents induced 
in its rotor and supplied to the generator armature will have a 

M 
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frequency equal to one*haIf that of the supply circuit. These 
currents will serve to drive the armature of the generator, acting 
exactly like the armature currents of a synchronous motor, since 
tlieir frequency corresponds exactly to the speed of rotation of the 
generator. Expressed differently we may say th{^t the S-phase 
currents induced in the rotor winding of the motor will bo such 
as to produce a rotating field in the armature of the generator. 
By correctly choosing the connections between the two machines, 
this rotating field may be made to rotate in the opposite direction 
in this armature to the direction of rotation of the armature itself. 
Since the speed of rotation of this field will be equal to that of the 
armature, the field will become stationary in space, and will take 
ap a constant position relative to the poles of the machine. This 
is exactly the condition whicli exists in the case of a synchronous 
motor. 

The machine which we have so far called the generator is thus 
partly driven by the induction motor through the shaft, and made 
to act as an ordinary continuous-current generator, and partly 
acts as a synchronous rotary converter, supplied with currents 
induced in the rotor of the motor and having one-half the frequency 
of the supply circuit 

In the case just assumed of an equal number of poles in motor 
and convertor, the continuous-current machine will obtain one-half 
the power given to it in the form of mechanical torque through 
the shaft, and one-half as electrical power through the rotor currents. 


If the two machines have not an equal number of polos, the 
speed of the set will bo that given by the formula 

n ^ page 34g), 

JK -\-V^ 


where n = revolutions per minute 
/ — periodicity of sujqfiy. 
p, — number of pole pairs of induction motor 
Pa — number of pole pairs of converter 

Also the induction motor will convert the fraction of 

+ P,i 

the total power supplied into mechanical power, transforming the 


remainder — -- — —of the power into electrical power transmitted 

+ P. 


to the convertor from the rotoi- winding (see page 353). 


The starting of the motor converter is very simple, since the 
machine runs up to synchronism automatically. The stator is 
switched on to the supply circuit, and the rotor resistance is then 
slowly reduced. The machine gnidually runs up to full speed. 
When this condition is reached, a voltmeter connected across the 
rotor slip-rings ceases to vibrate, and the rotor resistance may 
then be completely short-circuit(;d. In practice, the rotor winding 
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has a greater number of phases {e.g., nine or 12) connected to the 
generator armature. Three only are employed in starting, but 
all are short-circuited when synchronism is reached. 

It is evident that, unlike the rotary converter, any ratio of 
transformation may bo adopted in the case of a motor converter. 
This is accomplished by suitably choosing the ratio of stator to 
rotor turns in the induction motor. 

The motor converter has an advantage in efficiency over the 
motor generator, and on circuits of high frequency has advantages 
in regard to commutation over the rotary convertors, as well as 
having more easy adjustment of its output voltage. 

Voltage and Current Relations in the Motor Converter.— 

Considering first the induction motor, we have one circumstance 
which does not exist in the ordinary motor. We can vary the 
phase relation between current and induced voltage in the motor 
at will by alteration of the excitation of the 83 mchronously'runnirig 
converter. Since currents in the rotor will always be represented 
by currents producing the same ampere-turns (in both phase and 
magnitude) in the stator, it follows that it is possible to bring 
current and voltage at the stator terminals into coincidence of 
phase by suitable adjustment of the convertor field. If this is done, 
the stator takes only energy current from the lino, and the mag- 
netising current of the motor is all supplied from the rotor, i.e.., the 
rotor carries an idle current of the same number of ampere-turns as 
the stator winding would take under ordinary conditions of working, 
in order to produce the rotating field. 

Let us first assume that the matters are adjusted in the manner 
just indicated, so that the motor is receiving current at a power- 
factor of unity. 

The primary current per phase is then 

Where IK, is the total power given to the machine ; 

is the number of phases of the stator ; 

L'l is the phase voltage. 

Neglecting stator copper drop, 

A’, - 4 44 /,/T, ^’10-8 volt. 

Here /, is the winding factor of the stator ; 

7', is the stator turns ; 

F is the maximum flux per pole. 

The currents induced in the rotor have a frequency 

P. + ?d 

while the induced voltage has the value 

V ^ A’ 

• * A:(p + p.,)'‘ 

k being the ratio of transformation at standstill, between stator 
and rotor tapping points, when open-circuited. 
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The rotor current has one component balancing the stator 
ampere-turns, viz. ; — 

fc /i amps., Wj being number of rotor phases. 

In addition to this, the rotor carries a magnetising current 
giving the ampere-turns required to produce the rotating field 
Thus the total rotor current will be 


1 2 

The power transmitted electrically by the rotor to the converter 
is 


— wij 1 2 


-__J^ 

Ik - f 




The power transmitted mechanically is 


W 


P. + />.. 


As far as the first portion of the power is concerned, the motor 
operates as a transformer, and as regards the second part as an 
induction motor. 


Neglecting the small loss in winding resistances, wo know that 
the ratio between the rotor induced voltego and the commutator 
voltage will be given by the msual expression for the voltage ratios 
in a rotary converter, viz. 

alternating voltage between adjacent connectors _ 

voltage at commutator V 2 * 

The ratio between the alternating current supplied at each 
point of the direct-current armature winding, and the alternating 
current flowing in the armature conductors is given by 

current supplied at tapping point _ 
current in conductors of armature 2 sin 

For a mesh -connected rotor, the current per pha.se of the rotor 
v/inding will be equal to the alternating current per phase of the 
winding of the direct-euwent armature. With star-connected 
rotor, the rotor current per phase is evidently the current supplied 
to each point of the direct-current armature. 

The connection between the watt component of the alternating 
current and the direct current at the commutator is given from 
the following considerations : — 

W 

The direct current = /j = „ 

A.i 

where W is the power output, and the commutator voltage. 
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Also, the power represented by tlie alternating currents supplied 
from the rotor to the armature has already been shown to be 

W., ^ IK. 

' P. P.. 

Hence the alternating current supjiliod by the rotor to the armature 
will produce an alternating current in the armature conductors 
having a value 

L - , . X . r 

/>. -f Pi wi»sm — 

wig 

In addition to this current, there may bo an idle alt(‘rnating 
current depending upon the excitation given to the generator lield 
magnets. 

Let us suppose that it is desired that the magnetising current 
of the induction motor shall bo completely supplied by the rotor, 
and that in addition a leading idle current of amperes is to be 
supplied to the circuit in order to neutralise the idle lagging currents 
taken by other machines on the same circuit. 

This leading current will correspond to a rotor current of 

nil 

k I, amperes, so that the total idle current will have the value 

Ti% 2 

where is the rotor magnetising current. 

This current will be at right angles in phase to the current /, 
previously discussed, and will not produce any useful effect at 
the commutator. It will add to the heating of both rotor and 
armature without affecting the output of the set. 
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CHAPTER XII. 

Single-phase Motors. 

Singie^phase Induction Motor.~If a 3-phasc induction motor 
is running while connected to the supply circuit by three 
wires in the usual way, and one of those wires is broken, the motor 
will continue to rotate and to perform its work, merely taking a 
somewhat greater current from the remaining wires. The current 
supplied to the machine under these conditions is a single-phase 
alternating current. 

Further investigation will show that when supplied with single- 
phase current only, the properties of the motor are somewhat 
different from those of the ordinary 3-phaso motor. Thus, if the 
motor bo stopped and supplied with single -phase current while 
at rest, it will not start itself. If, however, it bo started by hand, 
it will probably continue to rotate and gradually attain its normal 
speed. Further, it will bo found that the motor may be started 
equally well in either direction, and will gain speed and continue 
to rotate with complete indifference as to its direction of rotation. 

The explanation of this behaviour is to be found in the fact, 
to be explained immediately, that, when stationary, there is an 
oscillating field (instead of a rotating field) set up in the stator by 
the single-phase alternating current. Let Fig. 222 represent 
diagrammatically the stator coils of a 2-pole motor with squirrel 
cage rotor, the phase supplied being shown by a firm line, the idle 
coils being shown by dotted linos. The flux due to the winding 
A will pass tlu’ough the rotor in such a way as to induce currents 
in the conductors a, 6, c, in one direction, and in the conductors 
(A, b^, c’ in the opposite direction, and these conductors may be 
imagined to form circuits a a', b b\ c c‘, &c., through which the 
stator flux is threaded, and in which it will produce currents. The 
whole of the rotor conductors may be imagined to be divided up 
in this way into separate circuits, the axis of each circuit coinciding 
with the axis of the stator coil A A^. These currents will thus 
act on the same magnetic circuit as the stator winding, and their 
magnetic effect will be neutralised by an increase of stator ampere- 
turns exactly equal and opposite to those rotor ampere-turns, in 
order that the stator flux may be maintained at its previous value. 

If, now, the rotor in Fig. 222 is moved round fairly rapidly by 
hand, the conductors under A i4iwiU move across the flux at A A^, 
and will have currents induced in them, the strength of which 
will depend upon the strength of the flux and the speed of rotation. 
The conductors in the neighbourhood of 6 b^ will move along the 
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direction of the flux, instead of across it, aiid wll hare little or 
no current induced in them by the rotation. The rotation will 
consequently produce an electromotive force in the rotor wmoing 
which is in phase with the flux generated by the stator current 
and tends to produce currents in the conductors of the rotor which 
form closed circuits about a horizontal axis, as in hig. 

Now these currents will produce a horizontal flux which will 
not affect the stator winding. The currents are consequently 
purely magnetising currents, and will be 90° in phase behind the 
electromotive force producing them. The rotation of the rotor 
thus gives rise to an alternating magnetic flux which is at right 
angles to the main flux both in direction and in phase. The sense 
of this flux will depend on the direction of rotation of the rotor, 
and its magnitude upon the speed. 



Fia. 222.— Principle of Single-phase Induction Motor. 

As already explained in the discussion of the production of a 
rotating field, the necessary conditions for the existence of such a 
field are fulfilled by the formation of two alternating magnetic 
fluxes in two directions perpendicular to each other, the phase of 
the fluxes differing by a quarter period. These conditions, there- 
fore, will exist in the rotor of the induction motor supplied with' 
single-phase current as soon as it is rotated with sufliciont speed 
to produce the current which forms the second field. At slow 
speeds the currents produced by the motion of the conductors 
across the stator field wiU be weak and the field produced by them 
will also be weak. The rotating field wiU consequently be unequal 
in strength and will have its maximum strength as it rotates into 
the direction of the axis of the stator fi(fld, and wiU bo weakest 
when it has moved into the position at right angles to this. We 
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shall consequently obtain at first a field rotating with the same 
average speed as the periodicity of the supply, but varying in 
strength during each revolution. As the speed rises the field will 
become more uniform until ultimately, when the speed attains its 
steady value, we shall have a rotating field differing only slightly 
from the uniform field to be found in a 2-phase motor. 

The greater current taken by the single-phase winding is due 
to the fact that this has to supply the whole of the magnetising 
current of the motor as well as the current necessary to balance 
the demagnetising ampere-turns of the rotor. 

It is interesting to note that the rotating field will now be 
capable of acting on the idle windings of the stator which we 
assumed to be cut out of circuit. Thus, if one wire of a 3-phase 
motor be interrupted, while the rotor is revolving, so as to convert 
the motor into a single-phase motor, and if voltmeters arc con- 
nected across the two idle phases, they will be found to have 
voltages induced in them of practically the same value as that of 
the supply. Further, the phase of the voltages induced in these 
windings by the rotating field will be the same as before, or 120° 
respectively in advance and behind the phase of the voltage in 
the winding which is still supplied with current. 

Starting Devices of a Single-phase Motor.— It has been ex- 
plained that a single-phase induction motor with short-circuited 
rotor is not self-starting, since no rotating field is set up in the 
stationary rotor. The various methods employed for starting 
such motors consist in the addition of an extra winding to the 
stator between the main windings, ie., so situated as to produce a 
field in a direction perpendicular to the field of the main winding. 
This extra winding must then be supplied by .some means with an 
alternating current out of phase with the current of the main 
winding, since this is the condition for the production of a rotating 
field. The chief differences in the .starting devices employed by 
different makers lies in the method of producing the phase- 
dillcrencc in the “ starting pha.se.” The usual arrangements con- 
sist of either an inductive resistance or conden.ser in the starting 
circuit, or a non-inductive resistance in the main circuit. By 
any of these means a difference in the relative inductance of the 
main and auxiliary circuits is produced, and a difference of phase 
in the currents in them is brought about. 

The starting torque of a single-phase induction motor is usually 
low and the starting current is relatively high ; it is consequently 
desirable whenever possible to start up under light loads only. 
The difference in pha.se produced between the currents in the main 
and auxiliai 7 phases is only small, and consequently the ffux per- 
pendicular to the main flux is weak. It is not of much use to make 
the auxiliary winding itself highly inductive by the shape given to 
the slots in which it is wound, since the rotor currents will largely 
neutralise the leakage lines and so destroy the self-induction. 
1 lence, it is usual to have a large choking coil in the starting circuit 
external to the motor, and to make the auxiliary winding itself 



SINGLE-PHASE MOTORS. 


361 


of only a few turns, so that its self-induction forms only a small 
part of that of the auxiliary circuit. In this case, it is evident 
that the higher the self-induction of the coil, the greater will be 
the proportion of the applied voltage absorbed externally to the 
motor. Consequently the greater the lag obtained, the smaller 
will be the strength of the flux. 

In the case of the Heyland motor, the. starting coil is wound in 
square holes, so as to give a largo leakage and great lag, but the 
winding is connected directly to the mains and a very strong flux 
is obtained and a largo starting torque. The impedance of the 
starting phase is thus kept smaller than that of the running phase, 
although %he self-induction is greater, and by the special method of 
winding, the leakage flux is counteracted to a comparatively small 
extent by the rotor currents. The current is greater in the starting 
phase than in the main phase, but the total currrent at starting 
under full load does not exceed twice the normal full-load current. 

The measurements to be made on single-phase motors are 
practically identical with those already described for polyphase 
motors, except that special attention must bo paid to starting 



Fio. 223.— .approximate Diagram for Singlo-phaae Induotion Mutor. 

current and torque, as it is chiefly in this respect that different 
types vary. It will be found that the maximum torque which can 
bo overcome by a single-phase motor is usually lower than that of a 
3 phase or 2-pha8e motor of the same rated output. 

Circle Diagrams for the Single-phase Induction Motor. 

We will first give the approximate construction, which is that 
most usually employed for commercial purposes, and afterwards 
give a diagram from which the performance of the motor may bo 
more completely studied under all conditions of loading. 

Approximate Diagram.— A horizontal lino 0 B is taken, and 
a length D set off from 0, so that 0 represents the magnetising 
current which the motor would take per pliase, if the stator were 
wound as for a ^i-phasc motor, with the same magnetic circuit 
flux per pole, &c., as the actual motor. To the same scale 0 B is 
made to represent the theoretical short-circuit current per phase 
of the 2-phaso motor, when supplied at the same voltage. 


362 


SINOLE-PHASE MOTORS. 


Thus = (ria the “coefficient of dispersion” of the motor. 

If a circle were described on B J4* (as shown dotted in Fig. 223) 
we should have the ordinary circle diagram for a 2 -phase motor, 
0 representing the stator current per phase, and the 

equivalent rotor current ; while would bo proportional to 

the torque (neglecting the motor losses). 

In order to make the diagram show the conditions for a single- 
phase motor, a length 0 .4 is set off from 0 equal to twice 0 
and a serai-circle (shown in full in Fig. 223) is drawn on jB .4. This 
serai-circle then represents the locus of the primary ci^rrent for 
the single-phase motor with sufficient accuracy for ordinary pur- 
poses within the working range of loads. The diagram may be 
completed by describing torque and output circles passing through 
B and A exactly as with a polyphase motor. The quantities 
derived from these circles are, however, not represented to the same 
scale as for the polyphase motor. Also, they can only be taken 
from the diagram without correotion, for loads which do not greatly 
exceed the full load of the motor. It wiU be seen that the angle 
of lag 0 of the current behind the electromotive force 0 E is greater 
in the single-phase motor than in the corresponding polyphase 
motor, having the same value for its dispersion coefficient tr, i.e., 

the same ratio 7, 

U Jo 

The value of o- is calculated in the same way for both types of 
motor, from the dimensions of teeth, air-gap, &c. 

The scale to which the torque is represented on the completed 
diagram of the single-phase motor is best found as follows : Deter- 
mine the power supplied to the motor for some definite value of the 
stator current ; deduct the stator /* B losses corresponding to 
this condition of working, and also the iron and friction losses 
(no-load losses), and divide the remaining power by the angular 
velocity (2 n). This will give the torque corresponding to the 

conditions assumed, and may be used to determine the scale to 
which the line E N and all similar lines represent the torque. G M 
represents the input to the motor, and a third circle qf output 
(not shown in the diagram) may be drawn to give the output of 
the single-phase motor by subtraction of the rotor copper drop 
from JS? jB in the usual way. E N represents the “ synchronous 
watts ” of the motor to the same scale that G M gives the input 
watts. 

More G>mplete Diagram,— It is well known that the behaviour 
of a single-phase induction motor may be studied by imagining 
the oscillating flux of the stator to be replaced by two oppositely 
rotating fluxes, each having a constant value equal to one-half the 
maximum value of the alternating stator flux. The following 
construction, while employing a somewhat similar principle and 
leading to similar results, is approached from a rather difierent 
point of view. 
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Let the stator winding A (Fig. 224) of the single-phase motor 
carry a current producing / T ampere -turns, and give rise to a 
field for simplicity shown as forming only two poles which have a 
vertical axis in Fig. 224. Imagine a winding B consisting of 
two equal sections to be added to the stator, and suppose further 
that the sections of this winding carry equal and opposite currents, 
/, each equal to that in the actual stator winding. This imaginary 
winding B B^ i& supposed to be wound on the stator so as to form 
a field perpendicular in space to that of the actual winding, and to 
be supplied with current which is at right angles in phase to the 
actual stator current. The addition of this winding would not 
in any way alter the actual conditions of working, since the added 
winding, will carry equal and opposite ampero-tuma in its two 
sections. 



Fia. 224.-— Strttor of Single-phase Motor, Imaginary Winding Addod. 


Wo may now look upon the rotor as b^ing acted upon by i\\^^ 
ollowing stator currents : — 


/ T 



ampere turns in coil A. 


B perpendicular to those in A in 
both space and time. 


ampere turns in coil A'. 


IT 

- „ „ „ B' perpendicular to those in 

A^ in both space and time. 
Now, each of these pairs of windings A, B and A’, will fulfil 
all the conditions for the production of a rotating field, exactly as 
in a 2-pha8e motor. But the direction of rotation of the field 
due to coils A , B will be opposite to that due to coils A\ Bh 

The actual conditions are not in any way changed by the addition 
of equal and opposite ampere-turns, so that the state of things 
just described corresponds exactly to that in the actual motor. 
Wo may thus look upon the rotor as being acted upon by two 


oppositely rotating fields, each due to a 2 -phase winding of- 


tums per phase. It can be shown that the effect of each of these 
fields is independent of that of the other, so that we may, for greater 
clearness, imagine each field to act on a separate rotor. 
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It is not difiBcult to see that the current induced in the rotor 
by the two delds will be quite distinct when we remember that the 
frequencies of the currents will have quite different values. The 
frequency of the currents duo to one field will be s cycles per second, 
while the frequency of the currents due to the other rotating field 
will be 2 / — «, whore s is the positive slip in cycles per second of 
the rotor behind the field rotating in the same sense as the rotor 
and / is the frequency of supply. 

We thus arrive at the result that the single-phase motor is 
equivalent to two 2-pha8e motors acting on a common shaft, 
having their stators connected in series, but their rotors electrically 
independent. 

We may thus replace the fliimle-phase motor, having stator 
coils A and supplied with C T ampere-turns, by two 2-phase 
motors as in Fig. 225, motor I. with coils A, B, and motor II. with 
coils A\ on their respective stators, motors I. and II. being 
supplied in series and each having a stator current per phase 
G T 

producing ampere-turns. ,, 


+cr 

'2 


Fio. 225 . — 'fwo Polyphase Motors, Equivalent to a Single-phase Motor. 

If these motors are stationary, they will both have a slip of 
/ cycles per second, or of 100 per cent, but in opposite directions, 
since their fields rotate oppositely. Their torques will be equal 
and opposite, and the resultant torque on their common shaft 
will consequently be zero. If the shaft has a rotation of n revs. . 
per second in the sense of the rotation of motor I., the slip of motor 
I. will be / — n cycles per second, while the slip of motor II. will 
have become / -f n. For any speed of rotation in eithqr direction 
the algebraic sum of the slips of both motors will bo 2 /. 

The two motors must be considered always to take equal 
currents, since they are connected in series according to our sup- 
position ; but the voltage across their terminals will vary with 
their relative speeds. The sum of the two imaginary motor 
voltages forms the actual voltage of supply of the single-phase 
motor, which is constant. We must now consider how to ascertain 
the distribution of this constant voltage of supply between the in- 
dividual motors. 

Let E be the constant total voltage of the single-phase motor, 
E^, A ’ 2 the voltages of the two polyphase motors, and C the current 
per phase taken by these motors. 
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Further let 



and Oj = 

where Q^, O2 may be called the total “ apparent impedances ” of 
the motors when running (this is, of course, a quite different 
quantity from the impedance of the motor windings). 

We have then the relations 

E = -f ^2 

also E, = CG, 

and E2 ~ CO 2 



so long as the motors are considered as being connected in series 
so as to take the same current. 

The quantities (r,, Q2 will vary with the speed of the motors, 
but will have a definite value at any given speed. Let us now 
imagine the two polyphase motors to be connected in parallel to 
the supply circuit (instead of in series) and to be still operating at 
the previous speed, so that the values of 0 ^ and remain the 
same as before. The currents taken by the motors under the 
new conditions will be inversely proportional to the “ apparent 
impedance ” of each motor. We will suppose the currents to be 
E 

Cl = ^ for motor 1 . 



for motor II. 


whence 


C, ^ G2 
C2 C. 
or, from the previous equation. 


^,_C, 

E2-C, 


That is to say, the voltages of the motors when connected 
in series will bear to one another the inverse ratio of the currents 
which the motors would take if connected in parallel to a common 
supply, while running at the same speed. 

Thus, if we find (by means of a circle diagram or otherwise) 
the current of one of the 2 -phase motors when working on tfu' 
constant voltage, E, first with a slip / — n, and then with a .slip 
/ -f ?i, these will be the c irrcnts denoted as C, and Cj above. We 
can from these currents determine the voltages E^ and E2 at the 
terminals of the two motors when connected in series across this 
voltage, and when their rotors are running at a speed n, corres- 
ponding to a speed of n revs, per second of the single-phase motor. 

If we now draw two circle diagrams, representing two 
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similar motors working at voltages and E, and having slips of 
f - n and / + w, wo can obtain the torque, input and output of 
each motor by the usual construction as applied to polyphase 
motors By adding the two values of any of these quantities 
obtained for the two motors, with due regard to sign we the 

torque, input, and output of the single-phase motor of which they 

"""^WeTay now proceed to the construction of an actual 
A circle diagram is drawn for the single-phase motor exactly 
if it had Sen provided with a 2-phaae stator wmdmg. havmg 



one-half the number of coils per phase of the actual 
winding, and working on the full voltage of supply. S^ch a diagr 
is shown in Fig. 226, where the coefficient of dispersion of the mo^ 
(T = 0 A/0 B. 0 is the short-circuit current and drawn 
perpendicular to the radius / J5 of the torque circle is the sjlP. 
the length p O' representing a eUp of IM ^ cent. 
p into ten divisions, and continuing the Ime beyond 0 m 
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with the same length of subdivision as before, we obtain the means 
for finding the running conditions for slips of greater than 100 per 
cent., t.e., for a backward rotation of the motor. For the purpose 
of a finer graduation of the slip at high speeds, a second slip line 
is shown on the right of the diagram, from which slips up to 10 
per cent, may be read more exactly. 

For the purposes of explanation of the further method of pro- 
cedure, we will assume the single-phase motor to be working with 
a slip of 15 per cent, (choosing a large slip to make the method 
of constiTic^ion more distinct). The current 0 G corresponds to 
a slip of 15 percent, in Fig. 226, since the line J? C is drawn through 
the 15 per cent, mark on the slip line p G^. 

Now, if the polyphase motor I. works with a shp of 15 percent., 
the motor II. will work with a slip of 200 — 15 — 185 per cent. 
Accordingly, the stator current corresponding to a slip of 185 per 
cent, is determined also, being the line 0 G". The point G" is 
obtained by joining B to the point 185 per cent, on the slip lino, 
the junction line cutting the input circle at G". 

The currents which would be taken by the polyphase motors 
I. and II. when connected severally to the voltage of supply are 
represented in phase and magnitude by the lines 0 G, 0 G" \ in 
fact, these are the currents C, and Cj previously spoken of! We 
have now to draw the diagrams for these motors when connected 
in series across the mains, remembering that the voltages which 
they will receive are inversely proportional to the magnitudes of 
the currents just found, and that the sum of the voltages is the 
voltage E represented by the line 0 5 in the upper diagram. 

Draw a horizontal line b’ b' below the diagram. Fig. 226, making 
b" b' equal to 0 5 and placing b" vertically under 0. The line 

0 G 

b" b' is now to be divided in the ratio This may easily be 

done by marking off lengths b' e~ 0 G" and e g ~ 0 G vertically 
from b' (in the diagram half these lengths are marked off for the 
sake of reducing the length of the diagram). Join g 6 ", and draw 
e o' parallel to 6 ' to cut the lino b" b' in o'. The voltage E repre- 
.sented by b" b' is now subdivided so that 6 * o' represents the voltage 
of motor II. and o' 6 ' is the voltage of motor I. 

On b" o', o' b' we have now to construct the circle diagrams 
which are to represent the performances of the two motors. In 
order to do this we must first divide each of these lines at points 
a', a” in such a way that 

o' a' ^ ^ _ 

o'J'^ o’ b''~OB~''' 

The point o' is easily found by drawing a line 0 o' and producing 
it to cut the vertical line through B 6 ' at q. Joining A 7 we obtain 
the required point o'. The point a" for the motor II. is similarly 
obtained by drawing B 0 ' to cut the vertical lino drawn downwards 
from 0 at r, and a second line from a point B' taken so that B B' ~ 
0 A, drawn to r to cut 6 ' 0 ' in o'. 
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Semicircles may now be drawn on b' a' and on a" b" to represent 
the loci of the currents taken by the motors 1. and II. I>awing 
o' c' parallel to 0 (7 we have the current of motor I. Similarly, 
o' c" drawn parallel to 0 C" gives the current of motor II. These 
currents will be found to be equal, although they do not appear to 
be in phase with one another in the diagram, because the voltages 
at the motor terminals are drawn as if in phase. The resultant 
of these two currents (the lino c' c") is the current actually taken 
by the stator winding of the single-phase motor. 

The torque and output circles may now be put into the smaller 
4jiagrara8 from the larger ones. This is done directly in the case 
of the left-hand diagram by drawing radiating lilies through G E F 
in the large diagram to the point q to intorsoct the line c' b' at 
corresponding points c' t' f', through which the circles must pass, 
as well as through b' and a'. The circles in the right-hand diagram 
are directly derived from those on the left, since lines drawn through 
o', which are tangential to the circles of one diagram, will also be 
tangential to those of the other. 

The two diagrams now drawn on b' b" represent the performance 
of the single-phase motor at the speed chosen. Thus, for example, 
the torque of the motor I. is given by the line t' m', and that of motor 
II. by e" m". The torque of the single-phase motor is the difference 
between these, since motor II. always exerts a negative torque, 
acting in fact as a generator. Similarly the resultant output is 
given by the difference of the ordinates of the output circles of 
the two motors. The resultant rotor current of the single-phase 
motor is the resultant of the lines a' c' and a" c", representing the 
respective rotor currents of the two motors. 

It is now possible to see to what extent the original approximate 
diagram (Fig. 223) gives correct results. The torque of motor II. 
is evidently very small when the shp of motor 11. is largo, i.e., 
when the slip of the single-phase motor is small. In such cases 
it is consequently nearly correct to neglect the negative torque 
and output of motor II., as is done in the construction of Fig. 
223. Further, when motor I. runs synchronously, the voltage 
o' b" of motor II. will be only the impedance drop in this motor, 
duo to the current taken by the motor I. This small voltage is 
represented in Fig. 223 by the length A, which may also be 
taken as showing the magnetising current of tha second motor. At 
synchronism it would then bo found that the diagrams. Figs. 223 
and 226, would give the same construction, and at speeds near 
synchronism the divergence in results is very small. For the 
stationary single-phase motor, Fig. 223 would still show a con- 
siderable positive torque, whereas in Fig. 226 the torque would be 
the sum of two equal and opposite torques, since the two semi- 
circles on b” a\ b' a' would then be equal. Thus, for low speeds 
the diagram shown in Fig. 223 would give misleading results, while 
near synchronism it gives satisfactory information. 

The simple diagram (Fig. 223) is based on the assumption of 
a uniform rotating field. In a single-phase motor the field only 
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has an approximately uniform value at synclironous speed. The 
field becomes elliptical with a major axis coinciding with the axis 
of the stator winding at lower speeds. The lower the speed the 
less is the strength of field measured perpendicular to the axis 
of the stator winding. This divergence is neglected in the con* 
struction of Fig. 223, and is accounted for by the oppositely 
rotating flux which forms the basis of the more complete con- 
struction given in Fig. 226. 

It is to be remembered that the two small diagrams shown in 
Fig. 226 give the results for one value of the slip only. A series 
of such diagrams can, however, be rapidly constructed when the 
construction is once grasped. 

Single-phase Commutator Motors. 

General. — This class of motor is growing in importance, 
especially for alternating-current traction work. The armature 
resembles that used for continuous c.urrents. The field system 
is necessarily laminated, in order to reduce eddy-current losses 
which would result from an alternating flux, and may bo arranged 
with definite salient poles as in continuous-current motors, or the 
motor may have a uniform air gap, the position of the polos then 
being determined by the windings alone. 

Electromotive Force in Armature.— Before considering any 
special type of alternating-current commutator motor, it is 
necessary to form a clear idea of the two electromotive forces 
which are induced in the armature by an alternating field. 

Let us consider the case of an armature exactly similar in con- 
struction to that employed in continuous-current motors, situated 
between two poles, in which an alternating flux is maintained, as 
indicated in Fig. 227. Imagine the armature to be coupled to a 
motor, and so made to rotate ; but suppose that no current is 
supplied to it. 

Electromotive Force of Rotation. -If at any moment the 
left-hand polo is of North polarity, an electromotive force will be 
induced in the conductors which move across the flux. The direction 
of this electromotive force will be the same for all conductors situated 
in the left-hand half of the armature B A B\ which are moving down- 
wards across the flux, and will be such as to act in the winding 
from B to B\ Similarly, the conductors in the other half of the 
armature JS' AW? will have induced in them an electromotive force 
due to their moving across the flux in an upward direction, pro- 
ducing a resultant voltage in the winding from B to The 

result is the production of a difference of potential in the armature, 
which has a maximum value between the points B and jBh A 
reversal of the field will reverse the sense of this difference of 
potential, which will then have a maximum positive value at B 
instead of By connecting a voltmeter to brushes fixed at B 
and B^, we should obtain a deflection indicating fhc value of the 
voltage induced in the armature. 
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This voltage reverses with each reversal of the field, and con- 
sequently has a periodicity which depends upon that of the field, 
and which is independent of the speed of rotation of the arniature. 

The magnitude of the voltage induced by rotation depends on 
the strength of the field, and on the speed with which the con- 
ductors cut the lines of the field. With a definite maximum value 
of the alternating flux, the voltage will depend only on the speed 
of rotation of the armature, and will be directly proportional to 
this speed. 


B 



Diagrams Illustrating Single-phase Armature. 


Assuming the more usual case of a drum-wound armature, the 
average value of this voltage will be given by the usual formula 
for a generator ; — 


E,, = 


nNF^ 

■'"lO* 


T 

4n~F.. 

10 * 


where n — revs, per second of armature. 

N = active conductors on drum-wound armature. 

2 

= average value of flux = F — 

TT 




No. of turns on armature = 


A 

2 


Substituting F (the max. value of the flux) for F^, 
2 T 

10 « 


or E = Ml E,, = — 4-44 F \0 ^ 

where E is the virtual value of the electromotive force. 

Although the conductors &t A are those in which the electro- 
motive force of rotation has the highest value, no difference of 
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potential exists between the points A in. the armature. The 
axis of the armature along which the maximum ditferonce of 
potential is formed is the neutral axis B The phase of this 
induced voltage is the same as that of the flux, t.e., practically* 
the same as that of the Held current. 

Electi'oinotive Force due to Transformer Action.— If the 

armature is considered to be stationary, there is still an electro- 
motive force induced in it, due to the alternate introduction and 
removal of the field flux. The maximum electromotive force duo 
to this cause will be induced in those armature coils which present 
the greatest surface normal to the flux, i.e., in the coils at B B^. 
The direction of the electromotive force of all coils round the upper 
half of the armature in Fig. 227 will bo identical. The direction 
of the electromotive forces in the coils of the lower half of the 
armature will be oppositely directed round the armature. Hence 
the points of maximum difference of potential in the armature 
will bo in this case. As with the rotational electromotive 

force, the axis joining the most active conductors is perpendicular 
to the axis of greatest difference of potential in the armature, 
which is now the axis of the maui flux. 

The phase of the induced voltage is 90*^ behind that of the flux, 
since the voltage is proportional to rate of change of flux. 

The frequency of the electromotive force is evidently the same 
as that of the flux. 

The magnitude of the electromotive force depends only on the 
value of the flux and its rate of alternation. It is therefore inde- 
pendent of the speed of the motor, and will have the same value 
whether the motor rotates or is stationary. Its virtual value will 
bo given by the usual formula employed for transformers, viz. 

2 T 

-.4'44/-_-F 10-« 

7t ^ 

T 

when = number of turns of the armature winding 

acting in series — - total turns. 

F = maximum value of the flux. 

2 

*" = a constant, introduced on account of the fact that 

n 

the same number of linos do not thread through 
all- the armature turns. With a non-uniform 
field or other system of armature winding a 
different constant would have to be employed. 


Bxcept (or lag of the flux due to bystcrcsiM. > 
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We may summarise the comparison between the two induced 
voltages as follows : — 

Electromotive Force of I Electromotive Force due 

i Rotation j to Transformer Action 

Axis of most active Parallel to field. I Nornjal to field, 
conductors. 

Axis of re.sultant i Normal to field. , Parallel to field, 
electromotive force 

in armature. | 

I 

Phase. ; Same as that of field. 90° behind field. 

Magnitude. ^ Proportional to flux: Proportional to flux 

and speed of i and frequency, in- 
motor. ! dependent of speed. 

d'he ratio between the electromotive force due to rotation of 
the armature in an alternating flu.v and the electromotive force 
due to transformer action of the same flux is seen to be : — 
Rotation electromotive force n 

Transformer electromotive force / 

The Series Motor. — The electrical circuit of a simple alter- 
nating-current series motor is identical -with that of the direct- 
current series motor. In construction the two machines are simi- 
lar, except that the whole of the magnetic circuit of the alternating 
machine is laminated, in order to avoid excessive eddy-current 
losses. 

.^ince there is only a single electrical circuit, the same current 
flows in the armature and field. We may assume the flux of the 
field to be in phase with this current (i.e., we shall neglect the 
slight phase difference due to iron losses). 

A torque will be produced by the current in flowing from brush 
to brush, since the conductors carrying this current will be situ- 
ated in the main field, and the armature currents will be in phase 
with this field. The torque at any moment will consequently be 
directly proportional to the product of the current and flux, i.e., 
nearly proportional to (current)" because the flux is itself nearly 
])roportional to the current. Evidently (as in the continuous- 
current motor) the currents flowing at A (Fig. 228) will tend to 
produce a torque in the same sense as the currents at Ai, since 
these currents will be. flowing in opposite directions through the 
plane of the diagram. The torque of the series motor is constant 
in direction, since armature and field currents reverse simul- 
taneously. The torque will be pulsating and unidirectional. 

The electromotive forces in the armature may be enumerated 
shortly on the basis of the preceding section. 

(1) Due to rotation in the main flux an electromotive force 
will be induced in phase with the flux, and acting along the axis 
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from brush to brush. This is the back electromotive force with 
which we are familiar in continuous-current motors. Its phase 
is not in direct opposition to the terminal voltage of the motor, 
but varies with the phase of the current, since it is in phase with 
this current. 

(2) Duo to transformer action of the main flux, an electromotive 
force is formed 90° behind the flux in phase, and acting along the 
axis of the field, i.e., between A and in Fig. 228. Since this 
electromotive force does not produce any difference of potential 
between B and 5^, it has no effect on the circuit, or on the 
behaviour of the motor. Those alternating differences of potential 
formed between the points A and Ai do not affect the armature 
currents, since they balance one another in the armature winding. 

(3) The armature currents will produce a reaction flux along the 
axis B By This flux will bo in phase with the armature current. 
In cutting this, the rotating armature conductors will have induced 



in them a voltage of rotation along the axis A Ay This voltage, 
like the last one, and for the same reason, will have no resultant 
effect on the motor circuit. 

(4) The armature reaction cross flux will have a transformer 
action on the armature coils, producing thereby the usual back 
electromotive force of self-induction, in phase behind the 
current, and acting along the axis Bi B. Otherwise expressed, 
the armature will have reactance in virtue of this flux, necessitating 
the application of a voltage at the brushes 90° in phase in advance 
ot the current, and equal to the product of current and reactance. 
The production of an alternating flux by the current flowing in a 
winding can always be expressed as a self-induction of the winding. 

We are now in a position to enumerate the components of the 
applied voltage, and to show their phase relations on a diagram, 
on the assumption that iron losses may be neglected. 

0 I represents the current taken by the motor. 
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The voltage will have the following components (see Fig. 229) : — 

A B ~ I X Rt component overcoming field resistance in phase 
with current. 

0 A — 1 X Xf component overcoming field reactance 90° in 
advance of current. 

D F = I X Ri, component overcoming armature resistanco in 
phase with current. 

B D — I X component overcoming armature reactance 90° 
in advance of current. 

F E € = component overcoming induced electromotive force 
of rotation in phase with current. 

R 

/'i 

/ I 

/' 1 

/ 1 

/ I 



Fio. 230 .— Circle Diagram of Series Motor. 

Those various voltages will be easily followed out in the diagram, 
Fk. 229. In this diagram it is evident that 0 B indicates the 
voltage across the field, and B F the volts across the armature 
when stationary. The conditions at starting (if without added 
resistance) would bo obtained by assuming the voltage as repre- 
sented by F" to be zero. The applied voltage would then be 

the vector O F. • +i 

If we assume a constant applied voltage, we may mvert the 
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diagram given in Fig. 229, so that tho component voltages lie in 
a semicircle described on a diameter representing tho applied 
voltage 0 E. The various component vhltages may be separated 
for any value of the load by tho addition of semicircles as shown 
in Fig. 230. The length of tho diameter 0 // of tho semicircle 
which cuts off tho reactjinco voltage / X, of tho field, is obtained 
by dividing 0 E in the ratio of tho reactance of tho hold to that 
of tho armature, so that 

0 II _ A', 

H E - A. 

Tho vertical diameter E L of tho semioircle cutting off tho 
total resistance voltage is drawn so that 

E L total resistance of motor _ 1 

0 E total reactance of ino^)r A'., -|- Af 

The point L may also bo obtained by drawing the dotted lino 
0 L, making an angle X 0 L with tho vortical lino 0 X equal to 
the angle of lag of tho current behind the terminal volts on short- 
cu'cuit, and producing tho lino to cut tho vertical line through K. 

Tho point K divides the lino E L, so that 
E K _ li^ 

EL ' R,~\- R, 

G P is proportional to the power supplied to tho motor (see 
page 339). 

N Q is proportional to tho power wasted in tho resistance of 
the windings of both armature and field 

The difference between tho ordinates 0 P and iV ^ is propor- 
tional to the useful output. 

Tho speed of tho motor is proportional to the length of L R* 

The current is proportional to tho length of 0 0, tho power- 
factor being tho cosine of tho angle X 0 0, marked 

0 Oj is the starting current corresponding to full voltage applied. 

Compensation for Armature Reaction. — It will be noticed 
from the preceding diagrams that there are two factors which 
reduce the power-factor of the motor-circuit, viz., the reactance 
of tho field and tho reactance of tho armature. The field reactance 
is a necessary evil in all series motors, since tho flux to which tho 
reactance is due is tho flux upon which the torque depends, and 
without which the motor could not work. Tho armature reactance 
is due to a reactance field formed along an axis such that the currents 

• The speed will be directly proportional to the eloclromotive force of rotation and in- 
versely proportional to the flux through the armature, so that the speed n 

Since the straight line through iJV would be parallel to RO, and since the triangles £0 H 
0 0 K me similar, we have 

as It L 
0 rr It R 

. OS OR GO 
R L It R E O 

Hence R L =~ E 0, which prove.s the projiortion, since £ 0 is a constant. 
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in the armatuiu experience no resultant to;rque in passing through 
it. It was seen on page 372 that this flux produces an electro* 
motive force at right angle in phase to the current. This flux is 
of no advantage, and is therefore neutralised in commercial motors 
in the manner now to be explained. 

The current in the armature of the motor illustrated in the 
diagram Fig. 227, page 370, produces a vertical flux. This action 
of the armature winding is illustrated by the coil marked F in 
Fig. 231. If the production of this field could bo prevented, the 
winding would bo- non-inductive. The method actually adopted 
is suggested by the dotted coil in Fig. 231, having the same number 
of turns as the armature,* but wound in an opposite direction 
round the magnetic circuit followed by the reaction flux, and 
tending, therefore, to produce an equal and opposite field. When 
connected in series it will bo seen that a current flowing through 
the two windings in Fig. 231 will produce no resultant flux in the 
air gap. A slight stray field will always remain, but both windings 
joined in series will bo very nearly non-inductive. 



Fig. 231. — Diagram to Show Principle oi Neutralising Winding. 

An alternative method for preventing the armature reaction 
flux crossing the air gap is to make the coil D a separate circuit 
short-circuited upon itself. In this case any flux entering D will 
produce alternating currents in it, oppositely directed to those 
flowing in F, and thus ensuring that the resultant ampere-turns 
on the circuit remain practically zero (c.f., the low impedance of a 
transformer with short-circuited secondary). With the latter 
arrangement the currents in coil D will automatically vary in sym- 
pathy with the (uirrent in F (which represents the armature), so 
that in effect the action is almost identical with the first arrange- 
ment when the coils are connected in series. 

The compensating winding omplpyed in a series, motor consists 
of an additional winding on the stator placed with its axis midway 
between the main polos and connected either in series with the 
main circuit or short-circuited on itself. This coil would tend to 
produce a vertical flux in the diagrams (Figs. 227 and 228) equal 
and opposite to the vertical armature reaction flux. 

The effect of this neutralising winding is to raise the power 


• The tiims nre hen; for simplicity iissumcd to be equal in number. Tliis is not exactly 
the case in commercial motors. 
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factor of the motor by reducing or eliminating the component 
voltage marked BD 'm Fig. 229 and QM in Fig. 230. 

Sparking at the Brushes. — One effect of the voltage induced 
by transformer action of the alternating field flux is of importance, 
owmg to Its influence on the commutation of the motor. 

AlthougR the voltage induced between tho points A (Fig. 
227) has boon shown to be without effect on the behaviour of the 
motor, tho induced voltages in individual coils of tho armature 
at the moment when they are short-circuited at the commutator 
by the brushes may give rise to heavy currents. In order to illus- 
trate this point wo may refer to Fig. 232, whore it is evident that 
the coil indicated is temporarily short-circuitod bv tho brush, 


B 



I'KJ. 232.— .Sparking Duo (o Transfonnor Action, 

and that it is in the position to enclose a large part of the alternating 
flux of the field. The electromotive force induced in coils whlio 
.short-circuited like the one shown will tend to produce heavy 
currents, which will produce heating at the brushes nnd sparking 
when th(5 circuit is broken as the brush leaves .successive segments. 
This is the principal cause of tho tendency to spark in a series 
alternating-current motor, which has to be carefully guarded 
against. Two features in the design of alternating-current motors 
are adopted to minimise the effect. The number of turns in tho 
armature per commutator segment is made as small as possible, 
and a low frequency is usually adopted. Special forms of brushes 
have also been employed to overcome sparking. 

General Characteristics of the Series Motor. — In general 
behaviour, as regards speed and torque, the alternating-current 
series motor resembles the continuous-current series motor. It 
is essentially a variable-speed motor, giving a high torque at low 
speeds, and liable to run at an excessively high speed when unloaded. 
It is important to notice that the torque depends on tho current 
only, and not on the power-factor. Thus the motor exerts a high 
starting torque while taking a small power from the line, because 
of its low power-factor when starting or running at low speeds. 
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The Repulsion Motor. 

Preliminary Consideration. — We shall introduce here an 
illustration of a principle which will assist us in the discussion of 
the repulsion and compcnsatc-d repulsion motor. 

LfOt A and B in Fig. 233 ri^present two transformer.s with their 
primary windings connected in series to a source of constant voltage. 
Let the transfornuTs be without leakage self-induction, and have 
negligible iron losses. Let the secondary of B be short-circuited 
while transformer A is on open circuit. 

Under these conditions the voltage E„ across the primary of 
B will be very small, representing only the drop in the resistance 
of its windings due to the current /, which flows through the primary 
of both transformers. Its phasi* will be that of 1. 


< 1 




Diagram of Short-firouite^l and Upon -circuited Transformers in Series. 


The greater part of th(^ total voltage K will be represented by 
the voltage bc'twcen the terminals of the open -circuited trans- 
former A. The phase of E, will be nearly 90'’ in advance of the 
current 7. 

Transform(ir B will behave practically as a non-inductive 
resistance of low value, the flux produced by the current in the 
primary winding being “ neutralised ” by the action of the short- 
circuited secondary winding. 

Transformer A represents a high inductance, since the primary 
current in this cas(i .sets up a strong flux in the transformer core. 
The groat divergence between the angle of phase difference between 
current and voltage in the two cases may also be regarded as follows : 
In transformer B the magnetising component of the current is 
very small, since only a small flux is produced ; current and voltage 
are consequently practically in phase. The current in the primary 
of A is almost entirely magnetising current, and therefore at right 
angles in phase to the terminal volts. 




SINGLK-PHASE MOTORS. 


37!) 


The relation between the voltages and current may bo *vn 
from the phase diagram (Fig. 234). 

An in^irtant point to be noted is that in the transformer B 
the small flux inducing the low voltage required for overcoming 
the secondary copper loss is practically at right angles to the 
current in phase, while in Iransforuier A flux and current are in 
phase. In cither case flux and induced voltage are mutually 
perpendicular. 


In a transformer loaded non-indiictively, the current is almost 
a right angles to the flux in phas<i, the magnetising current being 
relatively small. On no-load, ciirivnt and flux are in phase (except 
for iron losses). As the load iiieivasi^s in such a cas(^ the phase 
diHerence between primary current and flux increasi^s from almost 
zero to almost 90° (c.f. transformer diagrams, Figs. 89 and 90 
pages 159 and 160). 


Action of the Repulsion Motor.— K.elVrring to the discussion 
of the series motor on jiagc 372, we have seen that if a closed-circuit 
armature of the usual continuous-curnait type is placed in an 
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alternatiiig magnetic field, a voltage ivsults along tlie axis A A> 
of the field due to transformer action, lirushes jil.iced on the 
commutator on the axi.s A A' would be at difTerent fiotentials, 
and if they were short-circuited a heavy current would flow through 
the armature and the conductor emuK'cting tlu^ brushes. This 
currt'ut could produce no n'sultant torque on tlu^ armature, sine,* 
the torque due to the currents in individual conductors will balance. 
For instance, the torque due to currents flowing in the armatun^ 
conductors between B and A will be exactly balanct'd by an 
oppositely-directed ton|ue due to tlu; currents flowing from ii' to 
A (see lig. 23o). If the brushes were moved into the positions 
B (Fig. 235) while still short-circuited and with the armatun* 
stationary, there wouhl again be no torque, because there is no 
resultant electromotive force in the armature along the axis B B\ 
due to transformer action, so that there will bo no current between 
the brushes. 

Now let us suppose that the brushes are move4 into on inter- 
mediate position, as shown in Fig. 236. There will be an electro- 
motive^ force formed between them, although thi.s will l>e less than 
that existing between A and A* ; consequently a current will 
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flow through the armature and conductor joining the brushes. 
This current will produce a torque, although not such a large one 
as the same current could produce with the brushes situated along 
the vertical axis of the armature. In fact, the currents flowing 
to the brush along the path A B will produce a torque in an opposite 
direction to the current in the conductors between B and the top 
of the armature. 

In order to consider what happens under those conditions, it 
will be convenient to imagine the actual horizontal field as replaced 
by two component fields, one parallel to the short-circuited brush 
axis and one perpendicular to this axis. We shall therefore con- 
sider the arrangement shown in Fig. 238, to represent the same 
conditions as Fig. 236, where the stator field is shown as split into 
two parts, B and A, acting respectively along and perpendicular 
t6 the brush axis. The relative stren^hs of the horizontal and 
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vertical fields in Fig. 238 will bo = ‘h sin « and cos a 

where ‘h is the strength of the actual field in Fig. 236, and a is 
the angle between the brush axis and the stator field. This is 
also indicated in the vector diagram of fluxes in Fig. 237. We 
must further consider that the current flowing round the magnets 
forming the horizontal and vertical fields is the same ; i.e., we 
shall look upon the two sets of field windings as being connected 
in series. The actual stator winding is therefore considered to 
be divided into two coils A and JS, as indicated in Fig. 239. This 
does not, however, mean that the phases of the two fluxes will be 
identical. With motor stationary, the two windings will be related 
to one another exactly like the primary windings of two trans- 
formers which are connected in series, one transformer having an 
open-circuited secondary, while the secondary of the other is short 
circuited (see Fig. 233, page 378). The voltages across the primary 
windings of those transformers, and consequently the fluxes pro- 
duced by their primary currents, will be almost 90° out of phase 
with one another, as explained in the previous section. 
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At starting we have a distribution of voltage between the 
portions A and B of the stator winding similar to that indicated 
in the diagram for the two transformers already given (Figs. 233 
and 234). 

Referring to Fig. 238, the vortical flux ‘h, = 4> cos a produces 
an armature current lagging 90“ behind the flux in phase. The 
resultant vertical flux is rendered very small by the action of this 
current, and the voltage across the primary winding B having a 
vertical axis is also small. Coil A forms a purely inductive circuit 
and gives rise to a strong horizontal flux, which is in phase 
with the current. The current flowing through the armature 
and short-circuited brushes is almost exactly in phase with the 
horizontal flux = d* sin a, and its action upon this flux (which 
will have a high value) is to produce a strong starting torque. 

When the motor rotates, wo have two additional voltages 
introduced into the circuit, duo to tho conductors cutting the 
horizontal and tho vortical component fluxes shown in Fig. 238. 
Both voltages will bo in phase with the respective fluxes. 



Fio. 239.-— Equivalent Stator Cdils of RopuLsion Motor. 

The cutting of the vortical component of tho main flux 
will induce an electromotive force along the horizontal axis of 
tho armature. This electromotive force can have no effect on 
tho main circuit, since the electromotive force induced in the 
conductors of one-half of the armature will exactly balance that 
which is induced in the conductors of the other half, and there is no 
path for a current to flow between the points A, A^, between which 
the difference of potential is formed. 

Rotation in the horizontal component field will produce an 
electromotive force in the armature which will act upon the circuit 
formed by the short-circuiting connecting between the brushes. 
This electromotive force is in phase with the horizontal field (i.e., 
in phase with the current of the stator), and being in the nature 
of the usual back electromotive force of rotation, must be overcome 
by an increase in the applied voltage acting on this circuit. The 
effect of this electromotive force is similar to that of introducing 
a non-inductive resistance between the brushes, which might be 
illustrated by the insertion of resistance in the secondary circuit of 
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transformer B in Fig. 233. The motor voltage will consequently 
distribute itself differently between the two component coils ; the 
two components will assume a relative magnitude and phase 
represented by Fig. 240, where the full lines represent the conditions 
at starting, and the dotted lines the conditions when rotation has 
modified the voltages. There arises, due to the rotation of tho 
motor, an increase in tho voltage (accompanied by a corres- 
ponding increase in vertical flux) and a decrease in voltage E, 
(and decreased horizontal flux), together with a diminished 
current in the circuit.— It is specially important to notice the 
effect of this change on the phase of the current. This was 
originally almost identical with that of the horizontal flux, f.c., 
vertical, in Fig. 240. Tho higher the speed of, tho motor becomes, 
the greater is the divergence between the phases of the current and 
the horizontal flux upon which it acts. As the speed of the motor 
increases, the power-factor at its terminals improves, while the 
torque falls off, due to two causes, viz., tlie reduction in current 



Fio. 240.— Vector Diagriun of Repulsion Motor. 

and the greater phase difference between current and horizontal 
flux. It is one of tho characteristics of the repulsion motor that 
a rise in the power-factor is always accompanied by a decrease in 
torque. A consideration of the diagram (Fig. 240) for a repulsion 
motor supplied at constant voltage, shows that the two component 
voltages E, and E^ will always lie in a semicircle described on E 
as diameter, since they are mutually perpendicular and have a 
constant resultant, so that tho point P would always lie on the semi- 
circle. In comparing the vector diagram (Fig. 240) with the diagram 
in Fig. 238, it is to be remembered that E^ and E^, which are the 
component stator voltages, will also represent the values and phases 
of the voHages along two axes of tho armature, E„ representing a 
rotor voltage along the brush axis, and E, along an axis perpendi- 
cular thereto. The phase and magnitude are given in the vector 
diagram in relation to the applied terminal voltage. 

Speaking generally, we may say that the characteristics of the 
repulsion motor resemble those of the series motor, but that the 
motor is suited for higher frequencies and higher terminal voltages 
than the simple series motor. / 
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In the repulsion motor, as in all types of motor having a fixed 
axis for the rotor currents (t.e., motors providtxl with a commutator) 
tlie frequency of the rotor currents is identical with tliat of the 
supply. 

It is evident that tlie torque of the repulsion motor, like that 
of the series motor, depends upon the existence of a flux formed 
in the stator along an axis of the armature, which is so situated 
with regard to the brushes that the armature currents cannot 
neutralise it, i.e., tlu^ armature currents cannot produce a similar 
but opposite flux. This flux is the horizontal component 0, in 
Fig. 238, without which the armature currents could produce no 
torque. Thus, like the series motor, the repulsion motor will 
always have a comparatively low power-factor, since a portion 
of the stator wmding must be inductive. 

In order to make it possible for the armature currents to 
neutralise the stator flux, the “ compensated repulsion motor ” 
was introduced. 




Fio. 241. Compon.SHU<l Motor. 


The Compensated Repulsion Motor. -This motor is provided 
with an armature similar to those employed for the motors already 
described, but it has two brushes per pole, as indicated in the 
annexed diagram {Fig. 241). The short-circuited axis of the 
armature is that of the stator poles. The stator current is further 
led into the armature so as to flow through it along an axis per- 
pendicular to this. The connections are thus the same as for a 
series motor, but with the addition of a pair of short-circuited 
brushes. 

With the motor stationary, we shall have the following con- 
ditions almost identical with those of the repulsion motor — still 
referring to our simple 2-pole diagram : — 

A small vertical flux 0„ perpendicular in phase to the current 
giving rise by transformer action to a short-circuit armature current 
along the vertical axis in opposition of phase tp the stator 
current. 
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A strong horizontal flux 0* in phase with the armature current 
most of the applied voltage being taken up by the inductive circuit 
of the armature between A and 

Evidently the horizontal flux and short-circuit current will be 
in the best relative phase and direction to produce a torque. 

By rotation, two additional electromotive forces are introduced, 
one along the vertical axis due to cutting of the horizontal flux 0^, 
and one along the horizontal axis, due to cutting 0„ each in phase 
with the flux to which it is due. We thus have introduced into 
the circuit between ^ an electromotive force of rotation in 

phase with 0., which will be in exact opposition to the electro- 
motive force of self-induction due to the flux 0. formed in the 
circuit by transformer action (see Fig. 242). The voltage across 
the brushes A A^ consequently diminishes as the speed of the 
motor increases, 
f 



Fig. 242. — Flux and Voltage Phase Diagrams. Motor Stationary. 

Along the axis B B^ an electromotive force of rotation in phase 
with 0* is also introduced, the effect of which resembles the intro- 
duction of a non-inductive resistance into the circuit between the 
brushes B B^. The elcetromotivO force therefore increases the 
original difference of potential E„ across the stator winding neces- 
sary to produce the increased voltage between the brushes B Bh 

The effects just enumerated bring about a redistribution of 
the total applied voltage in the motor itself, the voltage taken 
by the stator winding being increased, while the voltage between 
the rotor brushes A A^ is decreased. This in turn alters the phase 
relation between the total and component voltages. The com- 
ponent voltages Ej, E„ are always in approximate quadrature of 
phase. The changes which they undergo may consequently be 
represented by imagining them as inscribed in a semicircle having 
the constant appli^ voltage E as diameter. The starting con- 
ditions are represented when E, has a very small value, the point 
P lying to the right of the semicircle (see Fig. 242). With increasing 
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speed, P will move round towards the left, the reactance com- 
ponent of continually diminishing, until it finally becomes 
zero when consists entirely of volts overcoming the armature 
resistance (see Fig. 244). At this speed the vectors of current 
and total applied voltage coincide in phase, t.e., the motor is com- 




Pio. 243. —Flux and Voltage Phase Diagrams. Intennediate Speed. 

pletely compensated. (The magnetising current is here neglected). 
This speed, at which the motor is entirely self -compensating, is 
the running speed of the motor. 

If the turns of the armature and stator are exactly equivalent, 
this will be the speed of synchronism. For any other ratio of the 




Fig.. 244. — Flux and Voltage Phase Diagram.s. Full Sjieed. 

windings this speed will have another value, which will bo constant 
for this ratio. By means of series transformers, having variable 
ratios of transformation, connected so that the primary winding 
is in series with the field and the secondary in series with the 
armature, it is possible to produce conditions under which the 
motor is self-compensating at a number of different speeds. 

N 
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The changes in the magnitude and relative phases of the com- 
ponent voltages as the speed increases is shown by the Figs. 242- 
244, both flux and voltage diagrams being shown for each case. 

A compensated motor will start from rest with a low power- 
factor, but when running at a definite speed its power-factor can 
be made practically unity. 

The particular arrangement of connections shown in the 
diagrams has been v,^ried by different makers, but the principle of 
neutralising a reactance voltage due to one flux by a rotational 
voltage induced by a second flux perpendicular in phase to the 
other, is a general one in all types. 
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CHAPTER XIII. 

The Composition of Voltage Waves. 


Equivalent Sine Waves. — It is very seldom in actual practice 
that the voltage and current in an alternating circuit vary strictly 
according to the simple harmonic law, although means are usually 
adopted to make divergence from this law fairly small. In the 
treatment of alternating problems it is usual to regard the various 
alternating functions as having an exact sinusoidal variation, and 
to treat them accordingly by vectors and formulaB based on this 
assumption. In certain cases this is liable to lead to serious errors ; 
and it is then not admissibljp to regard the alternating waves as 
sinusoidal. In the majority of problems connected with generators, 
motors, and transformers, the treatment of current and voltages 
as sine functions does not lead to errors, in spite of the fact that 
the actual current and voltages are hardly ever truly sinusoidal. 
In such problems we deal with the “ equiV^alent sine waves ” of 
current and Voltage, i.e., with sine waves which have the same 
R.M.S., or virtual, value as the actual waves. 

If two non-sinusoidal waves, representing respectively the 
current and voltage* of a circuit, are plotted, it is not posable to 
cee from an inspection of the curves what the phase difference 
between the curves is ; in fa(;t, the curves cannot be said to have 
a definite difference in phase at all. The fundamental curves will 
have a definite relative displacement, but each of the higher har- 
monics may have a different displacement. The phase difference 
cannot be taken as the angular distance between the points at 
which the curves pass through their minimum or maximum values. 

On the other hand, the “equivalent” sine waves wiU have a 
<lefinite phase relation. This phase relation is such that the'equiva- 
lent waves give the same effective power in the circuit as the actual 
waves ; i.e., the equivalent waves have the same mean product as 
the actual waves. 

Let e. t represent instantaneous values of - the actual non- 
sinusoidal waves. 

„ if he the virtual values of the " equivalent ” sinusoidal 
waves. 


Then e, = V mean value of (e*). 

»e = V mean value of (i^). 

Power of the circuit in watts = mean value of (i X c) = i, 
cos <f), 

. mean value of (i X e) 

cos O =* ■ r -r- =: . V .. vtT — r — ; — . 

V mean value of (e*) X mean value of (»*). 
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The angle of phase difference in the circuit is the angle <f> calcu- 
lat(;d from this relation between the current and voltage of the 
circuit. 

It is only by putting this interpretation on the value of, and 
relations between, non -sinusoidal waves' that simple vector diagrams 
and formulae, such as have been given in the preceding chapters, 
have any practical value. 

A typical case is that of the relation between the applied voltage 
and magnetising current of a transformer. Even if the applied 
voltage is sinusoidal, so that the flux also varies according to this 
law, the magnetising current is much distortcnl owing to hysteresis 



and varying permeability of the core. The angle of lag of the 
current in such a case can only have a definite value wh(in int('r- 
preted according to the reasoning just given. 

Automatic Wave-tracing Instruments. 

The Duddell Oscillograph.— The principle of this instru- 
ment is that of a moving-coil galvanometer, in which the coil is 
replaced by a double strip of phosphor-bronze, stretched in such 
a way that the strip responds to very rapid changes of current 
sent through it. 

Fig. 245 is a diagrammatic view of the galvanometer part of 
the instrument, showing the principle on which it works. In th(i 
narrow gap between the poles N, S oi a powerful magnet are 
stretched two parallel conductors s, s formed by bending a strip 
of phosphor-br(5nze back on itself over the pulley P. A spiral 
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.spring attached to this pultey serves to heep a uniform tension on 
the strips, and a guide piece L limits the length of the vibrating 
portion to the part actually in the magnetic field. A small mirror 
M bridges across the two strips as shown in the figure. The effect 
of passing a current through the loop formed by the strip is to 
cause one side of the loop to advance and the other side to recede, 
so that the mirror is caused to turn about a vertical axis. Each 
strip or leg of the loop passes through a separate gap (not shown 
in Fig. 245) in the magnetic circuit. The clearance between the 
sides of the gaps and the moving strip is very small aiul the whole 
of the “ Vibrator,” as this part of the instrument is called, is 
immersed in an oil bath, the object of the oil being to damp the 
movement of the strips and make the instrument dead-beat. 
Small fuses in the loop circuit protect this from injury in case of 
accidental excessive current. The fuses consist of very fine wires 
enclosed in glass tubes, which are held in position by spring clamps. • 

The beam of light reflected from the mirror M is received on a 
screen or photographic plate, the instantaneous value of the cur- 
rent being proportional to the linear displacement of the spot of 
light so formed. With alternating currents the spot of light oscil- 
lates to and fro as the current varie.s, and would thus trace a 
straight line. Hence, to obtain an image of the wave-form, it is 
necessary to traverse the photographic plate or film in a direction 
at right angles to the direction of movement of the spot of light. 

A second mirror can be interposed in the path of the beam, and 
this mirror caused to vibrate or rotate so as to impart to the beam 
of light a uniform motion proportional to time in a direction at 
right angles to its original plane of vibration. The spot of light 
will now trace out on a stationary screen or plate the time-curve 
of the variation of the P.D. or (Current, as the case may be. If 
the variations are periodic, as in alternating currents, then the 
second mirror can be synchronised, and the spot of light caused 
to trace out the wave-form over and over again. 

In the high-frequency type of oscillograph, the periodic time of 

vibration of the strips is only sec. The magnetic field is 

produced by an electromagnet wound in two sections, the ends of 
each section being brought out to terminals, so that when they 
are in series the magnet may be excited off a 220 volt direct- 
current circuit without using resistance. By putting the coils in 
parallel the excitation can be obtained off a 110 volt circuit. 
There is no need of an exact adjustment of the exciting current, 
as the magnetic circuit is saturated, .so that a change of 4 per cent, 
more or less from the correct value produces only about 1 per cent, 
change in the sensibility. 

The normal scale distance is 50 cm., at which distance a con- 
venient working deflection is 2 cm. to 3 cm. on each side of the 
zero line, and this deflection will be obtained with a R.M.S. cur- 
rent through the strips of from 005 to OTO amf^re, according to 
wave- form, &c. The maximum deflection on each side of the 
zero-line should not exceed 4 cm. 
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With the projection ' {low-freqtiency) pattern, alternating 
currents having frequencies from 20 to 100 per second may be 
examined. 

The normal .scale distance for projection work is 300 cm., and 
the dellection on each side of the zero line should not exceed 50 
cm. The primary working current through the strips is 0 5 ampere. 

The synchronous motor for the projection type is of the 
attracted-iron type, and has no moving wires or connections. As 
the motor must run synchronously with the wave-forms it is 
required to record, it should be supplied with current from the 
same source as the circuit under investigation. The motor can be 
used over a wide range of frequencies, viz., from 20 to 120 per 
second; when working at frequencies below 40 it is advisable to 
increase the moment of inertia of the armature, by means of a 
brass disc. I he magnets of the motor are permanently connected 
in series, and the junction point brought out to a terminal, so that 
the magnets may be used either in scries or in parallel to suit the 
voltage and frequency. The working current for frequencies 
between 25 and 100 per second should be 075 to 10 amperes, the 
magnet coils being in series. When using the motor coils in series 
the two extreme terminals are connected to the source of power, 
viz., terminals 1 and 4, numbering them from the left-hand side. 
'Po run in parallel the current, leads should be connected to ter- 
minals 2 and 4, terminals 1 and 3 being connected together by a 
wii'e. In order to reduce the .sparking when running up to speed, 
a resistance fixed on the motor frame is permanently connected 
between terminals 3 and 4. 

On a 100-volt alternating circuit at 100 frequency, and with the 
two magnets in series, no resistance is required when running syn- 
chronously; but the starting is greatly facilitated if a resistance 
of about 50 ohms is put in series when running up to speed. 

'Po start the .synchronous motor, lift the tail of the vibrating 
mirror off the cam by moving the end of the lever, which moves in 
a horizontal plane, away from you, when you face the vibrating 
mirror; see that the armature is free in its bearing.s, and .switch on 
the current, then lift up the end of the second lever and give the 
armature a touch, when it will start running. After the motor has 
been running thus for about half a minute it will probably be at, 
or near, the synchronous speed, when the lever may be depressed 
and the motor will pull it.self. into step and continue revolving 
synchronously. If unsuccessful in putting the motor into step the 
first time, rai.se the lever and repeat. A little practice will enable 
the experimenter to recognise when the speed is correct, as there 
are characteristic beats in the sound emitted by the motor when 
it is running near the synchronous speed, owing to the hum of 
the alternating current nearly coinciding in frequency with the 
noise made by the arm of the contact maker. When the motor is 
in step and the lever depressed, the tail of the vibrating mirror is 
pressed against the cam by means of the horizontal lever until 
the tail follows continuously the curve of the cam; the resistance 
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in series with the motor may now want adjusting to make the 
curves quite stationary on the screen. 

Method of Connection of Oscillographs to the Circuits to be 
Investigated.— For Low Tension Circuits.— Fig. 246 sliows the 
necessary connections. The synchronous motor is only employed 
for projection purposes and is omitted when a falling plate or 
other photographic apparatus is to be used. Ri is a high non- 
inductive resistance connected across the mains in series with one of 
the vibrators. S 2 is a switch and the fuse (on the oscillograph) 
in this circuit. The resistance of if, in ohms should be rather more 
than ten times the voltage of the circuit, so that a current of a 
little less than 0-1 of an ampere will pass through it. The vibrator 
will then give the e.m.f. curve of the circuit on an open scale. 
(For the Projection Oscillograph, typ'e 4, the resistance should 
be only twice the supply voltage since 0*5 of an ampere is required 
to give full scale deflection on a large screen.) 



Fig. 246. — Oscillograph Connection in Low-ten-sion Circuit. 


To obtain the current wave form the shunt R^ is connected 
in series with the circuit under investigation and the second 
vibrator is connected across this shunt. Here also /, is a fuse, 
a switch, and R., an adjustable resistance box. The switch 
»S'j is however unnecessary if an infinity plug is included in this 
box. The shunt Ry should have a drop of about 1 volt across it 
in order to give a suitable working current through the vibrator. 
The resistance R., is not absolut(fly essential but it is a- very great 
convenience in adjusting the current through the vibrator, and 
by its use the sensitiveness of the vibrator can be adjusted so that 
a round number of amperes in the shunt gives 1 mm. deflection. 
This adjustment is best made with du'ect current. 

A most important point to be borne in mind when connecting 
the oscillograph in circuit is, that the two vibrators should be so 
connected to the circuit that it is impo.ssible imder any circumstance's 
that a higher potential difference than 50 volts should exist between 
one vibrator and the other, or behveen either vibrator and the 
frame. 
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The Scheme of Connections for High Tension Circuits 

is made according to Fig. 247. It will be seen that the modifi- 
cation only applies to the vibrator which gives the e.m.f. wave, 
and consistis in adding two more resistances and Ry 

Referring back to the Low Tension Diagi-am, Fig. 246, it will 
be seen that in case the fuse /g blows, or the vibrator is accidently 
broken, we immediately got the full supply voltage in the 
instrument itself. This is not permissible in high voltage work, and 
therefore the resistance J ?5 is introduced as a permanent shunt to 
the oscillograph vibrator. 

The resistance R^ is an exact duplicate of Rg, being a 21 ohm 
plug resistance box for adjusting the sensitivity of the vibrator 
to an even figure. 

In practice R^ is usually a part of and in the high voltage 
resistances supplied by the maker, taps are brought out near one 
end to serve as Ry One of these taps is usually 50 ohms distant 
from the end terminal and the other only 5 ohms from the end. 



Fra. 247. — Oscillograph in High-tension Circuit. 

The use of these taps is as follows. The large resistance con- 
sisting of R^ Rf, is so chosen with respect to the voltage of the 
circuit under investigation that the current through R^ is about 
0-1 of an ampere. It should never be more than this continuously. 
Then is coimected to the 50 ohm tap and since the resistance 
of the oscillograph vibrator circuit is variabh; from about 5 to 
26 ohms by means of Ry current through the oscillograph can 
be controlled from about 0-066 to 0-091 of an ampere which gives 
an open wave form to a convenient scale. 

If now it is desired to record large rises of e.m.f., such as may 
occur in cases of resonance, the height of the wave must be reduced 
in order to keep those rises on the plate. This is accomplished 
by discoimecting from the 50 ohm tap and connecting it to 
the 5 ohm tap, when the current through the vibrator will be from 
0-05 to 0-016 of an ampere according to whether the resistance 
R^ is in or out of circuit. 

When instead of using the falling plate the cinematograph 
camera is being used it becomes necessary always to work on the 
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5 ohm tap since the width of the film is much less than that of the 
plate, and the current must therefore be less. In ejilperiments 
where sudden rises of voltage are expected it is often advisable 
to keep iJj as groat as possible. 

That end of the resistance Ri referred to as 5 in the diagram 
should be securely connected to the supply main and no switch 
or fuse used. A switch may, if desired, be used in series with 
Ri, provided it is inserted at the point where R^ joins the supply 
main remote from R^ 

It will be seen that fuses /j and /j are shown in Fig. 247 . Pro- 
vided that the connections are always maile in accordance with 
the diagram, and the vibrators are always shunted by R^ and R^ 
respectively, there is not much objection to the use of those fuses, 
but on general principles it is wise to avoid fuses in high tension 
work and the makers therefore supply, with each permanent magnet 
oscillograph, dummy iuRv.a which can be insert^ in place of the 
ordinary fuses when desired. 

It is not usual to employ the projection type of oscillograph 
on a high-tension circuit. If this is done, the 83mchronou8 motor 
must be driven from a transformer, as shown in Fig. 247 . 

The remark previously made about keeping both vibrators 
and the frame of the instrument at approximately the same potential 
applies with additional emphasis in high tension work. 

The Ondograph.— In principle the ondograph consists of a 
ballistic galvanometer, through which a condenser is discharged 
after having been connected to the voltage to be measured. The 
alternate connection of the condenser to the voltage and to the 
galvanometer is accomplished by a rotating commutator driven 
by a synchronous motor. The motor is driven from the source 
of current, the wave-form of which it is desired t<3 take. The 
motor is provided with gearing for operating the commutator, 
the ratio of teeth in the gear wheels being so arranged that while 
the motor makes 1,000 revolutions, the commutat<3r makes 999. 
It follows that the condenser is connected to the circuit of 
a cycle later each time the commutator makes one revolution.' 
The deflection of the galvanometer is thus made to vary slowly, 
following the variations of the voltage wave-form, and completing 
a complete (sycle of movements (jvery 1,000 revolutions of the 
motor. The galvanometer is connected to a long arm with a 
pen which traces out the form of the wave with ink on a revolving 
drum, which is operated by clockwork. 

The commutator has thre<i bnishcs bearing upon it, by means 
of which it operates the alternate charge and discharge of the 
condenser. 

The brushes are conncct<xl with the condenser c ch and the 
galvanometer E, as indicated in the diagram. Fig. 248 , 1 1 are 
the main terminals for the supply, whose wave-form is to be taken, 
while G 0 ^ are the terminals of the synchronous motor, d d' d" 
are the brushes bearing on the commutator. As the commutator 
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revolves, the condenser is first put on the main circuit for an instant, 
then the condenser terminals are connected for a like period with 
the galvanometer, and the latter thus receives the cU^harges of 
the condenser and indicates the voltage at which the condenser 
has been charged. As this voltage increases and diminishes through - 
out the 1,000 revs., the galvanometer needle swings slowly back 
and forth and shows the voltage variations corresponding with a 
complete cycle. By changing the capacity of the condenser the 
sensitiveness of the indicator can be regulated. 

In the cut 0 0^ represents the terminals of the motor which 
also receives the current of the main circuit, and works at 110 
volts, the latter being obtained, if necessary, by a regulating trans- 
former. The terminals H are connected to the condenser 



c c' through a resistance which is sufficient to avoid sparks at the 
charging brushes ; / / are the terminals of the main circuit whicdi 
receive the voltage U to be taken. The Synchronous motor mak(‘s 
a number of revolutions per minute which corresponds to one-half 
of the frequency of the main circuit. At D is the commutator 
with its three brushes d d' d". 

The indicating instrument for voltage or current waves is a 
galvanometer with a permanent magnet and rectangular current 
coil of fine wire mounted between the poles. The movable part 
E receives the discharges of the condenser in rapid succession, and 
turns slowly from one side to the other, passing through the zero 
position. The movable part operates a long needle which carries 
a pen F which 'swings to and fro, tracing the curve upon a revolving 
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cylinder. The needle is not mounted directly upon the coil of the 
galvanometer, but, in order to use as long a needle as possible, and 
thus make it move nearly in a straight line, it has its pivot fixed 
considerably in the rear, while the coil has a short arm which works 
the needle by a projection passing in a slot. The record is made 
upon a sheet of paper which is rolled upon tlu? revolving cylinder. 
The cylinder is opcrattid by the synchronous motor, by gearing, 
at a speed which makes it register three complete waves upon its 
circumference. 

•The Ondograph may also be used to study voltage vai-iation, 
&c., in continuous-current machines. To accomplish this the 
synchronous motor is replaced by a direct drive effected by 
establishing an unyielding mechanical coupling between the Ondo- 
graph and the shaft of the machine to be studictd. 

The application of the Ondograph is not limited to periodic 
phenomena. It can bo extended to all phenomena of short 
duration, provided that the phenomenon can bo reproduced in 
su(jh a manner that it is periodic by repetition. ^ 

Composition of Curves.— All curves of curnmt or electro- 
motive force may be considered to consist of a principal sine wave 
(called the Juiyiamenlal), which is the regular curve to which the 
actual curve approximates, together with other sine waves of 
smaller amplitude and having frequencies differing from that of 
the fundamental. 

Th(i fn^qucncy of these minor waves will always be some multiple 
of the frc(juency of the fundamental, i.e., of the periodicity of the 
supply. Further, there will be only one sine curve having a given 
frequency, since two sine waves i)f equal period may always be 
added together to give a single resultant sine wave. These small 
waves, which have each a periodicity which is a multiple of that 
of the furidmental, are called harmonics. 

The general expression for a simple harmonic electromotive 
force may be written in the form 
e = A’ sin (2 ;r / / + 0 ) 

where e — instantan(;ous value of the electromotive force. 

/ =- frequency of the alternator. 

I — time counted from any given moment. 

0 — phase of the voltage at moment from which time is 
counted. 

E ~ maximum value of the voltage. 

The instantaneous value of the harmonic which has a frequency 
of 2 / will be 

62 = A%sin (4 ;:/< -f O.^,) 

where is the maximum value of this harmonic, and 0 .^ is its 
phase at the same moment as 0 is the phase of the fundamental. 

The instantaneous value of the voltage composed of fundamental 
and harmonics will consequently be 

e = E^ sin (2 ;r/f -f di) -f- E^sin (4 7r/f + 62 ) -F E^bih {Qnfti- 0 ^) 
4" E ^ sin (8 TT / f 4" 4* • • • 
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In this equation the constant Ei, E^, &c., gives the ihaximum 
values of the corresponding harmonics. 

We may write 

&m (2 t: J t -{■ 0) = 8m2 i: f t coa 0 + cos 2 n f t sin 6, 
and since 0 is a constant term, each of the sine functions in the 
equation may be written as the sum of a sine and a cosine term, 
and the equation then takes the form 

6 = ttj sin 2;r/<.-|- “iSin -f- sin 67r/i 4- . 

-f- cos 27r/i /j 2 cos 4;:^ < 4 - 63 cos 6 ;r/ f -f . 
where a^, O 3 , 6 ^, b^, 63 are constants. 

This form of the equation is sometimes more convenient. 

Harmonics of a Symmetrical Curve.— The wave forms 
produced by the electromotive force of an alternator are always 
symmetrical about the horizontal axis, i.e., the negative half waves 
are exactly similar to the positive half waves. The north and 
south polos of an alternator are similar, and therefore generate 
similar electromotive forces ; but even if the poles were not exactly 



alike, the half waves would be similar, since both north and south 
poles contribute to the electromotive force of each half wave. 
From this follows the important fact that the wave-forms met 
with’’ in an alternating circuit contain only “ odd harmonics,” 
that is to say, that the periodicity of any harmonic is 1 , 3 , or 6 , 
&c., times the periodicity of the fundamental. That this must 
be so follows from the consideration that any two points on 
the curve which are exactly half a period apart must be equal 
values of the varying quantity, but having opposite signs, since 
they are values of the electromotive forces generated at similar 
positions under opposite poles. This is only true in the case of 
curves having a frequency which is an odd multiple of that of the 
fundamental. Thus, on referring to Fig. 249, if the distance 
betweeri the two vertical lines 5 is one full period of the funda- 
mental, the frequency of the curve will bo two per cycle of the 
main curve, so that the curve is the second {i.e., an even) harmonic. 
Taking any two vertical lines such as those shown dotted at a, 6 , 
half a period apart, it is evident that the values separated by half 
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a period are equal, but simiiar in sign. A curve having this as 
one of its harmonics would, consequently, not be symmetrical in 
the sense of its having its negative half wave an exact repetition of 
its positive half wave, although it would be symmc'trieal in the sense 
that each complete wave would be similar to the preceding one. 

Curves which have their positive and negative portions of 
dissimilar shape, like the one shown in Fig. 253, contain both odd 
and even harmonics. ’ 



Fig. 250. — Third Hurmouic in Opposition. Wave IVaknd. 

The expression for the hannonies of a symiuetrictil wav(!-form 
obtained from an alternator may consequently bo written in the 
following form, in which the even harmonics jire omitted 
< = .E, sin (2 JT / < -f Oi) -f- sin (0 T / ^ + ^3) f* 
E.ilOnfllOrJ-l . . . 

Examples of curves containing only even harmonics are some- 
times mot with, as in curves of vtiriation inductid in tho exciting 
circuit of an alt^unator by tho armaturti current 



Fio. 251. -Third Harmonic in Phase. Wave Flattened. 

Curves containing both odd and even harmonics are not sym- 
metrical in any ordinary sense of tho term. Such a eurve is the 
one shown in Fig. 253. 

Form of the Waves.--It is important to notice the effect of 
the addition of a harmonic to a fundamental wave upon tho shape 
of the resulting curve. If the two cui ves are coincident in phase 
when the fundamental harmonic passes through its* zero value, as 
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in Fig. 261, the resultant curve is flattened at the top. If, on the 
other hand, the two curves are in opposition of phase at this point 
(t.c., they cross the axis in opposite directions, as shown in Fig. 250), 
the resultant curves becomes peaky. In either case the half waves 
are symmetrical about a vertical line. If the harmonic is inter- 
mediate in phase, like that shown in Fig. 252, the curve becomes 
irregular, having one side flattened and the other raised to a peak. 

In analysing a curve, the number of harmonic waves which 
must be considered will depend on the extent to which the wave- 
form differs from a simple sine curve and the degree of accuracy 
with which it is nece6.sary to express the true shape. Usually it is 
sufficient to consider the third and fifth harmonic, in addition to 
the fundamental. This will, however, be largely governed by the 
number of slots per phase in which the armature is wound, the 
shape of the poles, &c. 



, Fig. 252.— Third Harmonic Out o£ Phase. Wave DiHlorUcl. 



Fig. 253.— Curve containing both Odd and Even Hannonics 

It is often possible to obtain an idea of the order of harmonic 
liaving the greatest frequency by counting the number of points in 
half a wave at which a sudden change in curvature occurs. The 
number of such changes gives the order of this harmonic. 

Effect of Star Connection of Phases — An important 
modification of the yoltago wave-form at the terminals of an 
alternator sometimes results if the phase windings are star-con- 
nected, owing to the fact that all those harmonics disappear which 
have a frequency of three times (or any multiple of three times) the 
fundamental. 

The wave-form of the voltage generated in each phase winding 
of a S-phase alternator is determined by the flux distribution and 
by the disposition of the winding. If the alternator is mesh- 
connected, the yoltage which is given to the lino is* the. voltage 
thus determined 

If the alternator phases are connected in star, the voltage 
given to the line is not the same as the voltage generated in the 
phase winding, but the sum of two phase voltages added together 
with a relative phase displacement of 60° or | cycle (see page 250). 
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By adding together two sine waves having a relative displacement 
of 60^ we should obtain a resultant sine wave having an amplitude 
of \/3 times that of the component waves. This is the condition 
assumed in Chapter IX., where the relation between the phase 
voltage and the line voltage of a star-connected circuit is discussed. 

If the waves of phase voltage which are added together contain 
a third harmonic (having tjiree times the frequency of the funda- 
mental), the third harmonic of one wave will be displaced by one- 
sixth of the period of the fundamental relatively to the third 
harmonic of tlie other wave. Now one-sixth of the fundamental 
period is thioe-sixths or one-half of the period of the harmonics. 
It follows that the third harmonics are added with a relative dis- 
placement of half a period or of 180" of phase difference. In other 
words, the two third harmonic waves will act in mutual opposition 
between the terminals of the alternator and will cancel one another, 
so far as any voltage given to the external circuit is concerned. 

For the same reason, any harmonics having any multiple of 
three times the frequency of the fundamental will bo in mutual 



opposition between the alternator terminals. The student should 
convince himself of these statements by sketching curves of third 
and ninth harmonics and noting that points which lie one-sixth of 
a cycle apart have equal ordinates, but opposite sign. 

It follows that the electromotive-force wave of a star-connected 
alternator can never contain any harmonics having a frequency 
which is three times, or any multiple of three times, that of the 
fundamental wave. 

In Figs. 254 and 255 are shown the modification which may be 
introduced in the wave-form of an alternator by the elimination 
of harmonics due to star-connection of the phases. 

In Fig. 254 the two dotted curves show the wave-form of the 
voltage which would be observed at the terminals of either of the 
phase windings. They each consist of a fundamental sine wave 
and a third harmonic. The voltage as measured between the 
terminals of the star-connected alternator is the sum of these 
curves and is shown by the full line. This is a sine curve, since 
the harmonics have been eliminated by the addition. Clearly, 
the value of the alternator terminal voltage will not now be exactly 
V 3 times the phase voltage. 
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In Fig. 254 a similar addition of two-phase voltages is shown, 
but here the dotted curves contain a fifth harmonic, as well as a 
third harmonic. In the resultant curve, the fifth harmonics are 
Added and do not cancel one another, whereas the third harmonics 
have again disappeared. 

The general result of this elimination of all harmonics in the 
phase voltage which have a periodicity of 3 w times that of the 
fundamental is that the phase voltage and terminal voltage often 
have very different wav6-forms, the terminal voltage usually 
approximating more nearly to a sine curve. 

of Iron Losses in Core on Wave-form. — When an 
alternating voltage is applied to a circuit surrounding an iron core, 
the gelation existing between the voltage and current of the circuit 
is not quite so simple as has been assumed in the discussion given 
in earlier chapters on account of the imperfect magnetic qualities 
of the iron, which give rise to iron losses. 



Let us suppose that a sinusoidal voltage is applied to a winding 
of negligible resistance acting on a magnetic circuit containing 
iron. The voltage will give rise to a current and the cuiTent will 
produce a magnetic flux, the value of which depends on the value 
of the reactance of .the circuit. Since no voltage is absorbed by 
resistance, the applied voltage must be equal to the induced back 
voltage (or reactance voltage) at every imtant. The back voltage 
is proportional to the rate of change of flux at every instant, whence 
it follows that, under th^?- conditions assumed, the values of flux 
win be sinusoidal, like those of the applied voltage and the flux 
curve will differ in phase from the curve of applied voltage by a 
phase angle of 90'*. 

The flux in the magnetic circuit is thus determined entirely by 
the value of the applied voltage, since it will rise to such a value as 
to induce a back voltage equal to the applied voltage. The current 
taken by the winding will rise to the value necessary to produce 
this flux. 

If the iron were a perfect magnetic medium, i.e., if it had a 
constant permeability and if the induction in it could be varied 
without producing iron losses, we should have the following relation 
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between the applied voltage, the resulting flux, and the current in 
the winding : — 

Applied voltage = e ^ E sin 6. 

Resulting flux =/ r= cos 6. 

Current in coil ^ i ^ I cos 0. 

The current and flux would thus be in phase with one another 
and both 90° in phase behind the applied voltage. 

Tile permeability of iron varies with the strength of > the 
mapetising current ; also, owing k) the ellect of hysteresis, the 
ratio between the magnetising current and flux is different during 
periods of increasing current from that during periods of decreasing 
flux. The result of this behaviour of the iron is that, when a 
sinusoidally varying flux is induced in it, the current necessary 
to produce this flux, instead of varying sinusoidally like the flux, 
has a distorted wave-form and is no longer in phase with the flux. 

Lot us consider first the effect of the varying permeability of 
the iron upon the current. In Fig. 256 the curve on the left shows 



Fig. 256. — Curves of Flux and Magnetising Current. 
Iron wHthout Hysteresis. 


the relation between magnetising current, C„^, and flux, F. This 
curve would be a straight line if the permeability of tho iron 
remained constant throughout tho cycle. Curve F on the right 
of the figure represents the sinusoidally varying flux. The curve, 
C„„ of magnetising current is derived from the curve of flux by 
plotting the value of the current corresponding to any particular 
flux, as indicated in tho curve on tho loft. It is to be noted that 
the curve G„^ is more peaked than tho wave of flux, but, is in phase 
with it. Tho distorted current wave is 90° out of phase with tho 
voltage (which would be represented by a sine curve 90° in advance 
of the wave of flux). It follows that the current is still an idle 
current, and tho variation in permeability does not involve a loss 
of power. 

In Fig. 257 is shown the further effect upon the current of 
hysteresis of tho core of the transformer. 

Again tho curve on the left shows the connection between the 
no-load current, C,„ and the flux, F. The wave of current is shewn 
on the right of the figure, and is obtained as in the last case. The 
current 6^ may be regarded as made up of tht tvm component 
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ctrrrents ; firstly, which is the true magnetising current, and 
which has the phase of the flux, and secondly, the current G^- 
introduced by the hysteresis of the circuit which has a phase 90® 
in advance of the flux and which is consequently an energy current 
in ph^e with the applied voltage. The two components are 
sho^ separately as dotted lines. 

It will be hardly necessary to say that, with the low inductions 
usual in transformer cores, the variations in permeability and the 
effects of hysteresisr wiU bo much smaller than those shown in the 
diagrams. 

Example of Curve Analysis. — The following examples of 
the analyses of a curve obtained experimentally will enable the 
student to analyse for himself ar\y curve which he obtains, even 
if he is not able to follow the mathematics on which the methods 
are based. He may omit the mathematical proof if he is not able 
to -follow it. 



Fio. 257.— Curves of Flux ami No-load Currents. Iron with Hysteresis. 

Outline of Mathematical Proof of Method.— Denoting the 
variable quantity by c, 

Let e = A sin ^ -f .^2 sin 2 d + i4g sin 3 + . . . 

+ fijcos d 4- ^2 008 2 0 + BgCosS d 4- • • (1) 

Multiply both sides of the equation by sin d, then 
e sin d = .dy sin d 4- -d 1 sin 2 d 4- ^ s sin 2 d sin d 

4- Ag sin 3 d sin d 4- • • ■ 

4- Bi cos d sin d 4- cos 2 d sin d 4- cos 3 d sin d 4- • (2) 

Integrating both sides of this expression between the limits 0 
and 2 n, we have : — 

2r. 2r. 

f e sin 6 d 6 = I Aisin^ 0 d 0 ... (3) 
o , o 

the other terms all vanishing with the limits chosen. Hence, 
mean value of e sin d = mean value of Ai sin^ d. 

_ 

~ 2 

i.c., .4 , = 2 X mean value of e sin d . . . {4' 
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Similarly, by multiplying equation (1) by 

»m2,ff,sm39 . I th, value of { ’ ' 

COS 0, cos 2 0, cos 3 0 ) I . 

may be determined. 

Thus Ai='2 X mean value of e sin 2 

JSj = 2 X mean value of e cos 0, 

8^ = 2 X mean value of g cos 2 0 ; and so on. 

Since all symmetrical wave-forms will consist of odd or even 

terms only, only half of the constants need to be determined. 
In any ordinary alternating circuit the wave-form will contain 
odd harmonics only. 


Method of Analysing Curve (Summation).---Plot one- half 
wave of the curve to a large scale on squared papr, the horizontal 
scale being chosen to enable the curve to be divided conveniently 
into a number of equal parts. These parts may conveniently 
correspond to 30 of 6 ® each, 15 divisions of 12° each, or 12 divisions 
of 15° each, according to the accuracy desired. 

In order to obtain the value of the fundamental curve, proceed 
as follows : Measure the height of the curve at each of the hori- 
zontal divisions decided upon, tabulating the values as shown 
in Table I., column 2, entering at the same time the angle corres- 
ponding to each ordinate in column 1 . In column 3 enter the 
sines of the angles given in column 1 , as found in any set of 
mathematical tables. Column 4 is then obtained by multiplying 
together the figures in columns 2 and 3. 

Column 5 gives the cosines of the angle in column 1, and column 
6 is the product of these cosines by the numbers in column 2 . 

Column 7 is obtained by writing down the values of the sines 
of 3 X angles in column 1 . Multiplying these sines by the figures 
in column 2 we obtain column 8 . Column 9 contains the values 
of the cosines of the angles whoso sines are in column 7, and the 
tenth column gives the products obtained by multiplying them by 
column 2. These columns of figures will give the fundaniental 
and the third harmonic. If the fifth or higher harmonics are also 
present, further similar columns for sin 5 0, e sin 5 d and cos 5 
e cos 5 .etc., must be added. 

After filling in the columns as described, add together all the 
figures in column 4 and divide by half the number of these figures, 
thus obtaining twice the mean value. Carry out the same opera- 
tion for columns 6 , 8 , 10, &c. In this way the constants A,, jBj, 
A 3 , B^, &c., are obtained. 

The expression for the curve is then given by s\ibstituting 
the values found for those constants m the equation 
e = Aj sin <? + cos A 3 sin 3 -f jBj cos 3 0 -f . . . . 

This equation may be put into a simpler form by making the 
following substitutions 


tan 9 i ^ - 


+ B,\ &c. 


tan 03 = 


■^3 


, &c. 
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The function then becomes finally ; — 

c = jPi sin (0 + ^j) + sin (3 ^ + ^3) + ... 

As an illustration of this method of analysing a curve, its 
application to the curve in Fig. 258 may be given. 

This curve was obtained by the method described in Experi- 
ment )CIV. from a small Pyke & Harris inductor alternator, 
having seven inductors. The armature was connected to a con- 
denser having a capacity of 6 micro-farads in series with a single 
incandescent lamp. The curve was plotted from readings taken 



Degrees of Phase. 

Fiq. 258. — Experimentally Determined Curve and Harmonics. 
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at the terminals of the lamp. The R.M.S. volts of the alternator 
were 80, those across the lamp 51-8, and across the condenser 

61*5. 

Table II. shows the method adopted for entering up the obser- 
vations and calculated figures. It will be seen that there are 
several modifications from the form of Table I. ; these were made 
in order to enable logarithms to bo used for the multiplication. 

In the case of the fifth harmonic, logarithms were not used 
on account of the comparative simplicity of the values of sin 5 d 
and cos 5 0. 

A separate column for values of the cosines was not considered 
necessary, since the column of logarithmic sines may be used, 
taking values of 90 — <?, instead of 0, &o. 

The method of obtaining the first fotm of the equation giv(!n 
at the foot of the table will be clear from the description already 
given. The following calculation shows the stops for arriving 
at the second, simplified, form of the expression 
As seen from the first form of the equation, 

Ai = 66 - 0 073 

Aysind ^ 8^ cos 0 = /A? -f V- ^ (j ) [ 

= V66^ + (0 073) ^ ‘ ' 66" ) 

= 66 sin {0 — O” 4') = 66 sin d, practically, 

•073 ' 

since tan 0® 4' = -00112 =■ - - 
00 

Similarly, 

A 3 = 22-96 83 = 20-72 

A3 sin 3 0 -f- Rj cos 3 0 = + ^3*- | ^0 f tan ^ | 

= 30-93 sin (3 6 + 42°) 
also 

Aj = - 1-546 ^5 = 5-776 

Aj sin 5 0 + £5 cos 5 0 = ^in | 5 0 -f- tan | 

= 5-97 sin (5 0 + 105°). 

A method of analysis which, although not quite so simple, "Is 
less laborious to carry out, is the following ; — 

Analysis by Method of Superposition. — Again, a short 
mathematical summary of the principles of this method of analysis 
will be given, followed by a detailed description of the method 
of carrying out the calculation in practice. The^non-mathematical 
reader should be able to carry out an analysis from the description 
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and illustration cff the method 
mathematical introduction. 


even if he is obliged to omit the 


. Lemma.— Let / (a, ft) 

= sin a 4- sin (a + /y) 4- sin (a + 2 -f . 

= I sin a 4- sin {a ft) + sin* (a + 2 ;8) ^ ~ ^ 

, ,,, • • • +8in(a + n^?)r 

_1 1 (« - i ^) - cos (a + i/3) -f cos {a + ^ ft) _ cos 

8ini>2| (<» + f^) 4-. . •co8{a + n-l^-i/ 3 )_ 

I cos (a 4- w- 1 ^4- i^) 



sin i ft 

Now if sm 2 ft = 0, and sin | does not equal 0, then / (a, ft) = 0. 

But in the special case when ^ = 2 tt 

and the original expression becomes 

/ /^) = sin a 4- sin (a -f 2 ;r) 4- sin (a 4- 4 ;r) 4- . 

• • .. 4- sin (a 4- rT-l 2 ;r) 

= sm a 4- sin a 4- sin a 4- . 

= n sin a 

i.e., an expression of the form 

sin a 4- sin (a + ft) 4- siiv(a + 2/f) 4- . . . sin (a +-^1 r 

becomes equal to 

n sin a when /?= 2 n. 

Let the curve to be analysed be written in the following form 
/ {0) = 2/1 =a, sin {d -l-tt,) 4- a, sin 2 (0 4- «,) 

4- ^3 sin 3 4- «3) 4- ... 

Then we may write : — 

^ {‘' + ”4)= J's = “i8>n( + «, + ^” )+a.sm 2 

( n" ) + “»*'" + + + . . . 

Similarly, 

^ ^ ^ n ) ” ^3 ( ^ + 4- ) 4- ^2 sin 2 

(tf + », + '*J-)+a,sm3(rf I «, +A’').,_ . . . 

and so on. 
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Adding these quantities together, 

Vi + ^ 2 + I sin (^4-“i)+sin ^ ^ -f sin 

{ tf + ) + . . . . I 

+ O 2 1 sin 2 (19 -1- ag) + sin 2 ^ ^ t- <‘2 + / 

+ sin 2 ( 0 -f aj -f ) H- . . I 
. 4-a3 I 8in3(d4-«3) +- - ■ • . .1 


The expression thus consists of a number of terms of the form 
a„ I sin m ( 0 4 - ^ + sin m ( 0 a,„ + ) 

4- sin M ( d -b ) + • • • I 

By the previously-given lemma each of the expressions within 
the brackets will be zero, unless 

. 2 ;rm 
sin - — 0 
2 n 

i.e.. unless — is an integer, 
n 

in which case the general term 

=: ttu, n sin m (0 4 * «„,)• 


Let n = 3 ; then since - must be an integer, all the teriiiH 
n 

will cancel except those for which w is a multiple of 3, i.e., all 
-harmonics will vanish except the third, sixth, ninth, &c,, and 
>f- V 2 + y;j ~ 3 sin 3 (0 4- "a) + 3 a-g sin 0 (0 f n„) 

4 - 3 fly sin 9 (0 4~ « 9 ) 4- • • • 

If the curve has positive and negative half-waves which are 
.similar (see page 396), oven harmonics will not exist, hence tln^ 
term containing sin 6 { 0 f- ) may be neglected. Further 
harmonics above the fifth are seldom pre.sent of sullicient amplitude 
to be worth determination. Hence we have for practical purposes 

Vi + Vi -1- ^3 = 3 a 3 sin 3 (0 4- " 3 ). 

By choosing the value of 6 such that 3 ( 0 a^) = 9v>°, wo 

can determine from observed values of y^, y.^, and y^ The 
method of doing this is as follows : — 

From the curve, measure the value of the ordinate for the 

90 

angle 6 =—-=30'’. Call this y,. 
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Similarly measure the ordinate at 6 



- 30° + 120° - ISO'^ 


Call this ^ 2 - 

also the ordinate at 0 4* + 240° — 270°^ 

n 

Call this y,. 

Add the three measured ordinates together and divide by n = 3. 
The result is the coefficient of sin n 0 - sin 3 0. Similarly, by 
starting ffora the angle 0, proceed to obtain the coefficient of cos 
n 0 — cos 3 6. 

The analysis may bo further simplified by separating sine and 
cosine terms, as follows : — 
fjCt 

/ {0) — «„+ a, sin 0 -f «2 0 sin 3 ^ -f «4 sin 4 0 -|- 

-\- 6 , cos d -f ^2 cos 2 0 f 63 cos 3 0 64 cos 4 4- 


/ (2 n - 6) = = «o 4 - «i siii (2 tt — /?) 4- <^2 ^ 2 (2 tt - 0) 

4- aj sin 3 {2 n — 0 ) . . . 

4- 61 cos (2 ;r — tl) 4- ^2 cos 2 (2 tt — (9) 4- 63 cos 3 
(2 ;r - 0) 4- . . 

-- tto — a, sin 0 — 0,2 sin 2 d — sin 3 d 

4- 61 cos 0 4- ^2 cos 2 d 4 - ^>3 cos 3 O' 4 - ... 

, . y , 4- Tj — 2 (a„ 4- 6 , cos 4- 63 cos 2 0 4- 63 cos 3 (?+ . . 

y y„ — 2 (a, sin 0 4- «2 2 0 a, sin 3 0 4-- 

y 4- y 

Thus ’ 2 ^ consist of the cosine terms of the original 


expression alone, and 



will be the sine terms. 


Method of Procedure. — Plot the curve to a large scale, as 
for the previous method of analysis. 

Draw up a table (see Table HI.) with the angles showing the 
subdivisions which it is proposed to take in the first column. In 
the second column enter the measured values of the curve corres- 
ponding to these values. In column 3 put the values of the curve 
for the angle (360° — angle in first column). In column 4 enter 
the difference between the numbers in columns 2 and 3. Column 
5 is obtained by dividing the figures in column 4 by two. 
Column 6 is the sura of the readings entered in columns 2 and 3, 
while column 7 is the half values of these numbers. 

The coefficients of the cosine terms will be obtained from 
column 7, while those of the sine terms will be got from column 5. 

In order to determine the coefficient for the nth harmonic, 
proceed as follows 

For the sine term, divide the complete period of the curve into 

n parts, taking the angle ^ as the starting point, since this 
Zn 

makes sin 0 — 1. 
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Measure the ordinates of the curve for the angles 
Ti r. 2ti n c 

^ 2n ^ n 2n ^ n ’ these ordinates together and 

divide by n. The result is the required coefficient. 

For the cosine term, divide the curve into n parts, starting 
from the angle 0 (making cos ^ = 1). 

Measure the ordinates for the angle 0, — &c. Add them 

n n 

together and divide by n. 

Havmg obtained one harmonic {e.g., the third), subtract* its 
corresponding ordinates from the original curve, and so obtain 
a new curve which is the original curve — third harmonic. 

The coefficients were worked out as follows . 


Table III. 


1 

2 

3 

4 

5 

6 

7 

0 

J id) 

J(W. 0) 

Difference 

1 Difference 

y, y. 

Sum 

i Sum 
Yri- F, 
2 ■ 

- Fi 

—-} 2 

y.- 7, 

2~ 

Y,+ Y, 

0 

26-5 

26-5 

0 

0 

53-0 

26-5 

6 

37-9 

115 

26-4 

13-2 

49-4 

24-7 

12 

1 45>6 

- 6-2 

51'8 

25-9 

39-4 

19-7 

18 

49-6 

-25-3 

74-9 

37-45 

24-3 

12-15 

24 

510 

-440 

950 

47-5 

7-0 

3-5 

30 

50-2 

-60-2 

110-4 

55-2 

-10-0 

- 5-0 

— 

— 

— 

— 

— 

— 

— 

— 



— 

— 

— 




162 

25-3 

-49-6 

74-9 

37-45 

-24-3 

-12-15 

168 

6-2 

-45-6 

51-8 

25-9 

-39-4 

-19-7 

174 

-11-5 

-37-9 

26-4 

13-2 

-49-4 

-24-7 


Note. — I n the construction of this table it will bo seen from the use made of the flRures 
that not all the figures require to be filled in in all the columns. In the present example only 14 
out of 30 values of 9 are actually required for the harmonics plotted in Fig. 258. In testing 
for the higher harmonics, however, a greater number of values was required. It Is best,- there* 
fore, to viut down the first column complete, and to fill in the further columns as required. 


Unless this curve is found on trial to be a simple sine curve, 
determine the next higher harmonic (say, fifth), and again sub- 
tract its ordinates from the residual curve Proceed thus until 
only the fundamental is left. In practice the third and fifth (and 
occasionally the seventh) harmonics will be the only ones to 
be determined. 
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3rd Harmonic. 


Cosine Term. 

Sine Term. 

Anglo. 

i Sum. 

Angle. 

1 Difference. 

0 ° 

26-5 

30° 

55-2 

120 ° 

17-8 

150° 

55-2 

240° 

17-8 

270° 

-41-4 

1 

3)621 


3)690 


20-7 = 6 ,. 

1 


23-0 = 03 , 


The figures given (Table III.) are taken from the same curve 
(Fig. 258) as that from which Table II. was derived. 


To confirm the result a check reading was taken m each case, 
thus 


0==\2. Z 6 = 36. 


1 

Angle. 

1 

1 Sum. 

Angle. 

i Difference. 

12 ° 

19-7 

12 ° 

26-9 

132° 

19-7 

132° 

63-8 

252° 

no j 

252° 

-49-2 


3)50-4 


3)40-5 


1 16-8 = bo cos 3 &■ \ 

13-5 = Cj sin 3 d 


= 63 cos 36° 


~ ttg sin 36° 




* 


Thus we get cos 36® = = -8116 

and sin 36° = = -587. 

Now from Tables we see value of cos 36° = *8192 and sin 36° == 
•5878. 

As both of these values are within 1 per cent of being correct 
we may consider the result satisfactory, considering that the. 
readings from the curve were only taken to first place of decimals. 
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Sth Harmonic. 


Cosine Term. 


Sine Term. 

Angle. 

1 ^ Sum. 

Anglo. 

4 Difference. 

0" 

72" 

144" 1 
216" 
288" 

1 26-5 

1 -no 

12-2 

12-2 

-no 

18" 

90° 

162" 1 
234" j 
306" 

j 

37-45 

41-4 

37-45 

..621 

-62-1 

... 

5)28-9 
.^8 = b, 

1 

i 

3)- 7-9 
- 1-58 = og 


* First Harmonic (Fundamental) Cosine Terms 
When d==0 3^ = 0 ry 0 = 0 

CoH 6 =l Cos 3 0 = 1 Cos 5^=1 

cos ^ + ^3 COS 3 65 cos 5 0 = 20'5 

•’■ + 63 +65 = 26*5 

i.e., b, -f- 20-7 + 6-78 = 26-5 and 6, = -02. 

This may be assumed = 0, since readings are only taken to first 
place of decimals. Hence 6j — 0. 


Sine Term. 

When ^ - 90" Z 0 = 270" 5 0 = 450" 

Sin 0 =1 Sin 3 (? = - 1 Sin 5 f? = 1 

«! sin + ^3 sin 3 0 -f O5 sin 5 0 — 414 
i,e,, ttj ttg = 41*4 
and - 23 0 — 1-68 = 41-4 

ttj = 660. 

We have now obtained the equation to the curve in the 
tollowmg form ' 

/ iO) = 66 sin 0 + 23-0 sin 3 ^ 20-7 cos 3 0 - 1 -58 

sin 5 ^ 4- 5-78 cos 6 0. 

This may be simplified as previously described. 


a3 sin 3 ^ + 63 cos 3 0= V VT^sin | 3 } 

= 31 sin (3 ^ 4- 42") * 

Uj sin 5 ^ 4- 65 C085 0 =Va^^ 4- Vsin | 5 0 + tan-‘(-^) | 
= 6 sin (5 19 4 - 105) 
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and our equation thus becomes 

/ (d) = 66 sin 0 + 31 sin (3 0 + 42°) + 6 sin (5 0 + 105°), 
which agrees with the expression obtained by the method of sum- 
mation (page 403). 

Exactly the same operation as just described for tlie deter- 
mination of the third and fifth harmonics was carried out for the 
seventh, ninth, and eleventh harmonics, by dividing the curve 
into 7, 9, and 1 1 parts. In each case the values of the coefficients 
was found to be zero, or practically zero, showing that these 
harmonics were not present. 

A single check reading has been taken above to confirm the 
result of the calculation of each harmonic. It would be preferable 
in most cases to take sufficient points to enable a curve to bo 
plotted from them. If the curve is found to be a sine curve, the 
readings are shown to be trustworthy. If this is not so, a mean 
curve should be plotted through the points obtained. 


RJM[.S. Value.- “The R.M.S. or virtual value of the curve, 
whose equation has been determined, can be obtained from the 
maximum values of the component waves of which it is formed. 

I Thus, if the equation has been obtained in the form 
c = E, sin (0 + 0i) + E.sin (3 0 + (/>,) + E, sin (5 0 + . 

where e is the instantaneous value of the quantity for any value 
of 0, 

then .Ej, E^, &c., are the maximum values of the respective 
harmonics, and *tho R.M.S. value is given by the expre.ssion 
/ +“^^ 

= V ' ■ 2 


In the curve analysed above we have 


E^ = m, E^^d\,E^ 
and the virtual voltage, is consequently 

Cvirt, = \/ 2 V ^ 2 " 


6 , 


= 51-73 volts. 


As mentioned on page 405, the actual value registered by the 
voltmeter was 51-8 volts. 
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CHAPTKR XIV. 

Symbolic Notation. 

Purpose of the Symbolic or Algebraic Notation — In calculations 
on alternating vectors, representing voltages, currents or fluxes 
it is necessary to take account of the phase relationships, as well 
as magnitudes, of these alternating quantities. Further, it is 
necessary to be able to determine the effects which the constants 
of the circuit (resistance, reactance, etc.) have upon the magnitude 
and phase of the alternating currents and voltages. 

All these relationships can be shown graphically by vector 
diagrams. From such diagrams the magnitudes of the quantities 
and their phase differences can be ascertained by actual measure- 
ment or by geometrical calculation. 

Figs, 9 and 10, j). 31, and numerous subsequent diagrams 
illustrate this procedure. 

The symbolic notation has been developed in order to simplify 
such calculations and make it possible to deal with them by 
algebraic proce.sses. Naturally, it is in the more complicated 
circuits that this algebraic method of calculation is found to be 
the most advantageous. 

The main idea underlying the symbolic notation is the repre- 
sentation in algebraic form of the vectors in terms of their two 
components, which are respectively parallel and perpendicular to 
some convenient axis. All vector quantities parallel to this axis 
arc in phase with one another, and can be treated by simple 
arithmetical rules to give a resultant in the same phase. Similarly, 
components perpendicular to the cho.scn axis can be added or 
subtracted to give a resultant having a corresponding phase. 
The results of the.se two operations can be combined to give a 
numerical result having a phase which is easily calculated. 


Symbol j. — Vectors (or components of vectors) which are per- 
pendicular to the axis of reference are indicated by liaving the 
letter j written in front of them, indicating that they are 
“multiplied" by the symbol j. 

Multiplication by ^ does not alter the magnitude of the vcctcr, 
but indicates that the vector has been rotated through an angle of 
90° in a counter-clockwise direction. 
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Fig. 259. > 

Component Voltaf^es. Current taken as Axis of Reference. 


For example, let I in Fig. 259 Fe the vector of current flowing 
in an inductive circuit of resistance r ohms and reactance a; ohms. 
If we choose the current vector as our axis of reference, the two 
components of tlio applied voltage, E, will be Ir along the axis 
of reference and jJx perpendicular to this axis, where the symbol j 
indicates that the voltage Ix is rotated 90° in a counter-clockwise 
direction, and is, therefore, 90 degrees in advance of the current. 

P>ery time a vector is ihultiplied by j it is rotated 90°. This 
process may be repeated ; that is, a vector already containing j 
may be again multiplied by; to produce a further rotation of 90° 
counter-clockwise. This would cause the vector to be rotated 
through 180° from the axis so that it would again be along the 
axis of reference, but in a negative direction. 

Consequently, multiplication by jxj (usually wiitten f) 
produces tlie same result as if the vector had bcim reversed or 
multiplied by — 1. 

It is for this reason that we write 

■■•i-V- -1. 

V~ -l is an "imaginary” nunibei' and has no numerical signifi- 
cation ; it merely indicates geometrical rotation. 

Multiplication by f, that is, multiplication by j three times, 

produces the same result as multiplication by j, and brings the 

vector into a position 90° behind the original axis in phase. 

It is important to remember that real and imaginary quantities 
can never be added arithmetically. Real quantities can be added 
arithmetically and imaginary quantities can similarly be added, 
but real and imaginary quantities can only be combi netl by 
taking into account the 90° phase-difference between them. The 
signs -f or — connecting real and imaginary quantities must 
always be understood to mean geometric addition or subtraction. 
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Impedance.— If a current of I amperes flows in a circuit having 
a resistance r ohms and reactance x ohms, the voltage, K, required 
to maintain the current will be the geometric sum of the two 
components 

Ir in phase with the current, and 

jlx perpendicular to this in phase. 

This may be expressed conveniently in symbolic form : ~ - 
■ E -Ir \ jlx-^I {r \ jx) (1). 

Here r-f/.v is the impedance of the circuit, expressed as a 
complex number, that is. a number consisting of both real and 
imaginary parts. 

The convenience of writing the impedance in this form is that 
it enables us to multiply the current vector by the im])edance and 
obtain the sejiarate component voltages. From these it is easy 
to find th(! phase of the voltage, whicli is 
tan-i ( ‘^^Tttinary part \ 

\ leal part / 

If the current is taken as the axis of reference, this angle will 
be the angle of lag (or lead) of the circuit and the cosine of this 
angle will be the power factor. 

The numerical value of the impedance can always be obtained 
by adding the squares of its two com))onents and taking the 
square-root of this sum (see p. 119). 

Impedance i .v- ohms. 

Convention as to Symbols. In order to make a distinction 
between the numerical exprtission for the impedance (as a certain 
number of ohms without distinguishing between resistance and 
reactance) and the expression of impedance as a complex number 
(in which re.sistance and reactance are shown .scjiarately), it is 
usual to adopt the convention of writing a capital letter X to 
represent the complex numlier and a small 2 to indicate the 
numerical value of the whole impedance. Thus, 


/ \-jx (2) 

2 -V'l'- f (3) 


Similarly, a vector of current or voltage is indicated by a 
capital letter, I or E, while the numerical value (in amps, or volts) 
is indicated by the small letter, / or (>. 

We should thus write* 

E ^IZ ^I {r r7.c) (4) 

which gives the comidete relationshij) between the vectors. 

Or, stated numerically, 

h-^e -i VrH.r .....(3). 

If / is taken along the axis of reference, I i. 


* Uy some writers a vector is further dislinj^uislied by .uldinn .1 dot aliove or below tiie 
capital letter. I'his has not been done in the presetit eh.ipter. It must be roincmbered that 
I and E are always vectors, whereas Z is a complex number and not ^ veetor. 


o 
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It is to be remembered that the signs + and — used in vector 
notation indicate geometric addition and subtraction. Thus, 
whenever tlie quantity being dealt with is represented by a 
capital letter, these signs must be interpreted geometrically. An 
equation giving arithmetical values only must have small letters 
throughout. 


The reactance xis given by 2‘^fL 


1 

2^fC 


(see p. 107). This 


may be either negative or positive. The current lags behind the 
voltage, if it is positive, and leads the voltage if the reactance x 
has a negative value. 

Example 1. -A current of 5 amperes flows in a circuiit having a 
resistance of 5 ohms and reactance 8 ohms. Find the applied 
voltage and ])ower-factor of the circuit. 

As we are free to’ choose the a.xis of reference, it is best to take 
it in phase with the current. \Vc then have the voltage 
Err-iz^-i {r+jx)=5 (5 f;8). 

-25+;4(). 

The numerical value of this voltage is 
^-^\/252 1-402 -=47-1 volts. 

Impe lance = ,? = ^ 52 q. g 2 = 9-4 ohms. 


resistance 5 

Power-factor cos p —■ 0-58. 

impedance 9-4 

Example 2. A current 7—30 );12 flows in a circuit having a 
resistance of 5 ohms and reactance 8 ohms, h'ind the applied 
voltage and power-factor. 

In this case, the phase of the current is not parallel with the 
axis of reference. 



Vector Diaj^ram for E.xample 2. 
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The vector diagram tor the circuit is given in Fig. 2d0, where 
the axis of reference is taken as horizontal. 

The applied voltage 

{r \ jx)^{^] j\2) (5l;8). 

-150+; (80+240) -f;29(r 
-150+;300— 96. 

-- 54 I ;300. 

Numerically, c -"V54^+300‘‘‘. 

“305 volts. 

The power-factor of the circuit is the same as in the previous 
example ; - 

resistance 5 

cos (f) — -=0-53. 

impedance 9-4 

The power-factor depends on the constant values of resistance 
and reactance in the circuit, which determine the phase difference 
between current and voltage. It is unaffected by the absolute 
values of current and voltage or by their phase in relation to the 
reference axis. 

Fig. 260 illustrates this example, in which neither vector is in 
phase with the reference axis. The simjder case, of Example 1, 
would be illustrated by a diagram such as Fig. 259. 

Admittance. If the applied voltage of a circuit is given and 
we wish to determine the current, we use. the relationship in 
vectorial form. 

E K 

/ - - ■ {«) 

Z r \'jz 

When we have, as in this case, a fraction with a complex 
number in the denominator, we must “rationalize” the fraction, 
that is, we must get rid of the imaginary number in the denomina- 
tor. This is done by multiplying both numerator and denominator 
by a factor which will make the denominator real. 

For a denominator of the form r \ jx, this factor is r—jx- 
For an expression of the form r—-jx, the factor will be r \-jx 

In order to rationalize the current vector in c(piation (6), we 
therefore proceed as follows : — 

E /<:(,-+v) E{r jx) E{r-jx) 

r i jx ir l-jx) (r jx) {jxY^ ,-2 . 

This gives us the two components of the current 
Er 
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along the axis of reference, and 
— j Ex 

rotated through 90“ in a clockwise direction, that is, lagging 
90“ , as indicated by the factor —j. 

Because of their frequent occurrence in circuit calculations, 
special names and symbols are employed for the inverse of the 
impedance and its components. All are measured in mhos., the 
inverse of the ohm. 

It X 

Admittance — Y = - = j — ...(8) 

/ r* + f- -r- 

r 

is called conductance and is denoted by the symbol g. 

r f .r* 

.r 

is called siisccptance and is denoted by the symbol h. 

Thus we write the admittance of a circuit 


y (9) 

or numerically (in mhos.) 

y - ‘(10) 



Fig. 261 shows the diagram of currents referred to the voltage 
as axis of reference. 

In it the component currents are obtained by multiplying the 
voltage by the conductance and susceptance. 

Fig. 261 should be compared with Fig. 259, in which' the 
component voltages are obtained by multiplying the current by 
the re.si.stancc and voltage. 
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Both diagrams give the same information, but in Fig. 259 the 
nurrent is the convenient standard of reference, so that this form 
would be useful in series circuits, where the same current flows 
through several impedances. 

Fig. 261 would.be more useful for parallel circuits, where one 
voltage is applied to several branches. 

It may be noted that Fig. 259 could be taken as a diagram of 
impedance if each side were divided by / and the arrow-lu’ads 
were removed (c.f. Fig. 16, p. 40). Similarly, Fig. 261 could be 
regarded as a diagram of admittance (on a scale of mhos.) when 
divided by E. The two diagrams of impedance and admittance 
arc similar in sliape for a given circuit. 

Example 8.- -Ah electromotive force 50 ]~j75 is applied to a 
circuit having a resistance of 10 ohms and reactance -6 ohms. 
It is required to find the current, its phase and the ])ovver-fiictor 
of the circuit. 


We proceed to find the syml)olR^expn!Ssion for the current by 
using the formula 

I EY /:(g jb). 
h'rom the constants of the circuit 
r 10 

r“ 4- IflO 

X — 6 

r'^ I- 136 


Hence 


10 6 
I - (50 I jTS) ( — + 


.'f 

136 I 


136 136 

500 H j (750 -f 300) 450 


1 


500 4 - j 1060 — 460 

136 ‘ 

1 

— (50 + j 1050) 

136 

- 0-368 f j 7-73. 

The numerical value of the current is 


-y/ 0-368“* 4- 7-73* = 7-7 amps, approx. 
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The phase of the current is 
7-73 

tan = tan 21 = 87° approx. 

0-368 

The positive sign of the second term in the expression for the 
current shows that this angle is in advance of the axis of reference. 
The power-factor of the circuit is 

resistance conductance 
' ^ impedance admittance 
10 

Its value is therefore , = 0-86. 

^136 

Addition of Vectors. -Vectors expressed in symbolic form arc 
added by adding separately the real parts and the imaginary 
parts, to give the real and imaginary components of the rcsiiltant 
vector. 

Impedances and admittances, rep)rcsented by complex numbers, 
are added by the same procedure. In circuits where a single 
current flows through more than one impedance in series, it is 
often necessary to find the total impedance by addition of the 
impedances. On the other hand, when a circuit is composed of 
impedances forming parallel circuits, it becomes necessary to 
add the admittances of the branch circuits in order to obtain the 
admittance of the whole circuit. This procedure is like that 
adopted in resistance calculations on direct-current circuits 
containing re.sistances in series or in parallel. Ihe application 
to alternating circuits is illustrated in examples given later. 

Series Circuit.— When a current flows through impedances 
connected in series, we can calculate the total applied voltage by 
adding together the voltages spent in each impedance. Usually, 
it is more convenient to calculate the total impedance and then 
to multiply the current by this number to obtain the applied 
voltage. This is illustrated as follows : - 

Let the circuit consist of impedances Zj =ri Zg { -/vj, 

The total impedance is 

Z-Zj+Zg+Zj (11) 

=ri-fr2+r3-l- i ^s) • 

Expressed numerically in ohms the impedante 

•2" V'^(ri + r2+r3)’-f (^I'f *2 b •. (^3) 

The applied voltage will be 

E=IZ, where / is the current in the circuit. 
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Numerically 

ez=iz volts. 

The phase of the resultant voltage relative to the current is 

reactance xi + + Xi 

tan-* = tair ...(14) 

resistance n + 12 I 

.... , , . , resistance 

1 he povvcr-lactor is cos 0 — : ; 

impeaance 

»-i f r2 h (IS) 

V (>‘i + I'z t- >'3)“ r Ui h x-2 I 

i f 

determine and add tlic separate brancli currents ; but it is usually 
simpler to add the admittances and thus obtain a single equivalent 
admittance for the network. When multiplied by tlu; applied 
voltage this admittance gives tlu' total current in tlie circuit. 

Suppose the circuit consists of a number of par:dlel brandies 
having impedances of 

/l — I’l ! Vj, Z 2 ^‘2 b A 2 ’ '*3 t' 

Tlie admittances of these circuits are (sec ecpiation (8),) 

/ ri—jxi 

V, -g, A (l«) 

A V + .v,2 

and similarly for the otluu' branches. 

The total joint admittance for the jiarallel circuits is : — 

y - gi + g 2 + ^ 3 — j (^1 + A ‘, 1 ‘ ^3) 

and hence the total current is given by 

I r- EY , (18) 

or numerically 

i - cy amps (19) 

where y -- V (^1 + ^2 I ^3)^ + (^1 + A + *3)* 

The phase of the total current in relation to the applied voltage is 
susceptance b , 

0 =- tan-* tan-* — 

conductance g 

^1 d' ^3 

^ tan-* (20) 

gT T g2 d“ ^3 
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The overall power-factor of the circuit is 
conductance g 

cos (f) = — — = - ( 21 ) 

admittance y V 

The valucsof ^ and cos ^ depend on the circuit constants only, 
and are independent of the choice made of the axis of reference* 

Example 4. —Two coils arc placed as a load on a 50-cyde 
alternator whose P.D. is kept constant at 100 volts. The resis- 
tance of each coil is 2 ohms, and their co-efticieuts of self-induction 
are 32 and 57 millihenries respectively. Find the current in the 
circuits and the power-factor of the load {a) when the coils arc 
connected in series, ( 6 ) when they arc connected in parallel. 

The reactance of the first coil 

50 0-032 -10 ohms. 


Similarly the reactanci; of the second coil 

.r2-27r/T2--27r 50 0-057 -18 ohms. 

The impedances of the coils arc 
/i- fiTi^r 2 f-ylO. 

(rt) When the coils arc in series their combined impedance is 
l /2=^4 f-i28. 

This has a numerical value of 

z—y/\(^ 1-784 —28-2 ohms. 

The value of the current is therefore 
1 (K) 

— — — 3.54 amps. 

2 28-2 

ri + r 2 4 

Power-factor = cos ^ — — — 0-142. 

2 28-2 

{h) When the coils are in parallel we take the admittances of the 
two circuits, just as we previously took the impedances. 

For the first circuit 

Admittance — g■^ — jbi. 

2 2 

^ ^ ^ ^ ().()192 mho. 

.4 + 100 104 
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Xx 

b, . 

I'l I Xi' 

Simihuiy 

ro 

Ki ~ — ■ 

I ^ 


b, 

rg" r-Vo- 


10 

- - — 0-090 mho. 

104 

2 2 

r 0-0001 mho. 

4 I 024 328 

18 

- 0-0548 mho. 

328 


The joint admittance of the two circuits 

^ 1 2~hi 1 j^h ' iii i'^a j 

-0-0 1 92 +0-0001 (0-090 +0-0548) . 

--0 -0253-; 0-1508. 

Thus the joint admittance is numerically 

y - VO-0253-^ +0-1508^ - V 0-0232 -= 0-1525 mho. 

The total current of the parallel paths 

i — cv — 100 X 0-1525 15-25 amps. 

The joint power-factor is 

+/^2 0-0253 

cos (f) .. — 0-1005. 

0-1525 


y 
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